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FRACTIONAL CALCULUS OF A UNIFIED MITTAG-LEFFLER FUNCTION
JTPOBOBE YW CJIEHHA YHI®IKOBAHOI ®YHKIIT MITTAT-JIE®@®JIEPA

The main aim of the paper is to introduce an operator in the space of Lebesgue measurable real or complex functions
L(a,b). Certain properties of the Riemann—Liouville fractional integrals and differential operators associated with the
function EZ‘SB M, p,p(CZQ s,r) are studied and the integral representations are obtained. Some properties of a special case
of this function are also studied by means of fractional calculus.

[0510BHO METO0 pO6OTH € BBEIEHHs oneparopa y npoctopi L(a,b) niicHux a6o KOMIUIEKCHUX (YHKIiH, BUMIPHUX Bil-
HocHO Mipu JleGera. BuBueHo aeski BIacTUBOCTI IpoOoBuX iHTerpaiiB Pimana — JliyBiwist Ta qudepeHIiaabHIX OnepaTopis,

wo sianosigalots dynkuil E)’y \ |, (cz;s,7). OtpuMano Bianosiani interpaibhi 3o0pakenns. [lesxi BIacTHBOCT

YaCTUHHOI'O BUIIAIKy HiCI (byHKHll TAKOXX BHUBYCHO 3a JOIIOMOTI'OKO ,HpO6OBOl"O YUCJICHHS.

1. Introduction, definitions and preliminaries. The Mittag-Leffler function has been studied by
many researchers either in context with obtaining new properties or by introducing a new generaliza-
tion and then deriving its properties [9, 11, 13]. Recently, we [7] have also studied various properties
of our newly introduced generalization of Mittag-Leffler function in the form

o0 s (pn+p—1)
E° cz;8,1) = [(V)an]” (c2) , 1.1
a5 ) = 2 Tt p - 1) 1 8) [0l o (1D
T
where @, 6,7, A, p € C, Re(@, 5, A, p) > 0; 6, jup,c > 0 and (1)gn = W is the

generalized Pochhammer symbol [8]. In particular, if ¢ € N. it takes the form

r=1
Ifp=1p=1,r=0,s=1,0 =¢q,s =1, c=1, then (1.1) yields the generalization due to Shukla
and Prajapati [11]. Here, we also introduce an operator denoted and defined by
x

(53:27A7u,p,p7w;a+f) (z) = /(;v o t)ﬁ_l Eg:g’/\7u7p7p(w(m - 1% S’T)f(t) dt, (1.2)

a

where «, 5,7, A, p,w € C; Re(a, 5,7, A, p) > 0; ,u,p >0, and = > a.

We enlist the following definitions and well-known formulas for studying the properties of
the Riemann-Liouville (R-L) fractional integrals and differential operators associated with our
generalization (1.1) as well as as the operator (1.2).

The space L(a, b) of (real or complex valued) Lebesgue measurable functions [4, 10] is given by

b
L(a,b) = ﬁwm:/uwm<m . (13)
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1134 J. C. PRAJAPATI, B. V. NATHWANI

For f(z) € L(a,b), u € C, and Re(p) > 0, the R-L fractional integrals of order y [10] are defined
as follows.
The left-sided R-L fractional integral operator of order u is defined as

L0
oIt =1l = dt 1.4
xf(x) a+f($) IY#O z/($__t)1_u ’ T > a, ( )
where the right-sided R-L fractional integral operator of order y is defined as
L[
t
e =1 = dt b. 1.5
@) = @) = / Lt a< (1.9
Further, if u, 8 € C, Re(u, 8) > 0, then [6, 10]
_ IN(e) _
" [t —a)’Y(z) = =—"—(z — a)"TF L 1.6
a+[( ) ]( ) F(M+ﬁ)( ) ( )
For u € C, Re(u) > 0; n = [Re(p)] + 1, the R-L fractional derivative is
(0% d " n—«x
0z 1)) = (42) (5 Do) 7

Then for «, 3,7, A, p,€ C, Re(a, 8,7, \, p, (8 —m)) > 0, and 6, u,p,m € N, we have shown
that [7]

d\" [ 4 s .
<dz> |:ZB 1 E;cy:,37>\7u7p,p(w (cz) ;S,’r):| =

-m—1 0 .
= P Eg’67m7A7H7p7p(w (cz)o‘,s,r). (1.8)

The fractional integral operator investigated by Erdélyi—Kober is defined and represented as
x
x—n—y—‘,—l

I {f(z)} = T /(:c — 1) Lf(t) dt, Re(v) >0, n>0, (1.9)
0

which is a generalization of the R-L fractional integral operator (1.5).

Hilfer [2, 3] generalized the R-L fractional derivative operator D! . in (1.6) by introducing a
right-sided fractional derivative operator D! of order 0 < p < 1 and type 0 < v < 1 with respect
to x as follows:

(D22 i) = (T LU0 ) (@) (110

The difference between the fractional derivatives of various types becomes apparent from the follow-
ing formula involving the Laplace transformation [2, 3]:

LIDEY f(2)](s) = s* L[f (z)](s) — /=) (187071 p) (04), (1.11)

where 0 < p < 1, and the initial-value term: (Iél_y)(l_“ ) f ) (0+) involves the R-L fractional integral
operator of order (1 — v)(1 — p) evaluated in the limit as ¢ — 0+. Here, as usual
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FRACTIONAL CALCULUS OF A UNIFIED MITTAG-LEFFLER FUNCTION 1135

[e.9]

LIf@I(s) = [ e fa)da. (112)
0
provided that the defining integral exists.
Prajapati, Dave and Nathwani [7] has shown that the Mellin— Barnes integral for the function
defined by (1.1) is given by

T Do) p=r
2mi [T

x/ L(—p€) T(1 + p€) [L(vy + 6€))* (—2)P*
(

J LB+ ap—a+aps) (A + p)]" T'(p+ ps)

7,0
Eaﬁ&numm

(z;8,1) =

dé. (1.13)

Wright generalized hypergeometric function [1] is defined as

P
o) H] 1 QJ+TA) r

=> . (1.14)

r=0 b—i—T‘B)

(alaAl)v"‘7 (apuAp); <
(bl,Bl),..., (banq);

P¢q

(1 - al,Al),. . .,(1 - ap,Ap)

_H7p

| -2 : (1.15)

(Ov 1)a (1 - blvBl)> ) (1 - banq)

(a1,A1),...,(ap, Ap)
(b1, B1),...,(bg, By)
. ‘ q p
Z: ]‘727"’7p;j - 1727"‘7q7 1+ZJ:]-B]_Z’L:1AZ >0'

2. Main results. We prove in this section the following results.

Theorem 2.1. Let a € Ry = [0,00), a, 3,7, A, p,n € C, Re(a, 8,7, A\, p,m) > 0; 9, u,p >0
for x > a, then

where H " [—z denotes the Fox H-function and a;,b; € C, A;, Bj € R,

(12, (1= )" LS pp@lelt — ) 57) (@) =

= (@ —a) "D B wle(@ = a))%;s,r) @.1)

and

(DI (6= @)™ BT 5 pppl@(elt — @) 5,1) ) () =

= (@ —a)PT VBT pple(@ —a) s, ). 2.2)

Proof. Applying (1.1) to the left-hand side of (1.13) and then using (1.6), it yields

(12 (0= )"~ BTG pp@lelt — ) 57) (@) =

= (z— B+n 1 w (e (z— a))a)(pn+p—1)
. ZF p”+P—1)+5+n)[(A) n" (P)pn
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1136 J. C. PRAJAPATI, B. V. NATHWANI

Here using (1.1) once again leads us to (2.1).
Now, using (1.7) to the the left-hand side of (2.2) and then applying (2.1), we get

(DI (= @)t B0 pplelt = @)% s,7) ) (@) =

(1) (=P By foleta = )50,

Further use of (1.7), gives the proof of (2.2).
Theorem 2.2. Let o, v, A, p,n € C; Re(a),Re(v), Re(N), Re(p), Re(n) > 0; 6, u,p > 0, then
1,8 . _ 1,6 .
ol [v Eml,)\’u’p’p(u(c:n)o‘,s,r)] va" B aupp (€)Y, ). (2.3)

Proof. Applying (1.4) to the left-hand side of (2.3) and then using (1.1), we get

1,6
ol [u Ea’l)\“mp( (ca:)a;s,r)] =

- Z (W)an]® extrmteDyen o) / teprtr=1) (g — =) gy
Tn) &5 Talon+p =1+ 1) [Nyl (Pl J

After some simplification and further use of (1.1), gives the proof of (2.3).
Theorem 2.3. Let o, 5,7, A, p,v,w € C; Re(a, B,7v, A\, p,v) > 0; 6, uu, p > 0, then

(5'% Apppwiat (t— a)”_l)(a:) = (z— a)ﬂ"'l’_l (v )EV’ZJFV Aup,p( w(x — a)a). 2.9

Proof. Putting f(t) = (t —a)”~! in (1.2), we get
x

0 v— 0 o v—
(ggm%pwa L (t—a) 1)(95) / (@ =t VENS L (wle—1)%) (t—a)

a

and using (1.1), this reduced to

()5 n)® wPntp—1)

_Z pn—|—p—1)—|—,8)[( )un]T(p)pnx

% / (1’ _ t)a(p n+p—1)+p-1 (t _ a)u—l dt

a

and simplifying the above equation, it becomes

2 [()s ((p)pn) T w (p ntp—1) 1
"2t apn+p—1>+5>[<> Joe@nte)+h-1y)

and further simplification of the above equation gives the proof of (2.4).
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FRACTIONAL CALCULUS OF A UNIFIED MITTAG-LEFFLER FUNCTION 1137

We show that the operator defined (1.2) is in fact bounded; whose proof is given below in the
form of the following theorem.

Theorem 2.4. Let the function ¢ be in the space L(a,b) of Lebesgue measurable functions on a
finite interval [a, b] of the real line R given by

b
Lab) =4 f: |1l =/ F(8)]dt < oo

Then the integral operator £, i Bapupp s bounded on L(a,b) and

|

where the constant 9, 0 < M < oo, given by

0
E S apppurar®], < Tl 25)

_ —aQa Re(ﬁ) - ‘(7)5]6‘ )
M= =" ) a GE - DT ) (Re @k T p= DT )
lw ((b— a)c)|RePhtp—1)

’()‘)u k|" |(P)pk‘

Proof. Using (1.2) and (1.3) and interchanging the order of integration by applying the Dirichlet
formula [9], we have

(2.6)

76 JR—
‘ g;{,,é’,)\,p,p,p,w;aJr(ﬁHl -
b| =
:/ /(3: — )P BN s wle(z — 1) s,7)) é(t) dt| do <
b b
</ /(x—t)ReW)—l‘Eﬁgmp,p( (c(:n—t))o‘;s,r)‘dx 6(1)] dt.
a t

On substituting x — t = u, using (1.1) and simplification of the above equation yields

b [b—-t

=[] [ e [ palistcnssn) | foto)] dr <
0

a

- [5 sl (o s

k=0 ‘F(O‘ (pk‘—|—p—1 ‘ | ,uk| pk‘

b—a
% /uRe(a(pk+p—1)+6—1) lp(t)| dt =
0
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1138 J. C. PRAJAPATI, B. V. NATHWANI

/bi V) k|* (w c@)PErr=1]p — a’Re(a(pk+p—1)+6) lp()] g —
— |(« pk+p—1 )+ B)| 1)kl [(p)pre| Re (alpk + p — 1) + )
—(h— ) Y (Vs &l® y
2 Do (ph+p— 1)+ B) [N sl 1(0)pi]

|w (C( ) Re(a |pk+p 1

“Re(alpk+p—1) + 5) /’¢ =
(b= )R8 Z Vsl |w (b — a)e)*[Retpkte— [kl _

T (cx pk+p—1)+5)\ Re (a(pk +p — 1) + B) (AN k" 1(0)pkl

=M |9,

where 901 is finite and given by (2.6). This completes proof of the boundedness property of the

integral operator 53’5 Apppwiat a8 asserted by Theorem 2.4.

The following theorem incorporates the fractional differential equation for (1.2).
Theorem 2.5. If 0<n<1,0<v<1,w,§€C, R(a) = R(5) — 1> 0 and min{Re (5,7, A,
s p)} > 0, then

(DR 9) () = & (€10 ppoios ) (@) + F(2) @7

with the initial condition
(10 +(= (=) y> (0+) =C,

has solution in the space L(0,00) given by

xW—V(l—W)—l

yle) =C C(n—v+nv) +€ 2" Eoginiiaups(w(a %))+
1 i ]
s O/ (= )71 £(t) dt, (2.8)

where C is arbitrary constant.
Proof- Applying the Laplace transform of each side of (2.7), and using the formulas (1.2) and
(1.11), we find by means of the Laplace convolution theorem that

sTY(s) —Cs” =¢L[x p-1 E7:6 Appp )] (s)L(1)(s) + F(s) =

* (w (as)? et

_ ¢ g b1 = [(7)5 )
T L T e

+ F(s)

which readily yields
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FRACTIONAL CALCULUS OF A UNIFIED MITTAG-LEFFLER FUNCTION 1139

Y(s) = C s (o= 4 ¢ g=Bn-1 i [(7)s r[z(};)(jn(]ils()p)limrp 1 + F(s) s~ (2.9)

Now, by taking the inverse Laplace transform of each side of equation (2.9), we get

y(x) = C L7 (s 7077) (2)+

£71(S—a(pn+p*1)*ﬁ*”*1)(m) + ﬁfl(sin F(s)) =

+fZ =

Ln—v(1-m—1 )zm+p—1 [(p) ]—1 a(pn+p—1)

:C’— {x’”ﬁz o] e +

'(n—v+nv) pn+p—1)+ﬂ+n+1)[()\) nl”
1 B B
o O/ (o~ 07 (1) dt =
n—v(l-n)—1
=C m e 2o EZ g+77+1 AsH, p,p( w(a xa))+

T

R
o / (o — )7 (1) e

which completes the proof of Theorem 2.5 under the various already stated parametric constraints.
Theorem 2.6. If 0 <n<1,0<v <1 we€C, Rla)=R(0) —1 > 0 and min{R(S,~,
A, p)} > 0, then

(Dgf y) (CU) = 5 (gg:g,)\7ﬂ7p7p’w;0+)( ) + .’IJ E 7f)’-l,-l A1, p,p(( (ax)a)7 S, r) (210)

with the initial condition
(IO += =) y) (0+)=C
has solution in the space L(0,00) given by
xﬁ—l’(l_n)_l
IL(n—v+nv)
where C is arbitrary constant.
Proof. Now, substituting

y(z) = +E+ D) P B s (wa));s,r), (2.11)

F) =7 EZS 0 (w(at)); s,7)

in above Theorem 2.5, we get

pn—v(1-m)—1

y(x) = m +¢ 2B E%ﬂ—i-n—&-l )\pr((w(al,)a); S,T’)—i—
1 X
Tw [ @ Bl pl(la)ss,r) . @.12)
0
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Here

)
[ @0 B (la)is,r) dt =
0

= /gC (x — )11 P i . (V)6 n]’ (w (at)®)Prtr—1 r .
0

(apn+p—-1)+B+1) [(A)u )" (P)pn

-y ()3 n) (w (@))Pr+e=t
Talpn+p— 1)+ 5+ 1) [(Nunl (0

n=0

X

T

X / (z — )11 gente=D+8 gy (2.13)
0
Take t = xu, then dt = xdu andast — 0, u —» O andast — z, u — 1

1
s e (R

C(a(pn+p—1)+6) [(A

0

L sl (0ot e 5 D) a9~ 1)+5) _
Dlapn+p—=1) + 8) [(Munl” (0)pn T(a(pn+p—1) +B+n+1)

s snl® (w (az)®)prte=1 p(n+h)

T(a pn+p—1)+ﬂ+n+1) [(Nunl” (P)pn

n=0
= 218 T (p) E'y’/@,_irnJrl Mppp (w(az)*;s,7)

using this in (2.12) we get (2.11).

Which completes the proof of Theorem 2.6.

Theorem 2.7 (Mellin transform of the operator (EZ,’Z,,\,#,p,p,w; 0, f)(@). Leta,B,v, A p,w€C,
Re(a, B,v, A, p) > 0; 6,0 >0, pe N, Re(1—S —ap+a— ) >0, then

: ol [TWIT()p s
M {(5;?37/\%0719@;0+f)(x)’ S} T 9 [T(7)]°T(1 — S) Hsiiriéx

[(1 =7 6)]87 (O>p)

M{tPf(t); S}. (2.14)
0,1),1 =8 —ap+a—p3,ap),[(1-\u)]",(1—-pDp)

X | —wt®

Proof. By the definition of the Mellin transform, we have

{(SV’Z,Aup,pw 0+f)($); S} -
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FRACTIONAL CALCULUS OF A UNIFIED MITTAG-LEFFLER FUNCTION 1141

o0 T

:/ZL'S_l /(:B t)f -1 Evg/\’”p’p( (x —t)%s,7)f(t) dt dx.

0 0

Interchanging the order of integration, which is permissible under the given conditions, we find that

M {(EWZB, ,uppwmf)(x);g} _

[e.e]

oo
/f /SES Yo —t)P~ 1E’y’ﬁ)\upp( w(x —t)%s,r) dx dt.

t

If we set x = ¢ + u the above integral takes the form

{(E’Y:B/\,uppw0+ (SU),S} :/f(t)/(t+u S ! B 1E’y:/3)\7up,p( )du dt.
0 t

To evaluate the u-integral, we express the Mittag-Leffler function in terms of its Mellin—Barnes
contour integral by means of the formula (1.14 ), then the above expression transforms into the form

-1

s L(p)p(=w)”
M {(gaﬂ,/\,u,pypw;m /f 27r2 C(y)]*

) /°° D(=p) D(1+pg) [(y + S (<)
) T(B+ap—a+apt) LA+ pg]T(p+ pt)
X /(t + )5~ L@ PER =)A= gy, de dt.
0

If we evaluate the u-integral with the help of the formula

D) (p—v)

2 Nz +a)Pdr = ,
I'(p)

Re(p) > Re(v) > 0,

then after some simplification, it is seen that the right-hand side of above equation simplifies to
LT (p)p / LPpOP A+ pOL(y +0OIT(A —s —apE+p—1) = F)
2mi[L(y)PPT(1 = s) LA+ )T (p + pS)

—100

X (—wt®)PErP=Lge / AL f () dt
0

By using the definition of H-function yields the desired result.
Fors=1,r=0,p=1,p=1, J = q the Theorem 2.7 reduces to the following corollary.
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Corollary 2.1.
1
{2 D05} = T
1- )
B ) R S P
0, 1)1 —=5=5, @)

where Re(a) > 0, Re(8) > 0, Re(y) > 0; g € (0,1) UN, Re(1 — S — ) > 0 and H1221() is the
H-function defined by (1.15).
Theorem 2.8 (Laplace transform of the operator (532 Agppa0y 4 ) (@)

{(5%5 apppisi 0, ) (@) p} _

[T T(p) w! " [[(%Q)]S, (1,1); wp/pre F(P),

— [D(y)]s PArar—e (A" (p,);

where Re(a) > 0, Re(8) > 0, Re(y) > 0; Re(p) > |w|"/ Re(®) and F(P) is the Laplace transform
of f(t), defined by

e}

L{f(t):p} = F(P) = / () dt

0

where Re(p) > 0 and the integral is convergent.
Proof. By virtue of the definition of Laplace transform, it follows that

P _ 0 o

Interchanging the order of integration, which is permissible under the conditions given in the theorem,
we find that

[e.o]

é é «a
L{(Evﬂ/\’#p’pw 0, (a:);P} :/f dt/e (x —t)° Eﬂ’ﬁ)\’#p’p[ w(z —t)*] du.
0 t

If we set x = t + u we obtain

o

76 u (5
L {(Eg,B,A,u,p,pw;OJrf)(x); P} / Ptf dt/ - B IEW,B A, p,p[ ] du.
0

On making use of the series definition (1.1), the above expression becomes

[ee)
wPk+p—1)

Pt —Pu, f+a(pk+p—1)—1 .
E e " f(t dt/e U du =
F )‘)uk] (P)pk O/ ( ) "

=0
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FRACTIONAL CALCULUS OF A UNIFIED MITTAG-LEFFLER FUNCTION 1143

w(pk+p71)
- Z PB*"‘(”’”” DNl (p)

[C(\)]" T(p) wP™t e
()]s PAFee—e "0 0 0, (0, p);

and F'(P) is the Laplace transforms of f(¢).
Fors=1,r=0,p=1,p=1, § = q the Theorem 2.8 reduces to the following corollary.
Corollary 2.2.

| (v,q); w/P%

V59 . _ B Y>4);

L {(ga,ﬁ,w;0+f>(x)’ P} - T'(y) Py "o [ — :|F(p>7

where Re(a) > 0, Re(3) > 0, Re(7) > 0; Re(P) > |w|'/ Re(®) and F(P) is the Laplace transform
of f(t), defined by

[e.e]

L{f(t): P} = F(P) = / P dt

0

where Re(P) > 0 and the integral is convergent.
3. Properties. In this section certain properties of the functions Fi(c,v,~,d, A\, i, p,p) and
E(e,—n,7, 06, \, i, p, p) will be obtained. We begin with the function

° [(7)sn]° (Ct)(pmp 1)
2:: T(p) ((P)pn)? [(N)pn]"™

where v € C, § > 0, ¢ — arbitrary constant.
Now, using (1.4), the fractional integral operator of order v is given as

Cé‘)(lm-‘rp 1)

v _ 1/ 1 7 5 —
! 0/ Z T() (D) [Vl

t
[( c(pn+p 1) / ot o
TPt = &) de.
Z L) (P (N )
After some simplification and using (1.1), we can write
S (1) ] (ct) PP
I" f(t) =t¥ = (3.1
) Z:: FApn+p=1)+v+1) ((p)pn) [(Mun]”
=1" EYfH AppplctisT). (3.2)

We denote the function (3.2) as Eyi(c, v, 7,9, A, 1, p, p), 1.
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1144 J. C. PRAJAPATI, B. V. NATHWANI

Et(C,T/,’}/,é,)\,N,p, )_ty EPY(S

Lot pp(Cli 8,7). (3.3)

Now, using (1.7), the fractional differential operator of order 7 is given as

sl ( t)(pn+P 1)
L'(p) (( )pn)2

Applying (3.1), after some simplification and using (1.1) it yields

D" f(t) = D" | 157" Z [(Mpn]" -

_ [(V)an]* (ct) e -
D" £() f"§3 1m+p71y+ufn»«mmnundr‘

_ 4= 70
=t "B,

Appp\CE3 857)- (3.4)

We denote the function (3.4) as E;(c, —n,7,d, \, i, p, p), i.e

Ei(¢,=1,7,6, A, i, p,p) =t EJ?

1 n}\#pp(ct; 8,7). (3.5)

Theorem 3.1. Let v € C, Re(y) > 0, § > 0, ¢ is arbitrary constant and fractional integral and
differential operator is of order o, then

I7E(c,v,7,0,A 1, p,p) = Ey(c,0+1v,7,0, A, 1, p, p) (3.6)
and
DU(Et<C7 V77757)\7M7p7p)) - Et(C,I/ - 0'77757)‘7/*L7p7p)' (37)

Proof. From (1.4), we get

1
I°Ey(c,v,v,8, A\, i, p,p) = (o)

t
/t— )7 Ee(e,v,7,0, A, 1, p, p) dE.
0

Using (3.3), above equation becomes,

t
1
17 E(c,v,7,0,\, i, p,p) = F/ )77 ¢V x
0

= [(7)5n)* ()PP~
2 At p—1) v+ D () 100, %

Now, substituting ¢& = xt, after some simplification and once again use of (3.3) gives (3.6).
From (1.7) and using (3.6), we get

— 0
DJ(Et(C7 V?’Y? 67 )\7 /"[’7 p7p)) = Dk{tk oy Eiyk 17-‘,-1/-‘,—1 )\”u, p’p(Ct; 87T)}'

Using (1.1) and (3.3), we get (3.7).
In the light of the Theorem 2.7, we prove following theorem.
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Theorem 3.2. Let n € C, Re(n) > 0, 6 > 0, c is arbitrary constant and fractional integral and

differential operator is of order o, then

IUEt(Cv =17, 67 >‘a Maﬂ?p) = Et(C,O' - na’%&a >\7,LL’ pap)a

Da(Et(ca —1,7, 57 )\7 /'Lap7p)) = Et(C, —0 =17, 6a Avﬂ?ﬂaP)'

Acknowledgement. Authors are indebted to Dr. B. I. Dave for his guidance and sincere thanks

to him for his kind help in LaTeX type setting.

10.

11.

12.

13.

Mathai A. M., Saxena R. K., Haubold H. J. The H-function: Theory and applications. — New York: Springer, 2010.
Applications of fractional calculus in physics / Ed. R. Hilfer. — Singapore etc.: World Sci. Publ. Co., 2000.
Fractional time evolution. Applications of fractional calculus in physics / Ed. R. Hilfer. — Singapore etc.: World Sci.
Publ. Co., 2000.

Kilbas A. A., Saigo M., Saxena R. K. Generalized Mittag-Leffler function and generalized fractional calculus operators
// Integral Transforms Spec. Funct. — 2004. — 15. — P. 31-49.

Kilbas A. A., Srivastava H. M., Trujillo J. J. Theory and applications of fractional differential equations // North-
Holland Math. Stud. — Amsterdam: Elsevier (North-Holland) Sci. Publ., 2006. — 204.

Miller K. S., Ross B. An introduction to fractional calculus and fractional differential equations. — New York: Wiley,
1993.

Prajapati J. C., Dave B. I, Nathwani B. V. On a unification of generalized Mittag-Leffler function and family of
Bessel functions // Adv. Pure Math. — 2013. -3, Ne 1. - P. 127-137.

Rainville E. D. Special functions. — New York: Macmillan Co., 1960.

Salim T. O. Some properties relating to the generalized Mittag-Leffler function / Adv. Appl. Math. Anal. — 2009. —
4, Ne 1. - P. 21-30.

Samko S. G., Kilbas A. A., Marichev O. I. Fractional integrals and derivatives: theory and applications. — Yverdon
(Switzerland): Gordon and Breach Sci. Publ., 1993.

Shukla A. K., Prajapati J. C. On a generlization of Mittag-Leffler functions and its properties // J. Math. Anal. and
Appl. - 2007. - 337. — P. 797-811.

Srivastava H. M., Saxena R. K. Some Vottera type fractional integro-differential equations with a multivariable
confluent hypergeometric function as their kernel // J. Integral Equat. and Appl. — 2005. - 17. — P. 199-217.
Srivastava H. M., Tomovski Z. Fractional calculus with an integral operator containing a generalized Mittag-Leffler
function in the kernel // Appl. Math. and Comput. — 2009. — 211, Ne 1. — P. 198-210.

Received 14.05.12

ISSN 1027-3190.  Vkp. mam. scypn., 2014, m. 66, Ne 8



