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STRONG CONVERGENCE
OF TWO-DIMENSIONAL WALSH -FOURIER SERIES

CWIBHA 3BI’)KHICTH ABOBUMIPHUX PAAIB YOJILIA - ®YP’€

We prove that certain means of quadratic partial sums of the two-dimensional Walsh — Fourier series are uniformly bounded
operators acting from the Hardy space H), to the space L, for 0 < p < 1.

JloBezneHo, 110 NEeBHI cepeiHi KBa[paTHYHHUX YaCTKOBUX CYM JBOBHMIpHHX psiB Yoimia— @yp’e € piBHOMIpHO 0OMEXSHUMHU
oreparopamu, 1o Aif0Th i3 mpoctopy Xapai H,, y mpoctip L, mpu 0 < p < 1.

1. Introduction. It is known [7, p. 125] that the Walsh—Paley system is not a Schauder basis in
L1(G). Moreover (see [8]), there exists a function in the dyadic Hardy space H;(G), the partial sums
of which are not bounded in L;(G). However, in Simon [9] the following strong convergence result
was obtained for all f € Hy:

1 Skf = /Il
li L -0
ningologn; k ’

where Sjf denotes the kth partial sum of the Walsh—Fourier series of f (for the trigonometric
analogue see Smith [11], for the Vilenkin system see Gat [1]).
Simon [10] proved that there is an absolute constant c,, depends only p, such that

Sk Sl
> G <o lfl, (1)

k=1

for all f € Hp, where 0 < p < 1.

The author [13] proved that sequence {1/k?77},°  in inequality (1) is important.

For the two-dimensional Walsh—Fourier series Weisz [16] generalized the result of Simon and
proved that if « > 0 and f € H,(G x G), then

L ISkl _
s <1gn1gm) 2 G <<l

20 <k/1<2% (k) <(n,m)

where 0 < p < 1 and [p] denotes the integer part of p.
Goginava and Gogoladze [5] proved that the following result is true:
Theorem G. Let f € H1(G x G). Then there exists absolute constant c, such that

Snn
S ISl gy

—_ nlog®n

For two-dimensional trigonometric system analogical theorem was proved in [6].

Convergence of quadratical partial sums of two-dimensional Walsh—Fourier series was inves-
tigated in details by Weisz [15], Goginava [4], Gat, Goginava, Nagy [2], Gat, Goginava, Tke-
buchava [3].
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The main aim of this paper is to prove (see Theorem 1) that

N Snnfly
ZTQPPSCPH.]Cprv (2)
n=1

forall f € H,(G x G), where 0 < p < 1. We also proved that sequence {1 / n3_2p}2°:1 in inequality
(2) is important (see Theorem 2).

2. Definitions and notations. Let P denote the set of positive integers, N := P U {0}. Denote
by Z, the discrete cyclic group of order 2, that is Zo = {0, 1}, where the group operation is the
modulo 2 addition and every subset is open. The Haar measure on Z5 is given such that the measure
of a singleton is 1/2. Let G be the complete direct product of the countable infinite copies of the
compact groups Z3. The elements of G are of the form z = (zg, z1,..., 2k, ...) with 23 € {0,1},
k € N. The group operation on G is the coordinate-wise addition, the measure (denote by ) and the
topology are the product measure and topology. The compact Abelian group G is called the Walsh
group. A base for the neighborhoods of GG can be given in the following way:

I, (z) := I, (x0,...,2p—1) :=
= {yGG:y:($07"')xn—17yn7yn+17”')}7 JJEG, ’I’ZEN

These sets are called the dyadic intervals. Let 0 = (0: i € N) € G denote the null element of G,
I, :=1,(0),n € N. Sete,, := (0,...,0,1,0,...) € G the nth coordinate of which is 1 and the rest
are zeros (n € N). Let I,, := G\I,.

If n € N, then n = ZOO n;i2%, where n; € {0,1}, ¢ € N, i.e., n is expressed in the number

system of base 2. Denote |n| := max{j € N :n; # 0}, that is, 2"l <n < 2l7I+1,

It is easy to show that for every odd number ng = 1 and we can write n = 1 + Z|-n|1 nj2i,
1=
where n; € {0,1}, j € P.
For k € N and x € (G let as denote by

ri () = (-1)", ze€G, keN,

the k£ th Rademacher function.
The Walsh —Paley system is defined as the sequence of Walsh —Paley functions:

o In|—1
wn (@) i= T (rk (@)™ = 1oy (@) (-1)%450 ™5 2 € G, neP.
k=0
The Walsh — Dirichlet kernel is defined by
n—1
Dy (z) =) wy (x).
k=0

Recall that (see [8, p. 7])
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2 x ey,

0, =ze€l,.

Furthermore, the following representation holds for the D,,’s. Let n € N and n = ZOOO n;2°.
Then -

Dy () = wp () > njwy () Dy (). “4)
=0

The rectangular partial sums of the 2-dimensional Walsh — Fourier series of function f € La(G x
x G) are defined as follows:

T
8
I

SRSCIED F i 5)wi (z)w; (y),

S
Il
o

.
Il
=)

where the numbers

Fi.g) = / Fy)ws (2) w5 () dp(, )
GxG

is said to be the (4, j) th Walsh—Fourier coefficient of the function f.
Denote

S8 7a) = [ £(5,) Das (o4 5) du ()
G

and
S fta) = [ £t Dy (y+0)du ().
G

The norm (or quasinorm) of the space L,(G x G) is defined by

1/p
11, == / |fPdu| , 0<p<oo.
GxG

The space weak — L,(G x G) consists of all measurable functions f for which
1 hveas—z, (o) 1= SuPAR (f > MNP < oo,

The o-algebra generated by the dyadic 2-dimensional I,,(x) X I,,(y) square of measure 27" x 27"
will be denoted by [, ,, n € N. Denote by f = (fnn, n € N) one-parameter martingale with
respect to [, ,, n € N.

The expectation operator and the conditional expectation operator relative to the f, ,, n € N,
are denoted by F and E, ,, respectively.

The maximal function of a martingale f is defined by

[ =sup [fun|.
neN
Let f € L1(G x G). Then the dyadic maximal function is given by
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* = su ! s s x
Py =sp—ms | [ S|, (9) €GxG.

neN M
In(z)xIn(y)

The dyadic Hardy space H,(G x G) (0 < p < o0o) consists of all functions for which

11z, = (1]l < oo

If f € L1(G x G), then it is easy to show that the sequence (S2n 2»(f): n € N) is a martingale.
If f = (fun,n € N) is a martingale, then the Walsh—Fourier coefficients must be defined in a
slightly different manner:

Fi3) = Jim [ fustoy)us (0)w; () duto. ).
G

It is known [12] that that Fourier coefficients of f € H,(G x &) are not bounded when 0 < p < 1.

The Walsh-Fourier coefficients of f € L1(G x G) are the same as those of the martingale
(San2n f: n € N) obtained from f.

A bounded measurable function a is a p-atom, if there exists a dyadic 2-dimensional cube I x I,
such that

a) / adp = 0,

IxI

b) llallos < p(I x )77,

¢) supp(a) C I x I.

3. Formulation of main results.

Theorem 1. Let0<p<1land f € Hy(G x G). Then

> [Snn I
> nTQpp < e Ifll,
n=1

Theorem 2. Let 0 <p<1and ®: N — [1, 00) is any nondecreasing function, satisfying the
condition limy,_,o, ®(n) = +o00. Then there exists a martingale f € H,(G x G) such that

1S f weak— Ly ®(n)

E =00
n3—2p

n=1

4. Auxiliary propositions.
Lemma 1 [14]. A4 martingale f € L,(G x G) is in Hy(G x G), 0 < p < 1, if and only if there
exist a sequence (ay, k € N) of p-atoms and a sequence (puy,, k € IN) of a real numbers such that

Z 'ukEn nQk = fn n Q)
and
Z |k < o0
k=
Moreover, | ||, - inf ( \ pel? ) , where the infimum is taken over all decomposition

of f of the form (5).
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5. Proof of the theorems. Proof of Theorem 1. 1f we apply Lemma 1 we only have to prove
that
= ”Sn,nani
Z =T < ¢p < 00, (6)

n=1

for every p atom a.

Let a be an arbitrary p-atom with support Iy (2') x I (2") and p (Iy) = p(Iy) = 27N, We
can suppose that 2’ = 2" = 0.

Let (x,y) € In X Iy. In this case Dyi (z + 8) 17, (s) = 0 and Dy (y +t) 17, (t) = 0 for
i > N. Recall that wy; (z +t) = wy; (z) for t € Iy and j < N. Consequently, from (4) we obtain

Spna(z,y) =

= / a(s,t) Dy (x4 5) Dy (y + 1) dp (s,t) =
GxG

_ / a(s,t) Dy ( + 8) Dy (y + 1) dps (5, 1) =

INXIN
N-1
= / a(s,t)wp(x+s+y+t) Zni'UJQi (x + 5) Dgi (x + 8) X
N-1
X njwy; (Y +t) Doy (y + 1) du (s, t) =
7=0
N-1
Z njwqi (z) Doi (x njwa; (y) Do (y) X
]:O
X / a(s,t)wp (s+t)du(s,t) =
]NXIN
N-1
=wy (z+y) Z nijwyi () Dyi (x Z njwa; (y) Do (y) X
; prd
<[ [atsrtan® | w ) -
In \Un
N-1 N-1
@) 3 iy (@) Dy () Y mjiy () Doy ) [ @ () () d () =
i=0 j=0

In
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=2

N-1
= wy (1 +y) Y niwys () Da: (x) Y njwy; (y) Doy (y) B(n),
1=0

<.
Il
o

where

CID(T):/a(t—I—T,t)d,u(t).
Iy

Let x € I5\Is4+1. Using (3) we get

N-1
> D (x) < 27,
1=0

Since
B N-1
In=|J I\l
s=0
we obtain

N-1 p N-1
/ (ZDT (x)) du (z) < CPZ / 2P%dp (x) <
=0

Iy V7 S=0 Ly

o
< CPZQ(p_l)S <cp<oo, 0<p<l, @)
s=0

applying (7) we can write

Let n < 2V, Since w, (1) = 1, for 7 € Iy we have

B(n) = / B () wn (7) dpu (1) =

In

:/ /a(t+r,t)du(t) wy, (T) dp (1) =

Iy \In
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= / a(s,t)du(s,t) =0.

INXIN

Hence, we can suppose that n > 2. By Holder inequality we obtain

o ’:I;(n)"’ o N\P?/ ) (2-)/2
P S SN 1] ZN 2 G—29) 2/ (7)) =

n=1 n=2N n=2

p/2
1 (2-p)/2 ,
= <2N(2(3—2p)/(2—p)—1)> /‘(I)(Tﬂ dp (1) <
G
2 p/2
c
< SN / /a(t+nt)du(t) du(r) | <
IN |IN
1 1

=< 9N (4— 3p /2 H HOO 9Np/2 9Np —

< Cp 2N
= 9N(4-3p)/2 93pN/2

< ¢p < 0. ®

Let (z,y) € In x Iy. Then we have

N-1
Snma(z,y) = wy ( Z njwa; (x) Dyj (x) X
J=0

X / a(s,t)wy (8) Dy (y+t)du(s,t) =

N

,_.

n; w2j D2j ($) § 2
j:O
Using (7) we get

o0

1
Sovm [ Sunale )l duey) <

=1 —
" INXIN

= 1
<D / (ZDW
n=1

YNXIN

Ja(n y)‘) du(z,y) <
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~ P
$Pa(n,y)[ du(y) <

~ p
SPa(n, y)‘ dp (y) .

Let n < 2V. Then by the definition of the atom we have

57(1%(7%1/):/ (/a@at)Dn (y+t)du(t))wn (s) dp (s) =

G G

~Du(y) [ alstdn(s) =0
IN ><IN
Therefore, we can suppose that n > 2V, Hence

oo

1
Sovm [ Sumaley)l dute) <

=1 -
" INXIN

o0

1
éan_zp/

n=2N

-~ p
SPa(n, y)’ du (y) .

In

Since

$Pa(n,y)||, < cllall,

from Holder inequality we can write

~ p C ~
/‘5512)@(% v du) < Sy /‘SfLQ)G(H’y)‘du W) | =
In

Iy
p

= 2N(Cf_p) / /57(12)@ (3, y) Wnp, (8) d,u (3) du (y> —

In |IN

p

p

Sﬁ / //a(57t)Dn(y+t)dﬂ(t)dﬂ(y) du(s) | <

Iy \In |IN
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2 1/2 p

S S O 2N/2/ //a(&t)Dn(ert)du(t) du(y) | du(s)| <

Iy In |IN
1/2 P

C 1
SW&» QN/Q/ /!a(s,t)l2du(t) du(s) | <

In \In

<_» lallog 11 N"__ o 2N p< 9N (1-p)
= 9N(1-p) \ 9N/2 9N 9N/2 | = 9N(1-p) | 92N =6 .

Consequently,
= 1
Z pog / |Snnalz, y)| du(z, y) <
n=1 TNXIN
= 1 c
N(l-p) « P
<c¢ Z n3—2p2 < SN(1=p) < ¢p < 00. )
n=2N
Analogously, we can prove that
o0
1
> am [ Swmale )l duley) < <. (10)
n=1 INXTN

Let (z,y) € Iy X In. Then by the definition of the atom we can write

/ S ma(z, )P du(z, ) <

]NXIN
p/2
L 2
S SN (Snna(z,y) P dp(z,y) | <
InxIn
p/2
1 2
A=) (e, )P dp(a,y) | <
INXIN
Jally, 1 Lt
o 2N(2i<;) 2Np - Cp 2N(2—p) 2 2Np S Cp < 0.

It follows that
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0 1 0o .
Z M / |Sn,n(l(17,y)| du(:z:,y) < sz M < cp < 00. (11)
n=1 n=1

INXIN

Combining (6)—(11) we complete the proof of Theorem 1.
Proof of Theorem 2. Let 0 < p < 1 and ®(n) is any nondecreasing, nonnegative function,
satisfying condition
lim ®(n) = oc.

n—oo

For this function ®(n), there exists an increasing sequence of the positive integers {cy, : £ > 0} such
that:

(670} > 2
and
i _ ! (12)
— Pr/4 (2ak)
Let
faalzy)= Y Max,
{k;a <A}
where
N
BT gL/ (20n)
and

ag(w,y) = 2% /P2 (Dyayir () = Dy (2)) (Dygoy1 (y) — Do (y) -
It is easy to show that the martingale f = (fi,1, f22,...,fa,4,...) € Hp.

Indeed, since

ak(ﬂf,y), o < A7
SQAak<‘r7y) = (13)
O) o > A7

supp(ag) = I,

/akdu—O

Ia,,

and
gl < 90k (2/p—2) 920 < 920 /P _ (supp ak)—l/p

from Lemma 1 and (12) we conclude that f € H,,.
It is easy to show that

9ok (2/p—2)

- . .. @ antl
@1/4(20%)’ if (%]) € {2 koo, 2%k ]_} X
f@@,7) = ><{2ak7,.., 2ak+1_1}, k=0,1,2..., (14)
00
0 ) ¢ O {20, 290 T {256, 21 1),
k=1
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Let 2% < n < 29%%! From (14) we have

20k—1H1_1 9%k—1+1_1
Somf(Ty)= Y F G, ywi () w; (y) +
i=0 §=0

n—1 n-—1
+ 3 % F i (@)

1=2% j=2k
k—120ntl_120m+l_1
n=0

i=20m  j=20m

n—1 n—1
+ 3> Fli g (@)

i=2% j=2°k

2a —+1 anp+1_
k—1 nTt—12%n 2a7’l 2/17 2
=2 2 Z ST 3
n=0 =297
n—1 20 (2/p—2)

53>

1=2% j=2%%

Wy

@1/4 20%

S Y fiw )

w; (y) =

w; (y) +

w; (y) =

w; () wj (y) +

z)w; (y) =

G. TEPHNADZE

—1 20477(2/1’*2)
= 3 7w ey (Do (2) = Dao (@) (Do () = Do () +
n=0
90k (2/p—2)
T gi7a (gar) P (@) = Daow (@) (D (y) = Dz (9) =
=I+1II (15)
Let (z,y) € (G\I1) x (G\I1) and n is odd number. Since n — 2% is odd number too and
Dy 001 (x) = Doy (x) + waar (x) Dy (z), when n < 2%,
from (3) and (4) we can write
90k (2/p2)
(11| = D1/ (20k) [waak (2) Dp—gek (2) waer (Y) Dp—ser (y)| =
90 (2/p—2)
RIACD) [waer () wn—gex () Dy () waer (y) wp—aon (y) D, (y)| =
90k (2/p—2)
= S (16)
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Applying (3) and condition «,, > 2 (n € N) for I we have

=1 o (2/p-2)

— 2 PL/4 (20m) (Dyant1 (2) — Daan (2))(Dgant1 (y) — Daen (y)) = 0. (17

Hence

HSn,nf(xa y)Hweakap Z

90k (2/p—2) gar(2/p-2) )\ /7

> W 1% (x,y) S (G\Il) X (G\Il) : \Smnf(a:,y)\ > W >

9ok (2/p—2) CPQO%(Q/P—?)
> 20171 (200 (G\I1) x (G\I1)| > U (200) (18)
Using (18) we have

2 S Iy ®(n)

weak—Lyp

n3—2p 2
n=1

2 S I ®(n)

weak—Lp

Z Z n3—2p

n=2%+1

20%2—1 ‘|52n+1’2n+1f||€veak*Lp >

(2n 4 1)>2

> cp® (27%)

n=2%"141

22 (1—p) 2 k1

1
s - >
@1/4 (zak)n_2§1+l (2n 4 1)3—217 =

> cp® (29)

> cp(I)3/4 (2%) — 00, when k — oc. (19)
Combining (12)-(19) we complete the proof of Theorem 2.
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