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ON MODIFIED PICARD AND GAUSS – WEIERSTRASS
SINGULAR INTEGRALS

PRO MODYFIKOVANI SYNHULQRNI INTEHRALY

PIKARA TA HAUSSA – VEJ{RÍTRASSA

We introduce certain modification of the Picard and Gauss – Weierstrass singular integrals and we prove approx-
imation theorems for them.
Vvedeno deqku modyfikacig synhulqrnyx intehraliv Pikara ta Haussa – Vej[rßtrassa, a takoΩ dove-

deno aproksymacijni teoremy dlq cyx intehraliv.

1. Introduction. 1.1. Let Lp ≡ Lp(R), with fixed 1 ≤ p ≤ ∞, be the space of all
real-valued functions, Lebesgue integrable with p -th power over R := (−∞,+∞) if
1 ≤ p < ∞ and uniformly continuous and bounded on R if p = ∞. We define the
norm in Lp, as usual, by the formula

‖f‖p ≡ ‖f (·) ‖p :=




(∫
R

|f(x)|pdx
)1/p

if 1 ≤ p <∞,

sup
x∈R

|f(x)| if p = ∞,
(1)

where
∫

R

≡
∫ +∞

−∞
.

Denote (as usual) by ω1(f ;Lp; ·) and ω2(f ;Lp; ·) the modulus of continuity and the
second modulus of smoothness of f ∈ Lp, respectively, i.e.,

ωi(f ;Lp; t) := sup
0≤h≤t

‖∆i
hf(·)‖p, t ≥ 0, i = 1, 2, (2)

where ∆1
hf(x) = f(x+ h) − f(x) and ∆2

hf(x) = f(x+ h) + f(x− h) − 2f(x).
It is known [1] that for f ∈ Lp, 1 ≤ p ≤ ∞, and i = 1, 2 the following conditions

are satisfied:
i) ωi(f ;Lp;λt) ≤ (1 + λ)iωi(f ;Lp; t) for λ, t ≥ 0;
ii) limt→0+ ωi(f ;Lp; t) = 0;
iii) ω2(f ;Lp; t) ≤ 2ω1(f ;Lp; t) for t ≥ 0.
1.2. Let Pr(f ; ·) and Wr(f ; ·) be the Picard singular integral and the

Gauss – Weierstrass singular integral of function f ∈ Lp, respectively, i.e.,

Pr(f ;x) :=
1
2r

∫
R

f(x+ t) exp
(
−|t|
r

)
dt, (3)

Wr(f ;x) :=
1√
4πr

∫
R

f(x+ t) exp
(
− t

2

4r

)
dt (4)

for x ∈ R, r > 0 and r → 0 + . It is known [1] that these singular integrals are well
defined on every space Lp and Pr(f), Wr(f) with every fixed r > 0 are linear positive
operators from the space Lp to Lp.

The fundamental approximation property of integrals (3) and (4) gives the following
theorem.
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Theorem A [1 – 3]. Let f ∈ Lp, 1 ≤ p ≤ ∞. Then

‖Pr(f ; ·) − f(·)‖p ≤ 5
2
ω2(f ;Lp; r),

‖Wr(f ; ·) − f(·)‖p ≤ 7
2
ω2(f ;Lp;

√
r )

for all r > 0.
The limit properties (as r → 0+ ) of these integrals were given in many papers and

monographs (e.g., [1 – 3]).

1.3. The order of approximation given in Theorem A can be improved by certain
modification of formulas (3) and (4).

Let N := {1, 2, . . . } and N0 := N ∪ {0}. For fixed n ∈ N0 and 1 ≤ p ≤ ∞,
we denote by Lp,n the set of all f ∈ Lp which derivatives f ′, . . . , f (n) belong also to
Lp. The norm in these Lp,n (n ∈ N0, 1 ≤ p ≤ ∞) is defined by (1), i.e., for f ∈ Lp,n

we have ‖f‖p,n ≡ ‖f‖p, where ‖f‖p is defined by (1). Moreover, for f ∈ Lp,n there
exists norms ‖f (k)‖p, 0 ≤ k ≤ n, defined analogously to (1). Clearly, Lp,0 ≡ Lp.

Definition. Let f ∈ Lp,n with fixed n ∈ N0 and 1 ≤ p ≤ ∞. We define the
modified Picard and Gauss – Weierstrass singular integrals by formulas

Pr;n(f ;x) :=
1
2r

∫
R

n∑
j=0

f (j) (t)
j!

(x− t)j exp
(
−|t− x|

r

)
dt, (5)

Wr;n(f ;x) :=
1√
4πr

∫
R

n∑
j=0

f (j) (t)
j!

(x− t)j exp
(
− (t− x)2

4r

)
dt, (6)

for x ∈ R and r > 0.
In particular, we have Pr;0(f ; ·) ≡ Pr(f ; ·) and Wr;0(f ; ·) ≡Wr(f ; ·) for f ∈ Lp.

In Section 2, we shall give some elementary properties of integrals (5) and (6). In
Section 3, we shall prove two approximation theorems.

2. Auxiliary results. It is obvious that formulas (5) and (6) can be written in the
following form:

Pr;n(f ;x) =
n∑

j=0

(−1)j

j!
1
2r

∫
R

f (j) (t+ x) tje−|t|/rdt, (5′)

Wr;n(f ;x) :=
n∑

j=0

(−1)j

j!
1√
4πr

∫
R

f (j) (t+ x) tje−t2/4rdt (6′)

for every f ∈ Lp,n, x ∈ R, and r > 0.
By elementary calculations, we can prove the following lemma.
Lemma 1. For every n ∈ N0 and r > 0, we have

In :=
1
r

+∞∫
0

tne−t/rdt = n!rn, (7)
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I∗n :=
1√
4πr

+∞∫
0

tne−t2/4rdt =

=




1
2

if n = 0,

2k−1(2k − 1)!!rk if n = 2k ≥ 2,

4kk!rk+1/2

√
π

if n = 2k + 1 ≥ 1,

(8)

where (2k − 1)!! = 1 · 3 · 5 · · · · · (2k − 1) for k ∈ N.
Applying Lemma 1, we shall prove the main lemma.
Lemma 2. Let n ∈ N0 and 1 ≤ p ≤ ∞ be fixed numbers. Then for every

f ∈ Lp,n and r > 0 we have

‖Pr;n(f ; ·)‖p ≤
n∑

j=0

‖f (j)‖p

j!
Ij =

n∑
j=0

rj‖f (j)‖p, (9)

‖Wr;n(f ; ·)‖p ≤
n∑

j=0

‖f (j)‖p

j!
I∗j , (10)

where Ij and I∗j are given by (7) and (8).
Formulas (5) and (6) and inequalities (9) and (10) show that the integrals Pr;n(f)

and Wr;n(f), with fixed n ∈ N0 and r > 0, are linear operators from the space Lp,n

into Lp.

Proof. Inequalities (9) and (10) for n = 0 are given in [1].
If n ∈ N and p = ∞, then by (5′), (1), and (7) we get

‖Pr;n(f ; ·)‖∞ ≤
n∑

j=0

‖f (j)‖∞
j!

1
2r

∫
R

|t|je−|t|/rdt =

=
n∑

j=0

‖f (j)‖∞
j!

Ij =
n∑

j=0

‖f (j)‖∞rj , r > 0.

If n ∈ N and 1 ≤ p <∞, then by (5′), (1), (7), and by Fubini inequality [4] we get

‖Pr;n(f ; ·)‖p =

∥∥∥∥∥∥
n∑

j=0

(−1)j

j!2r

∫
R

f (j) (t+ ·) tje−|t|/rdt

∥∥∥∥∥∥
p

≤

≤
n∑

j=0

1
j!2r


∫

R

∣∣∣∣∣∣
∫
R

f (j) (t+ x) tje−|t|/rdt

∣∣∣∣∣∣
p

dx




1/p

≤

≤
n∑

j=0

1
j!2r

∫
R

|t|je−|t|/r


∫

R

∣∣∣f (j) (t+ x)
∣∣∣pdx




1/p

dt =

=
n∑

j=0

‖f (j)‖p

j!
Ij =

n∑
j=0

rj‖f (j)‖p, r > 0.
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Hence, the proof of (9) is completed. The proof of inequality (10) is analogous.
3. Theorems. 3.1. First, we shall prove the theorem on the order of approximation

of f ∈ Lp,n by Pr;n(f) and Wr;n(f).
Theorem 1. Suppose that f ∈ Lp,n with fixed n ∈ N and 1 ≤ p ≤ ∞. Then

‖Pr;n(f ; ·) − f(·)‖p ≤ (n+ 2)rnω1

(
f (n);Lp; r

)
, (11)

‖Wr;n(f ; ·) − f(·)‖p ≤ 2
n!

(
I∗n + r−1/2I∗n+1

)
ω1

(
f (n);Lp; r1/2

)
≤

≤M1(n)rn/2ω1

(
f (n);Lp; r1/2

)
for all r > 0, (12)

where I∗n is given by (8), M1(n) is positive constant depending only on n, and ω1

(
f (n);

Lp; ·
)

is defined by (2).
Proof. We shall prove only (11), because by (5) and (6) and Lemma 1 the proof of

(12) is analogous.
We shall apply the following modified Taylor formula of f ∈ Lp,n with n ∈ N :

f(x) =
n∑

j=0

f (j) (t)
j!

(x− t)j +

+
(x− t)n

(n− 1)!

1∫
0

(1 − u)n−1
{
f (n) (t+ u (x− t)) − f (n) (t)

}
du (13)

for a fixed t ∈ R and every x ∈ R.
Since

∫
R

e−|t−x|/rdt = 2r for r > 0 and x ∈ R, we have by (13) and (5):

f(x) =
1
2r

∫
R

f(x)e−|t−x|/rdt = Pr;n (f ;x) +

+
1
2r

∫
R


 (x− t)n

(n− 1)!

1∫
0

(1 − u)n−1∆1
u(x−t)f

(n) (t) du


 e−|t−x|/rdt (14)

for x ∈ R and r > 0.

1. Let p = ∞. Then by (2) and the properties of ω1 (f ;L∞; ·) we have

|∆1
u(x−t)f

(n) (t) | ≤ ω1

(
f (n);L∞; |u(x− t)|

)
≤

≤ ω1

(
f (n);L∞; |t− x|

)
≤

(
1 + r−1 |t− x|

)
ω1

(
f (n);L∞; r

)
for 0 ≤ u ≤ 1 and t, x ∈ R. From this and by (14) we get

|f(x) − Pr;n (f ;x) | ≤

≤ ω1

(
f (n);L∞; r

)
n!2r

∫
R

(
|t− x|n + r−1 |t− x|n+1

)
e−|t−x|/rdt =

=
ω1

(
f (n);L∞; r

)
n!

(
In + r−1In+1

)
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for x ∈ R and r > 0, where In is given by (7). Applying equality (7), we obtain (11)
for p = ∞.

2. If 1 ≤ p <∞, then from (14) we deduce that

f(x) − Pr;n (f ;x) =
1
2r

∫
R

tn

(n− 1)!


 1∫

0

(1 − u)n−1∆1
utf

(n) (x− t) du


 e−|t|/rdt.

Applying (similarly as in the proof of Lemma 2) the Fubini inequality, we get

‖f(·) − Pr;n(f ; ·)‖p =

=
1

2r(n− 1)!


∫

R

∣∣∣∣∣∣
∫
R

tne−|t|/r


 1∫

0

(1 − u)n−1∆1
utf

(n) (x− t) du


 dt

∣∣∣∣∣∣
p

dx




1/p

≤

≤ 1
2r(n− 1)!

∫
R

|t|ne−|t|/r


∫

R

∣∣∣∣∣∣
1∫

0

(1 − u)n−1∆1
utf

(n) (x− t) du

∣∣∣∣∣∣
p

dx




1/p

dt ≤

≤ 1
2r(n− 1)!

∫
R

|t|ne−|t|/r




1∫
0

(1 − u)n−1


∫

R

∣∣∣∆1
utf

(n) (x− t)
∣∣∣p dx




1/p

du


 dt ≤

≤ 1
2r(n− 1)!

∫
R

|t|ne−|t|/r


 1∫

0

(1 − u)n−1ω1

(
f (n);Lp; |ut|

)
du


 dt ≤

≤ 1
2rn!

ω1

(
f (n);Lp; r

) ∫
R

|t|ne−|t|/r
(
1 + r−1|t|

)
dt =

=
1
n!

(
In + r−1In+1

)
ω1

(
f (n);Lp; r

)
for r > 0,

where In is given by (7). Using (7), we immediately obtain (11) for 1 ≤ p <∞. Thus
the proof is completed.

From Theorem 1 and Theorem A we derive the following two corollaries.
Corollary 1. For every f ∈ Lp,n, n ∈ N0, 1 ≤ p ≤ ∞, we have

lim
r→0+

r−n‖Pr;n(f ; ·) − f(·)‖p = 0,

lim
r→0+

r−n/2‖Wr;n(f ; ·) − f(·)‖p = 0.

Corollary 2. Let f ∈ Lp,n, n ∈ N0, 1 ≤ p ≤ ∞, and let f (n) ∈ Lip (α;Lp)
with a fixed 0 < α ≤ 1, i.e., ω1

(
f (n);Lp; t

)
= O(tα), t > 0. Then

‖Pr;n(f ; ·) − f(·)‖p = O(rn+α),

‖Wr;n(f ; ·) − f(·)‖p = O(r(n+α)/2)

for r > 0.
Remark 1. Theorem 1 shows that the order of approximation of function f ∈ Lp,n,

with n ≥ 2 and 1 ≤ p ≤ ∞, by the integrals Pr;n(f) and Wr;n(f) is better than for
Pr(f) and Wr(f) given in Theorem A.
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3.2. Now we shall prove the Voronovskaya-type theorem for integrals Pr;n(f) and
Wr;n(f).

Theorem 2. Suppose that f ∈ L∞,n+2 with a fixed n ∈ N0. Then

Pr;n (f ;x) − f(x) =
(−1)n − 1

2
rn+1f (n+1)(x)+

+
1 + (−1)n

2
(n+ 1)rn+2f (n+2)(x) + o

(
rn+2

)
as r → 0+ (15)

and

Wr;n (f ;x) − f(x) =
(−1)n − 1
(n+ 1)!

I∗n+1f
(n+1)(x)+

+
((−1)n + 1) (n+ 1)

(n+ 2)!
I∗n+2f

(n+2)(x) + o
(
r1+n/2

)
as r → 0+ (16)

for every x ∈ R, where I∗n is given by (8).
Proof. Fix x ∈ R and f ∈ L∞,n+2. Then f (j) ∈ L∞,n+2−j , 0 ≤ j ≤ n, and by

the Taylor formula we can write

f (j)(t) =
n+2−j∑

i=0

f (j+i) (x)
i!

(t− x)i + ϕj(t;x) (t− x)n+2−j (17)

for t ∈ R, where ϕj(t) ≡ ϕj(t;x) is a function such that ϕj(t)tn+2−j belongs to L∞

and limt→x ϕj(t) = ϕj(x) = 0 for every 0 ≤ j ≤ n. Using (17) to formula (5), we get

Pr;n(f ;x) =
1
2r

∫
R

e−|t−x|/r
n∑

j=0

(−1)j

j!

n+2−j∑
i=0

f (j+i) (x)
i!

(t− x)j+i
dt+

+
1
2r

∫
R

e−|t−x|/r(t− x)n+2
n∑

j=0

(−1)j

j!
ϕj(t)dt := Ar;n(x) +Br;n(x), r > 0. (18)

Further, by elementary calculations we have

Ar;n(x) =
1
2r

∫
R

e−|t−x|/r


 n∑

j=0

(−1)j

j!

n∑
l=j

f (l)(x)
(l − j)! (t− x)

l +

+
f (n+1)(x)(t− x)n+1

(n+ 1)!

n∑
j=0

(
n+ 1
j

)
(−1)j+

+
f (n+2)(x)(t− x)n+2

(n+ 2)!

n∑
j=0

(
n+ 2
j

)
(−1)j


 dt

and
n∑

j=0

(−1)j

j!

n∑
l=j

f (l)(x)
(l − j)! (t− x)

l =

=
n∑

l=0

f (l)(x)(t− x)l

l!

l∑
j=0

(
l
j

)
(−1)j = f(x) for n ∈ N0,
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because

l∑
j=0

(
l
j

)
(−1)j =

{
1 if l = 0,

0 if l ≥ 1.

Moreover, for n ∈ N0 we have

n∑
j=0

(
n+ 1
j

)
(−1)j = (−1)n,

n∑
j=0

(
n+ 2
j

)
(−1)j = (n+ 1)(−1)n.

Consequently,

Ar;n(x) = f(x)
1
2r

∫
R

e−|t−x|/rdt+

+
(−1)nf (n+1) (x)

(n+ 1)!
1
2r

∫
R

(t− x)n+1e−|t−x|/rdt+

+
(−1)n(n+ 1)f (n+2) (x)

(n+ 2)!
1
2r

∫
R

(t− x)n+2e−|t−x|/rdt.

Applying (7), we get for q ∈ N0 :

1
2r

∫
R

(t− x)qe−|t−x|/rdt =
1
2r

∫
R

tqe−|t|/rdt =

=
1 + (−1)q

2
Iq =

1 + (−1)q

2
q!rq.

From the above we obtain

Ar;n(f ;x) = f(x) +
(−1)n − 1

2
rn+1f (n+1)(x)+

+
1 + (−1)n

2
(n+ 1)rn+2f (n+2)(x), r > 0. (19)

Denoting by

Φn(t) :=
n∑

j=0

(−1)j

j!
ϕj(t), t ∈ R,

we have Φn ∈ L∞ and limt→x Φn(t) = Φn(x) = 0. Hence, by (18) we get

Br;n(x) =
1
2r

∫
R

Φn (t) (t− x)n+2e−|t−x|/rdt,

which by the Hölder inequality and (5) and (7) implies that

|Br;n(x)| ≤
{

1
2r

∫
R

(t− x)2n+4e−|t−x|/rdt

}1/2 {
Pr;0

(
Φ2

n;x
)}1/2 ≡

≡ {I2n+4}1/2 {
Pr;0

(
Φ2

n;x
)}1/2

, r > 0.

Applying Corollary 1 and the properties of Φn(·), we can write
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lim
r→0+

Pr;n(Φ2
n;x) = Φ2

n(x) = 0,

uniformly on R. From the above and (7) we deduce that

Br;x(x) = o
(
rn+2

)
as r → 0+ (20)

uniformly for x ∈ R.
Collecting (18) – (20), we obtain the desired assertion (15).
The proof of (16) is analogous.
From Theorem 2 we derive the following corollary.
Corollary 3. Let f ∈ L∞,n+2 with n ∈ N0. Then for every x ∈ R we have:

lim
r→0+

r−n−2{Pr;n (f ;x) − f(x)} = f (n+2) (x) , if n is even number,

and

lim
r→0+

r−n−1{Pr;n (f ;x) − f(x)} = −f (n+1) (x) , if n is odd number.

The similar equalities hold for Wr;n(f).
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