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HERMITE -HADAMARD TYPE INTEGRAL INEQUALITIES
FOR FUNCTIONS WHOSE FIRST DERIVATIVES ARE OF CONVEXITY *

IHTEI'PAJIBHI HEPIBHOCTI TUITY EPMITA - AJJAMAPA,
MMEPHII IMNOXIJAHI AKNX MAIOTH OITYKJIICTb

We establish some new Hermite — Hadamard-type inequalities for functions whose first derivatives are of convexity and
apply these inequalities to construct inequalities for special means.

BcranoBneHo fiesiki HOBI HepiBHOCTI Tully Epmita— Anamapa aist GyHKUiH, TOXiqHI SKHX MaroTh onykiicTh. Li HepiBHOCTI
3aCTOCOBAHO MPHU MOOYIOBI HEPIBHOCTEH /IS CIICI[IalIbHAX CEPEIHIX.

1. Introduction. Throughout this paper, we will use I and I° to denote an interval on the real line
R and the interior of I respectively.

In [4], the following Hermite — Hadamard type inequalities for continuously differentiable convex
functions were proved.

Theorem 1.1 ([4], Theorem 2.2). Let f : I° C R — R be a continuously differentiable mapping
on I° and a,b € I° with a < b. If | f'| is convex on [a,b], then

b
fla)+f) 1 (b—a)(|f'(a)] + [/(B)])
2 _b—a/f(:E)dx = 8 '

Theorem 1.2 ([4], Theorem 2.3). Let f : I° C R — R be a continuously differentiable mapping
on I°, a,b € I° with a < b, and p > 1. If the new mapping | f'|P/*=1) is convex on [a,b], then

fla) + f( b—a
2 b—a/f 2(p+ 1)l/p

-1
L@/ + 1) WU] v
. |

In [9], the above inequalities were generalized as follows.
Theorem 1.3 (][9], Theorems 1 and 2). Let f : I C R — R be continuously differentiable on 1°,
a,be I witha <b,and q > 1.If |f'|? is convex on [a,b], then

J(@)da| <

2 b—a

fla)+f) 1
_ / :

SOOI Ve

and

[If( >rq;|ff<b>\qr/q.

2+
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In [7], the above inequalities were further generalized as follows.
Theorem 1.4 ([7], Theorems 2.3 and 2.4). Let f: I C R — R be continuously differentiable on
I° a,b e I witha < b, and p > 1. If | f'[P/®P=V) is convex on [a,b], then

b
1 a+b b—a 4 \Vr
b—a/f(x)dx_f< 2 ) =16 <p+1> 8

{1 @D 4 3|/ )P0 0 g [3]7(@) /070 4 | )/ 0-0)

b_la/bf(:c)dx—f (“3°)|= "3 <pf‘;1)1/p<|f'<a>| 170,

In [5], an inequality similar to the above ones was given as follows.
Theorem 1.5 ([5], Theorem 3). Let f: [a,b] — R be an absolutely continuous mapping on [a, ]
whose derivative belongs to Ly([a,b]). Then

3 [H O oy (220 - _a/f do é[ﬁ“*&]”q(—a)l/quf'np?

and

1 1
where — + — =1 and p > 1.
p
Recently, the following inequalities were obtained in [10, 11].
Theorem 1.6 [10]. Let I C R be an open interval, with a,b € I and a < b, and f: 1 — R be
twice continuously differentiable mapping such that " is integrable. If 0 < X\ < 1 and |f"] is a
convex function on [a, b], then

A—=1)f (a;b> —Af(a);f(b) —i—/f(x)dx <
Y _
(1’24) { {xl + 1+ )1 =A%+ W] 11" (@) +
< + [)\44-(2—)\))\34—1;3)\] |f”(b)|}, ogxg%,
(b —a)?

5 BA= DA @I+ 10, % <A<

Theorem 1.7 [11]. Let f: I C R — R be continuously differentiable on I°, a,b € I with a < b,
and " € L([a,b]). If | f'|? is convex for ¢ > 1 on [a,b], then

@ o var(50)] - 2 /f \iz| <

<2t [iq(;ﬂﬂl/ " [<3|f’(a)|q: If’(b)lq>1/q ) (f’(a)lq - 3|f’(b)q)1/q]
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557
and
i |f@+r04ar (5] —bia/bf@)dx <
<Moo <61|f”<a>|qQ+029|f'<b>rq)”q+ (29|f'<a>|q9+061|f'<b>|q>” ] .

A function f: I CR — [0, 00) is said to be s-convex if the inequality

flaz+ By) < o”f(z) + 57 (y)

holds for all z,y € I, v, B € [0, 1] with a + § = 1, and some fixed s € (0, 1].

In [1], some inequalities of Hermite — Hadamard type for s-convex functions were established as
follows.

Theorem 1.8 ([1], Theorems 2.3 and 2.4). Let f: I C R — R be a continuously differentiable
mapping on I° such that ' € L([a,b]), where a,b € I with a < b.

If | f'[P/®=1) js s-convex on [a,b] for p > 1 and some fixed s € (0, 1], then

a+b 1 / b—a 1 \Y7/ 1 \?1
(57 e e <55 () ()

[ s+ DI @+ 217 O]+ 27 @ + (21 s+ 1)1 017,

1 1
where p is the conjugate of q, that is, — + — = 1.
p g

If | f'|9 is s-convex on [a,b] for ¢ > 1 and some fixed s € (0, 1], then

f(a;b> blaa/bf(w)dx : b;a {(H1)2(s+2)]1/q><

{1+ DI @7+ 271 @)1+ [+ DIF O + 2701 (@)1

Some inequalities of Hermite — Hadamard type were also obtained in [2, 3, 6, 8, 12, 14-17, 19]
and plenty of references therein.

In this paper we will establish some new Hermite—Hadamard type integral inequalities for

functions whose first derivatives are of convexity and apply them to derive some inequalities of
special means.

2. Lemmas. For establishing our new integral inequalities of Hermite — Hadamard type, we need
the following lemmas.
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Lemma 2.1. Let I be an interval and f: 1 — R be continuously differentiable on 1°, with
a,be landa <b,and A\, € R.If f € L([a,b]), then

(1 @)+ A0 + =0 (257 - _a/f

1/2 1
= (b—a) /()\ —t)f (ta+ (1 — t)b)dt + /(u —t)f (ta + (1 — t)b)dt
0 1/2

Proof. This follows from standard integration by parts.
Lemma 2.2 [18]. Let f: I C R — R be continuously differentiable on 1°, a,b € I with a < b.
If f' € L(|a,b]) and \, u € R, then

b
M(a)+puf®) 2-X—p,(a+b
2 * 2 f< ) b— a/f

1
_b 4“/ [ (1—A—1)f (ta—l—(l—t)a;_b) =) <ta;b+(1—t)b)] dt.
0

Proof. This may be derived via standard integration by parts.

Remark 2.1. Lemmas 2.1 and 2.2 are equivalent to each other.

3. New integral inequalities of Hermite— Hadamard type. Now we are in a position to
establish some new integral inequalities of Hermite — Hadamard type for functions whose derivatives
are of convexity.

Theorem 3.1. Let f: I C R — R be a continuously differentiable function on 1°, a,b € I with

1
a<band0§)\§§§u§1.lf\f’\ is convex on [a, b], then

z)dz| < 7[(10 3+

u—Mﬂ@+Aﬂw+m—Aﬁ(“+ﬁ

+8X% — 150 + 81%) | /(@) + (8 — 9N + 2407 — 8X® — 21 + 244° — 81°) | £/(b)]]. (3.1)

Proof. By Lemma 2.1 and the convexity of |f’| on [a, b], we have

<1—Mﬂ@+xﬂw+W—Aﬁ(“+ﬂ

1/2

<<-ﬂz(/x—ﬂuua+u—t mwy/m—ﬂuaa+a—wnw <

1/2
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1/2
< (b—a) /M—ﬂﬂf<n+u—Mf ﬁ+/ﬁk¢uu<n+a—wv<m
1/2
Substituting equations
1/2

/ A —t|(t[f (a)| + (1 — t)|f’(b)|)dt:i [(1=3X+8))|f/(a)]+ (2 — 9A+24X2—8)7) | £/(b)]]
0
and

[ =t @)+ 1= ol W) =

1/2

= 5, [(9 =150+ 8%) [ (a)] + (6 — 21p + 240" — 81%) | ' (0)]

into the above inequality leads to (3.1).
Theorem 3.1 is proved.
Theorem 3.2. Let f: I C R — R be a continuously differentiable function on 1°, a,b € I with

1
a<band0§)\§5§u§1.lf|f/\qforq>1isc0nvex0n [a,b] and ¢ > p > 0, then

u—Mﬂ@+Aﬂw+w—Aﬁ(“+ﬁ _a/j )| <

1-1/q 1/q
55)  lomee)
<(b—a)| " S
= )<2q—p—1 (p+1)(p+2)
1 (2g-p=1)/(¢-1) 1=1/q
" (2 _ A) + A\@a-p-1)/(a-D) "
( 1
X —
2

1 1\ Ve
§(p+3—2)\) <2—)\> +(p+2—)\))\p+1] |f’(b)|q> +

1 p+1
(p+1+2N) < — A) + NP2 ()94

2

_l’_

+

(1
X p—
2
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1 1\ " Ve
o320 (u-1) +<1—u>P+2] f’(b)lq> .

Proof. By Lemma 2.1, the convexity of | f’| on [a, b], and Holder’s integral inequality, we obtain

_l’_

<

b
(@) + 210 + (- 0f (“57) - 52 [ S

1/2 1

<(b—a) / IN—=t||f (ta+ (1 =t)b)|dt + [ |u—t]|f (ta+ (1 —t)b)|dt| <
0 1/2

1/2 1=1/a /49 1/q

< (b—a) /\)\ _ g/ a=D) gy /yx P (tat (=B |+
0 0

1-1/q 1 1/q

1
| [ =t [l tpiras @ - oppar || <
1/2 1/2

1/2 IR 1/q
<@-af | [ ool | [popr@ps ool -
0 ] 0
1-1/q 1/q

1 1
+ /!u—t!(q_p)/(q_l)dt /Iu—tlp(tlf’(a)!q+(1—t)lf’(b)lq)dt - 62

1/2 1/2

Furthermore, a straightforward computation gives

1/2

ey, a—1 [ (1 e ey

A=t at = (5 A 33
q—p—

0

1 J— S —_
PRy S Tt U RS B N i Ty
=t dt = p +(L—n) :

2g—p—1 2
1/2
1/2 1 1 1 p+1
0/ A= tP(t1f (@) + (1 —t)| f/(b)|9)dt = CERIED) { §(p+ 1+2)\) <2 — /\) -
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1 p+1
£ IF @+ [50+3-2 (5-4) +orz- A)W] If’(b)lq},
and
; 1 1 p+1
/ =P (¢ (@) T+ (1 = )] f/(b)|?)dt = )] { 5(]34‘ 1+ 2p) <M - 2) +
1/2

+p+1+p)(1- u)p“] ' (@)]” +

p+1
so3-20 (n-3) +a- u)p”] !f’(b)lq} .
(3.4)

Substituting the equations from (3.3) to (3.4) into (3.2) results in the inequality (3.1).
Theorem 3.2 is proved.
Corollary 3.1. Let f: I CR — R be a continuously differentiable function on 1°, a,b € I with

1
a<band 0 <\ < = < pu<1.If|f'|? for ¢ > 1is convex on [a,b], then

a/f
wen(3-1) 4
3y ramn]
ol )

)"
(2-\) <; —)\)2+

(1+p) <u—;>2+

(1= 10 f(a) - AFB) + (1= N)f ( - b)

GRS

1/q
+@- W] If/(b)\"> -

' (a)|* +

+ 2+ - u)2] [ ()] +

and

IN

(1= 1) f(a) + AFB) + (u— N)f (

+b> —bia/bf(m)dz

1 q+1
(g+1+42N) (2 — /\> + X2 F ()94

b—a
<

2 {<q+1>2<q+2>]1/q{< :

2

1 1 a1 Ve
§(q+3—2)\) <2)\> +(q+2)\))\q+1] |f’(b)]q> +
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g+1
L4142 <u— ) Fg+ 140 —mq“] @)t

q+1 1/a
%(q +3—2p) <M - ;) +(1- u)“?] If’(b)q> } :

Proof. This follows from Theorem 3.1 and setting p = 1 and p = ¢ in Theorem 3.2.
Corollary 3.2. Let f: I CR — R be a continuously differentiable function on 1°, a,b € I with
a<bm>0,and m >20>0.1If|f'|? for ¢ > 1 is convex on [a,b], and ¢ > p > 0, then

+

<
m 2 -

b—a qg—1 1-1/q 1 1/q
< X
~ Am? <2q—p— 1) <2m(p+1)(p+2)>

x[(20)a—p=D/(@=1) 4 (1 — 2¢)@a—P=D)/(a=1)]1-1/a

|1i[f(a)+f(b)] FI 2 (00) bfa/bfmdx

< { (12072 + (mp + m + 20)(m — 207 (@) |1+
+H[(2mp + 4m — 20) (20 + (mp + 3m — 20)(m — 207 £ (b)]9) 4 +
+ ([2mp + dm — 20) 200" + (mp + 3m — 20)(m — 2007 (a) 1+

H[(20PF2 + (mp + m + 20) (m — 207 £ (5)]7) q} .

14
Proof- This follows from letting A = 1 — 4 = — in Theorem 3.2.

m
Corollary 3.3. Let f: I CR — R be a continuously differentiable function on 1°, a, b € I with
a<b,m>0,andm>20>0.If|f'|? for ¢ > 1 is convex on [a,], then

m 2

@)+ o)+ P2 (1) - bfa/bf(x)da: <

—u 1/q
<? (1) [(m =20 + 2071 ([(m + O(m — 200 + 46| f ()| +

— 8m?2 \3m
+[(2m — 0)(m — 20)% + 4(3m — O]/ (0)|9) 9 + ([4(3m — 0+
+(2m — €)(m — 202)|f/(a)|? + [(m + £)(m — 20)* + 4e3]|f’(b)\q)1/q}
and
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i@+ o)+ M2 () - L /bf(m)d:v <

m 2

<b—a 1
dm |2m2(¢+1)(¢+2

1/q
)} {([(2€)q+2 + (mq 4+ m + 20)(m — 20| f'(a) |7+

+[(2mgq + 4m — 20)(207 + (mq + 3m — 26)(m — 207 £ (5)|9) 7+

+([(2mq +4m — 2€)(2€)q+1 + (mq + 3m — 2¢)(m — 2€)q+1]|f’(a)|q—|—

+H(20T2 + (mg + m + 20) (m — 20T £ (b)]9) " q}.

l
Proof. This follows from setting A = 1 — u = — in Corollary 3.1.
m

4. Applications to special means. For two positive numbers a > 0 and b > 0, define

a+b 2ab
Ala,b) = ——, G(a,b) = Vab, H(a,b) = ==,
1/ 0\ V- b—a
e — b
I(a,b) = e<aa> , aFb, L(a,b) =< Inb—1Ina’ a7 b,
a, a,:b’ a, a:b,
and
pstl _ g5+l 1/s
VT a— 0,—1 and b,
eEaen | B
Ls(a,b) = < L(a,b), s=—1and a # b,
I(a,b), s=0and a #b,
a, a="b.

It is well known that A, G, H, L = L_1, I = Lg, and Ly are respectively called the arithmetic,
geometric, harmonic, logarithmic, exponential, and generalized logarithmic means of two positive
number a and b.

Theorem 4.1. Letb>a>0,g>1,¢q>p>0,m>0,m>2(>0,and s € R.
(1) If either s > 1and (s —1)g > 1ors < 1and s #0, then

20A(a*,b°%) + (m — 20)[A(a, b)) Shay ( -1 >/ )

m

— [Ls(a,b)]®
[Ls(a, )| < = Sy —

1
X [2m(p+ 1)(p +2

1/q Ly
):| [(2[)(%*;0*1)/(!1*1) + (m— 26)(2q7p71)/(q71)] 4y

% { [((20)P72 + (mp + m + 20)(m — 2€)p+1)a(8—1)Q+

ISSN 1027-3190.  Vkp. mam. scypn., 2015, m. 67, Ne 4



564 FENG QI, TIAN-YU ZHANG, BO-YAN XI
L (2mp + 4m — 200207 1 (mp + 3m — 20) (m — 20 1)pls-Da] Ve
+[((2mp + 4m — 20)(20)PT + (mp + 3m — 20)(m — 20)P1) a4
+(20PF2 + (mp + m + 20)(m — 20)PF1)pls=14] 1/q}_

(2) If s = —1, then

12 om-2) 1 | _b-af g-1 1-1/q 1 “qx
m | H(a,b) = A(a,b)| L(a,b)| = 4m2 \2g—p—1 2m(p+1)(p+2)

X [(26)(2‘1_37_1)/(‘1—1) + (m — 2£)(2q—p—1)/(q_1)] 1—1/q><

+

. { {(2@)%2 + (mp + m + 20)(m — 20)P+
a24

L (2mp +dm - 20)(20)PTL + (mp + 3m — 20)(m — 2£)p+1] La .
b2a

N [(Qmp + 4m — 20)(20)PTL + (mp + 3m — 20)(m — 24)PH N
a4

(2072 4 (mp + m + 20)(m — 20)P+17 14
+ =7 :

Proof. Set f(x) = 2° for x > 0 and s # 0, 1. Then it is easy to obtain that
f@) =2l 1 f @) = sl (@) = (5= Dalls = 1g = st D02,

Hence, when s > 1 and (s — 1)¢ > 1, or when s < 1 and s # 0, the function |f’|? is convex on
[a, b]. From Corollary 3.2, Theorem 4.1 follows.
By the argument similar to Theorem 4.1, we further obtain the following conclusions.
Theorem 4.2. Letb>a >0,¢g>1,m>0,m>2¢(>0, and s € R.

(1) Ifeither s> 1and (s—1)g>1ors<1ands+#0, then

— [Ls(a, b))

= 8m2 \3m

‘ 20A(a*,b%) + (m — 20)[A(a, b)]*

— 1/q
- a( L ) [46% + (m — 20)2]" )5

><{ [(46* + (m + £)(m — 20)%)a D7 4 (43m — )€ + (2m — £)(m — 20)?)pls D) V4

+[(43m — 022 + (2m — ) (m — 20)?) a9 4 (403 4 (m + £)(m — 20)?)p5~ D] 1/Q}
and

b—a 1

1/q
— [Ls(a,b)] i |s] [sz(q +1)(q + 2)] 8

<

‘%A(as, b*) + (m — 20)[A(a, b)]*

m
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{[(2072 + (mg -+ m + 20)(m — 20/ al>~ V14
+((2mq + 4m — 20)(20)7 + (mq + 3m — 20)(m — 2£)q+1)b(371)q} Va
+[((2mg + 4m — 20)(20)72 + (mq + 3m — 20)(m — 2€)q+1)a(s—1)q_’_

+((2£)‘1+1 + (mg+m +20)(m — 2£)q+1)b(371)q] l/q}.

(2) If s = —1, then

1] 2 m— 20 1 b—a [ 1\ -
_ _ < - 4 2 —9 2 /q
‘m [H(a,b) + A(a,b)} L(a,b)‘ — 8m? (3m> [ 4 (m—20) ] %

3 m m — 20)2 m — )2 m — O (m — 271/q
x{[u +( qu)( 20)° | 4(3m — )t +(b22q 0)( 2@)] .

1/q
. [4(3m —OF + @m— O)(m = 20)* | 46+ (m + 0)(m — 25)2} }

a24d b2q
and
1[ 2  m-2] 1 | _b-a 1 1/q><
m | H(a,b)  A(a,b) L(a,b)| = 4m [2m2(q+1)(q+2)

(20)9+2 4+ (mq +m + 20)(m — 2£)47!
X = T

(mq + 3m — 26)(m — 207" + (2mgq + 4m — 26)(26)0+1 ]
+ b2q +

N [(qu + 4m — 20)(20)9F + (mq + 3m — 20)(m — 2¢)9+! N
a2a

(20)7+2 + (mq + m + 20)(m — 20)3+17/1
+ b2 .

In particular, we have

20A(a®,b%) + (m — 20)[A(a, b)]® | _b—a s—1 15—
’ - — [Ls(a,b)]?| < e s| [452 + (m — QE)Q]A(Q Ly 1)
and
[ 2 +m—2€ 1 <b—a4€2+(m—2€)2
m | H(a,b)  A(a,b) L(a,b)| — 4m?  H(a?b?)
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Theorem 4.3. Letb>a>0,g>1,q>p>0,m>0,andm > 20> 0. Then
201 —20)In A(a, b - —1 \'Ye
‘fnG(a,b)+(m ¢)1In A(a, )—1nI(a,b)‘<b a< q > 8

m ~ 4m2 \2¢q—p—1

1

1/q
_ 9p\(2¢-p—1)/(g—1) (2¢—p-1)/(q—1)711-1/a
x [2m(p )T 2)] [((m —20) + (2¢) ] X

. { [(26)7’*2 + (mp + Zlq-f— 20)(m — 207+

n (mp + 3m — 20)(m — 20)PT + (2mp + 4m — gg)(%)pﬂ] 1/q .
ba

—+

N [(Qmp + 4m — 20)(20)PTL + (mp + 3m — 2¢)(m — 20)P*!
a4

L 207+ (mp + m 4 20)(m — 2z)p+1] Y ‘1}
be '

Proof. This follows from taking f(z) = Inz for z > 0 in Corollary 3.2.
By the similar argument to Theorem 4.3, we can obtain the following inequalities.
Theorem 4.4. Letb>a>0,g>1,m >0,and m > 2{ > 0. Then

20InG(a,b) + (m —2¢)In A(a,b)
m

b—a[ 1 T/qx
dam | 2m2(q+1)(q +2)

—lnI(a,b)’ <

_l’_

y { [(zz)ﬁ? + (mgq + m + 20)(m — 20)7+1

n (mq + 3m — 20)(m — 20)9* + (2mq + 4m — 2@)(%)%1] 1/q .
ba

+

N [(qu + 4m — 20)(20)9F + (mq + 3m — 20)(m — 2¢)9H!
a4

L (207 + (mg +m +20)(m - 2e)q+1} 1/‘1}
b

and

‘26 InG(a,b) + (m — 20)In A(a,b)
m

—a 1/q -
—ln“%b)' < <371n> [(m — 207 4 (2¢7] 7"

+

{ [443 Lm0 (m—202  (2m—0)(m— 202+ 4(3m — 0271
% ad + b4 ]
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ABm = OF + @2m — )(m = 20° 46 4 (m + )(m — 20)° 1
ad ba

In particular, we have

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20InG(a,b) + (m — 2¢)In A(a,b) b—adl?+ (m—20)?
—1In’ <
‘ m nl(a,b)) < 4m? H(a,b)

Remark 4.1. This paper is a simplified version of the preprint [13].
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