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FD-METHOD FOR SOLVING THE NONLINEAR KLEIN -GORDON EQUATION

FD-METO/I PO3B’S13YBAHHSI HEJITHIMHOT' O
PIBHSAAHHS KJISIHHA -TOPIOHA

We propose a functional-discrete method for solving the Goursat problem for the nonlinear Klein—Gordon equation.
Sufficient conditions for the superexponential convergence of this method are obtained. The obtained theoretical results are
illustrated by a numerical example.

3ampornoHoBaHO (YHKIIOHATBHO-AUCKPETHIH METOA Po3B’s3yBaHHA 3amadi ['ypca mns HemiHiitHOro piBHsAHHsA KirsiiHa—
Topnona. OTprMaHo J0CTaTHI yMOBH, sIKi 3a0€311€4yI0Th CYIepeKCIIOHEHIiaNbHy IBHAKICTh 30DKHOCTI MeToxy. OnepixaHi
TEOPETHYHI Pe3ysIbTaTH IPOIFOCTPOBAHO HA YHUCIOBOMY IIPUKIIAI.

1. Introduction. It is well known that the Klein — Gordon equation (KGE)
u(Et)  DPu(E 1)
— t)) = d(E,t 1
S5~ ge TNEED) =2 (1)

has extensive applications in modern physics and engineering. Particulary, it arises when studying the

scalar massive field in the de Sitter and anti-de Sitter spacetime [39, 40], the propagation of intense
ultra-short optical pulses in low density dielectrics [13], the pionic atoms [27] et al. Furthermore, a
partial case of the nonlinear KGE — the Sine—Gordon equation (SGE) — alone has a great number
of applications in physics. One encounters the SGE when studying the propagation of a “slip” in
an infinite chain of elastically bound atoms lying over a fixed lower chain of similar atoms [11],
the magnetic flux propagation in a large Josephson junction, the domain wall dynamics in magnetic
crystals [2] et al. A nonlinear theory for strong interactions has also been developed in which the
SGE appears as a simplified classical model [30, 35]. In geometry, the Goursat and Cauchy problems
for the SGE are related to the existence of special nets on surfaces in £3,which are called Chebyshev
nets [32].

The whole range of the methods for solving the KGE can be conditionally divided into the two
groups: the analytical methods and the discrete methods. The analytical methods allow us to express
the exact solution to the equation through the elementary functions and convergent functional series.
This methods a very useful for studying nonlinear physical phenomena, such as traveling waves and
solitons [8]. Among the analytical methods there are the polynomial approximation method [31, 24],
the extended tanh method (see [25]), the sine-cosine method (see [38]), the variational iteration
method (see [3, 4]), the homotopy methods (see [33, 1, 26] and references therein), the infinite series
methods and many other methods and techniques (see [36, 34, 10] and references therein). However,
when the qualitative analysis of a solution is not the main target, then discrete methods can be useful
as well. The methods of this group approximate the exact solution on a finite set of distinct points
(i.e., on the mesh). The discrete methods for solving KGE take their origins mainly from the finite-
difference methods (see [5, 29, 9] and references therein) and Runge — Kutta methods (see [28, 7] and
references therein).

Apparently, the border line between the two groups of methods introduced above is very fuzzy
and some methods can be considered as belonging to both groups at once. In the present paper
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we offer a numerical-analytical method which possesses the mein properties of both analytical and
discrete methods simultaneously. This method (hereinaftr referenced to as the FD-method) is based
on the FD-approach described in [12, 21] and takes its origins from the functional-discrete method
for solving Sturm — Liouville problems (see [22, 23]).

The paper is organized as follows. The Goursat problem for nonlinear KGE is introduced in
Section 2. Section 3 is devoted to the description of the FD-method’s algorithm for the given Goursat
problem. In Section 4 an important auxiliary statement about approximating properties of a hyperbolic
differential equation with piece-wise constant argument is proved (see Theorem 1). Theorem 1 plays
a key role in the proof of Theorem 2 containing sufficient convergence conditions for the proposed
FD-method (Section 5). A numerical example and conclusions are presented in Sections 6 and 7
respectively.

2. Problem statement. Let us consider KGE (1) in a slightly modified form

0%u(z,y)
0xdy

which is more suitable for application of the FD-method. Equation (2) can be obtained from (1) via

the transform of variables
t=z—-y, {=x+y, 3)
assuming that
wz,y) =ve—y,z+y), flz,y)=2@@-yz+y).

Since the FD-method is a numerical-analytical method (not mere analytical) it cannot be applied
to equation (2) without an initial or boundary condition. In the paper we confine ourself to considering
a Goursat problem (see [14]), supplementing equation (2) with the following boundary conditions:

u(,0) = P(z), u(0,y) =o6(y), ©»(0)=¢(0). Q)
We assume that nonlinear function N(u) can be expressed in the form of
N(u) = N(u)u, N(u)= Z vsu® Yu € R, vs € R,
s=0

and!

Y(z) € C (D) NC (D), d(y) € CY (D2)NC (Da),  flx,y) € C(D),

D=A(z,y):0<z< X,0<y<Y}, D1 =(0;X), Dy=(0;Y).

Given assumptions imply that the solution u(x,y) € C11(D) N C(D) to the Goursat problem (2),
(4) exists and is unique (see [18]).

3. General description of the FD-method’s algorithm for solving KGE. According to the
FD-method’s algorithm for solving operator equations described in [12], the FD-method for solving
Goursat problem (2), (4) can be constructed in the following way.

"Hereinafter a horizontal bar above a letter indicates the closure of the set denoted by the letter.
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We approximate the exact solution u(x, y) to problem (2), (4) by the function Zl(x, y) defined as
the finite sum

i?ﬁ)xy ®)]

k=0

where m € N. In the rest part of the paper the function Tﬁ(x, y) can be also referenced to as the
FD-approximation of rank m.

k
To define the functions (u)(x, y) we have to introduce a mesh

xi = hii, yj=haj, hi= hy = — (6)

’ieO,Nl, j€07N27 N17N221'

For a while we assume that the positive integers N; and N» are chosen arbitrary, however, later it
will be shown that decreasing the value of parameter h = /h? + h3 (that is, increasing both N; and
N3) we can increase the accuracy of the FD-method.
. . (0) — .
As soon as mesh (6) is fixed we can define function u(x,y) € C(D) as the solution to the
nonlinear Goursat problem with piece-wise constant argument (hereinafter referenced to as the basic

problem)
82(3)(‘“”%((3)(- 1) Wayy) = f(oy) Yo,y € Py 7
0x0y L1, Y1 LYy) =Y Y 0§ )
(0) (0) _
u(z,0)=9(z), u(,y)=9¢y) V(z,y),€D, (0)=¢0), ®)
where
Pij = (wi—1,2) X (yj-1,9;), €1,N1, je€1,No. Q)

k _ .
Once the basic problem (7), (8) is solved, the functions (u)(a:, y) € C(D), k € 1,m, can be found
as the solutions to the following sequence of linear Goursat problems

(k)

0% u(w, (0), (k) (0) (0) (k)
7(y) + N( u(xi—h y]—l)) U(:L‘7 y) = _N/( U(.ZU, y)) U($7 y) u(xi—la yj—l)_
0xdy
k—1
(0) (k—s) (s)
- Z Ak—s (Na U(l‘i_l, yj—l): ey U (xi—la yj—l)) U(ZE, y)_
s=1
(0) (k=1) (0)
_Ak (N; u(xi—ly yj—1)7 Sy, U (xi—ly yj—1)7 0) U([E, y) +
k—1
(0) (k—1—s)
+ |:Ak—1—s(N; (i1, Yj-1)s- s U (o1, y5-1))—
s=0
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(0) (k—1—s) (s) (k)
_Ajflfs(N7 u(may)av u (xvy)) U(Qj‘,y) :F(a:,y) (10)

V(z,y) € P,; Yi€1l,N; Vje€1 Na.

k k
@ 0,9) =% (2,0)=0 vzel0,X] Wyelo,Y]. (11
Here A, (N 5V, U1y - - - ,vn) denotes the Adomian polynomial of n-th order for the function N(-)
(see, for example, [37, 16, 20]), which can be calculated by the formulas
1 dar >
. — S —
An(N,vo,vl,...,vn)—de—nN(szT) =
s=0 7=0
a]—o2 Qn —0n+1
= N@) () L . 12
2. () (e =0l an — anan) (2

al1+...fap=n
ar2>...2ap+1=0
OLZ'ENU{O}
4. Approximating properties of the basic problem. It is well known (see, for example, [6]) that
problem (7), (8) possesses a unique solution, which can be represented in the following form:

(0) (0)
u(x,y) = R(l’,yjfl,l’,y) U(l‘,yjfl)—k

(0) 0)
+R(wi1,y,7,y) w(i1,y) — R(zi1,yj-1,7,y) w(Ti-1,yj-1)—

T

-/ [ams,yj_l,x,y)] ey )de—

o€
rro (0)
—/ [%R(%—m,m,y)] u(zi—1,n)dn+
Yj—1
x Y
" / / R(&, m 2. 9)f(6,mydedn ¥(z,y) € Py, (13)
Ti—1Yj—1

where

R(z,y;€,n) = Jo <\/4Ni,j(w —&y— n)) =oF1 (L, —(z =&y —n)Nij),

0
%R(w, y;&,n) = o1 (2, —(z — §)(y — n)Nij) Nij(n —y),
(14)
0
@R(ﬁ, y:6,m) = oF1 (25 —(x — &) (y —n)Niy) Nij(§ — )

(0)
V(@,y), (€ m) € Puge Nig = [N (10s,)

) ielaNlajelaN%
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1398 V. L. MAKAROV, D. V. DRAGUNOV, D. A. SEMBER

and Jy, oF denote the Bessel function of the first kind and the confluent hypergeometric function

respectively (see [17]). Using integration by parts we can rewrite formula (13) as follows:

(’8)($ay) :(2)(931,1,y) + / R(S,yj*hx,y) |:88£ (3)(§7y]1):| déi

Ti—1

Yy
B (0)
— / |:8"7R(xi—17777x7y):| u(wz_l,n)dﬁ+

Yj—1

x Yy
4 / / R(&n.x,y)f(€ m)dedy  Y(a,y) € Piy.

Ti—1Yj—1

(15)

0
Theorem 1. Suppose that u(x,y) and (u)(x, y) are the solutions to problems (2), (4) and (7),
(8) respectively. Then for the sufficiently small values of h1 and ho there exists an independent on hy

and ho constant k, such that

u(e,y)— Wa)|| < hi, b= Jh3 + B2,

(0) (0)
where HU(CC, y)_ U(:E, y) HD = max(;@y)eﬁ |U(I‘, y)_ U(l‘, y)|
Proof- Let us consider the auxiliary function

2(z,y) = ulz,y)— W, y).

It is easy to see that this function is continuous on D and satisfies the equation

0?z(x,y)

(0)
TE)y + N(u(wi-1,yj-1))2(x, y)+

+ | Nz, y) = N1, u5-0)) | ule,y) =0 ¥(z,y) € Py,

together with the boundary conditions

2(2,0)=0, w€ Dy, 2(0,y)=0y€& Ds.

(16)

)

To prove the theorem it is enough to find a positive real constant «, independent on h, such that

Hz(m,y)Hpij <hk Viel,Ny Vjel, Ny,

For further convenience we have to introduce the notation

(0) (0) (0)
wij=u(ri1,Yi-1), Wis = u(Ti—1y, ), Nij= ’N,( Um’))7

)

(18)

(19)
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Lij= max [N(Wi; -0(Ws; ~ue.))] (20)
(x,y)EPi’j
0€[0,1]
zij = 2(wi-1,y;-1), Nzl = =@ 9)lp, @21
Rij = oF\(1; Nijhihe), R;; = oFi(2; Nijhiha)Nij, (22)
Jul| = Hu(l‘,y)HD, H@Z},H = ||¢,($)H[O,X} ) Hd)/H = Hgb,(y)H[o,y} . (23)

It is worth to emphasize, that the principal role in the proof is assigned to the constants /N, and
L, defined in the following way

No= max [N (u)], Ls= max [N (u)|, (24)
u€(p1,p2) u€(p1,p2)
p1 = min_u(z,y) — o, p2 = max_u(z,y) + o
(z,y)eD (zy)eD

Here o denotes an arbitrary positive real number fixed throughout the proof. It is easy to see that
according to the definition of N, (24) we have the inequality || N (u((z,v))|| 5 < Na-
To prove Theorem 1 we need the following auxiliary statement.

0
Lemma 1. Suppose that u(x,y) and (u)(:c, y) are the solutions to problems (2), (4) and (7), (8)
respectively. Then the following inequalities hold true

||Z||i7j < ||z||i—1,j (1 + h1h2R;J) +

j—1

+hiR; {hQ Z [(2]\@',5 + Lis) ||2ll; s + 7 (Nis + Lis) A} } -
s=1

+hihoRij (Lij + Nij) |[2[l; j_1 + hihehRi; (Nij + Lij) A, (25)

||Z||zj < HZHi,j—l (1 + hlh?R;,j) +

i—1
+h2Ri,j {hl Z [(QNSJ + Ls,j) HZHs,j +h (NSJ + Ls,j) A} } +

s=1
+hihoRij (Lij + Nij) |[2ll;-1 ; + hihehRi; (Nij + Lij) A, (26)
forall (z,y) € Pij, i €1,Ny, j € 1, Ny, where
1/2

A= {11+ ¥ @+ N ]+ [l + X 171+ N ] .

HZHo,j = ||z||10 =0 Viel,Ny Vjel, Na

ISSN 1027-3190. Yxp. mam. acypu., 2012, m. 64, Ne 10
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Proof. Unless otherwise stated we assume that (x,y) € F;; for some fixed positive integers
i1€1,Nyand j € 1, No.

We begin with the proof of inequality (25). As it was mentioned above, function z(x,y) can be
represented by virtue of the Reimann function in the following form:

2(x,y) = 2(xi-1,y)+
€T

+ / R(é,yj-l,fz,y) [ggz(fay]—l)} df—

Ti—1

0
- | [5G st

Yj—1

+ [ [ renew {Mu(an))—N<(5><x,-_1,yj_1>>] w(E, n)dedn. (28)

Ti—1Yj—1
Equality (28) yields the estimate (see notation (19)—(22))

0z(x,yj-1)

Il < Il o

i—1j ThiRi;

+ hiha R} I2ll—1; +
ij—1

(0)

iR |N(u(€m)) = Nt )

o+
i,J

(0) (0) (0)
+hihoR; ; ‘N( wij) wi; —N (g )u(én)

<
.3

0z(z, yjfl)

ox +

3,j—1

< HzHi—l,j (1 + h1h2R27j) + thi,j

+hihoRij (Lij + Nig) ||Ju(z,y)— (g)iJHi,j =

0z(z, yj-1)

< lzlli—y; (1 +hihoR} ;) + hiRi o

+
ij—1

+hihoRij (Lij + Nij) [Hu(% y) —uigll; ; + !Zz‘,j@ : (29)

Taking into account the obvious inequality? |2; ;| < |||, j—1+ We can summarize inequalities (29) in
the following way

aZ(.’E, yjfl)

Ox +

ij—1

121l; ; < Nl2lliz1 4 (14 hihoR; ;) + 1R

The inequality |z ;| < ||z|| i_1,; is valid as well and it will be used in the proof of inequality (26).
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FD-METHOD FOR SOLVING THE NONLINEAR KLEIN - GORDON EQUATION 1401
+hihaR;j (Lij + Nig) [|z]l; ;1 +

+hihaoRij (Lij + Nij) lu(z, y) — uigll, ;- (30)

0z(x,yj—1)

ox y
J—1
right-hand side of inequality (30). We start with the latter one. The mean value theorem provides us

Let us estimate the expressions and [[u(z,y) — u (zi-1,y;-1)|; ; arising in the

with the inequality
|’LL(§, 77) - U(SUZ'_]_, yj—1)| S |u(l‘7 ?/) - u(l‘i_]_, y)’ +

+ |u(@i-1,y) — u(zi-1,y-1)] <

du(z,y) du(z,y)
< |z — 2| || . 9wz, y)
< o =i | —5- . +ly — 51l P 31)
Furthermore, equation (2) yields us the equalities
A ’
u(r,
w +/) (u(z,n))u(z,n)] dn, (32)
0
ou(zx,
é +/ (u(&, y))u(€, y)] dE. (33)
0

Combining (31) with (32) and (33) we get the estimate

lu(z,y) —u(zi1,yj-1)| <
< hy (HW(@H[QX] +Y[IIf (@95 + IN(ulz,y)l 5 ||u(x,y)||D]> +

o (6@ 0y + X 179 p + IV (e, ) p lluta, )| p] ) <

< Ay/h? + h3 = Ah. (34)

Now let us pass to the estimation of 82(%%1) . Equation (17) implies the equality
x
62(.%', yj—l) _
ox
' N, o)
= — Z / x,n) + [N(u(m, n)) — N(u m)]u(:ﬁ7 n))dn. (35)

Using notation (20) from (35) it is easy to get the estimate (V& € [z;_1, x;])
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‘82:5% 1 ZN”/ (x,n)| dn+
Ys—1
Jfl Ys
430 [ (ot Noa) Qo) = i + 23]} (36)
821ys—1
Combining inequalities (34) and (36) we obtain
0z(x,y;-1) i1 iy
At < ON; o + Ly 4 hoh AN (N + L 37
‘ o = 2521( i,s T Lis) Hsz,s+ 2 ;( is + Liys) - (37)

Finally, using estimates (34) and (37) we get from (30) the target inequality (25).
The proof of inequality (26) is mostly similar to the proof of inequality (25). However, to obtain
inequality (26) we have to use the formula

z(z,y) = 2(@,yj-1)+

T

+/ [;R(&yj—l,x?y)} (&, yj—1)dé—

Ti—1

Y
0
- / R($i—17n7x7y) |:877Z<xi—17n):| d77+
j—1

n

+ [ [ renew [Nw(g,n))—fv((ﬁ) <xi_1,yj_1>>] u(E. n)dedn (39)

Ti—1Yj—1

instead of formula (28). Formula (38) leads us to the inequality

0z(x;_1,
I2lliy < Nzl jo1 (L4 hahoRi ;) + hoRij (513/) "
Y i—1,j
+hihoR; j (L;j + N j) HzHifl,j +
FhahaRig (Liy + Nig) llule.y) — uigll,, 9
Instead of inequality (37) we have to use the following one (Vy € [y;—1,y;]) :
0z(xi—1,y) \- 5
E;y‘ <hiy  (2Naj+ L) ll2llyy + mahAY S (Noj + L), “0)
o—1 s=1

which can be obtained in a similar way. Finally, estimates (34), (39) and (40) lead us to inequa-
lity (26), which was to be proved.
Lemma 1 is proved.
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To use the results of Lemma 1 we have to make an assumption about the correlation between hy
and hg. It is precisely this assumption that determines which of the estimates, (25) or (26), will be
used in the further reasoning. Without loss of generality we assume that?

YN
hi < hy & Ny < Xl. (41)

Taking into account estimate (25) together with the definitions of constants N, and L, (24), we
can conclude that inequalities

0 - .
;<< ps VEEONi=I WI€0,j, j<Ns, 42)

imply the estimates

Nii < Noy, Ly < La,

[2]lg; < (1+ hihaRy) 12010+

-1
+h1Ra(2Na + La)ho Z HZHz',s + hihaRa(La + Na) ||Z”k,l—1 +
s=1
+hihRoaA(Ny 4+ Lo)(Y +ho) Vel j+1, kel Ny, (43)
where
Ro = oF1 (1;Noh3), Rl = oF (2; Noh3) Na. (44)

However, generally speaking, conditions (42) could not be satisfied for all [ € 1, N3 unless some
restriction on the value of ho is imposed. To find out this restriction we have to study some properties
of the sequence of real numbers p; ; Vi € 0, N1, Vj € 0, No defined by formulas

Mij = apli—1,5 +bpij—1+ ¢, o = pio =0 (45)
with
a=1+ hlal(hg) =14 hlth;,

b= hiby(he) = b [Ray (2Na + La) + hoRa (Na + La)] , (46)

¢ = hihey(hy) = b [RaA (No + L) (Y + ho)|.

3Under this assumption inequality (26) is not useful for us and we need to use inequality (25) instead. However, if we
were assumed that h; > ho we would be forced to use inequality (26) to prove the theorem.
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Lemma 2. Suppose that real numbers y; ; Vi € 0, N1 Vj € 0, Ny are defined by formulas (45)
with
a=1+hiar, b=hby, c=hihc
and assumption (41) holds. Then
pij < hXer exp((X LY+ Xa1> VieI,Vy, j €1, Ns. (47)

Proof. Using the method of mathematical induction, it is not hard to prove the explicit formula
for calculation of y; ;

0 ifi=0,je1,Nyorj=0,i€1, Ny,

(43)

o i=lim1 (| 4+ )]
Hi.j YT ( Tf’) aPbF Vi1, Ny, j €1, Ny
i=0p=0 k!'p!

Using formula (48) and assumption (41) we get

Ni—1 No—1 k—f-p
:U’ZJ = UNy,Ny = C Z a? Z k'p' -
k=0

k
=c aP %(p+1)(p+2) (p+k)hk<;l>

IN

1 YN 7 X \F /b \*
< p R —_— _— =
<oy o g2 (%) ()
k
< hXcpa™M1! exp((X +Y)b1> =

X Ni—1
=hXc (1 + Nal) exp((X + Y)bl) < hXcy exp((X +Y)b + Xal).
1

Lemma 2 is proved.
To obtain the required restriction on the maximum value of he mentioned above, we have to
consider the auxiliary function

E(hy, hy) = /12 + h2ey(ha) X exp((X )by (ha) + Xal(h2)>.

Taking into account assumption (41) we arrive at the inequality

E(h1, ha) < B(ha, ho) = E(hs).
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Function &(hs) is strictly increasing function on [0, +00], limy, 100 E(h2) = 400, £(0) = 0. This
fact implies the existence and uniqueness of the constant H,, > 0, such that

E(Hy) =a and E(hg) <a VYhy €[0,H,).
Henceforward we assume that
hy < H,. (49)
It follows from Lemma 2 that inequality (49) provides the estimates

pij <hK <a, K=c(Hy)Xexp(X+Y)bi(Ho)+ Xai(Hy)), (50)

1 €1,Ny, j €1, No.

Now we are in position to prove inequality (18) with k = K (see notation (50)) via the method
of mathematical induction. We will use induction with respect to j.

0
The base case, j = 1. Taking into account that u(z,0) :(u)(x, 0) Vx € [0, X] we arrive at the
conclusion that inequalities (42) are valid for 7 = 0. This fact provides inequalities (43) for j = 1,
which, using notations (44) and (46), can be represented in the form of

12 (z, y)”i,l < HZHz;l,l a+e, i€1,N. (51)
Taking into account formula (45) it is easy to see that
l2(z,y)l; 1 < pin, €1y, (52)
and, consequently, from (50) it follows that
lz(z, y)ll;; < hEK, i€l N (53)

Inequalities (53) prove inequality (18) with Kk = K for j = 1 and for all 4 € 1, V3.
Induction step. Assume that inequality (18) and auxiliary inequality

||z(a:,y)||” < iy 4

are proved for all j € I,n, i € 1,N;, 1 < n < Ns. This assumption implies the validity of
inequalities (42) for j = n and, consequently, we obtain inequalities (43) for 7 = n. Combining the
auxiliary inequality (54) together with obvious inequalities

M i—1 S,u'k,la k€17N17 l€17N27
and inequalities (43) with j = n, we arrive at the following estimate for z; ,,41:
HZHi,nJrl < ahi—1p+1 + Cc+

+h1Ra(2Na + La)h Y tis + hahaRa(La + Na)pin <

s=1
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< apli—1n+1 + bplim + ¢ = Wint1. (55)

Estimate (55) is valid for all ¢ € 1, N; and proves inequality (54) for j = n + 1. Furthermore, taking
into account estimates (50) and estimate (55) we immediately obtain the validity of inequality (18)
with kK = K, for j = n + 1 and for all 7 € 1, N1, which was to be demonstrated:

||z(:1:,y)Hi7n+1 <tint1 <hK <o, i€1,N;.

By the principle of mathematical induction it follows that inequality (18) is valid for all i € 1, Ny,
j € 1, Ny. Thereby, the theorem is proved.

5. The FD-method for nonlinear Goursat problem: the convergence result. In this section we
intend to study the question of sufficient conditions providing convergence of the FD-method (5),
(6), (7), (8), (10), (11) to the exact solution of the Goursat problem (2), (4). In other words, given
that the parameters h, and hy are sufficiently small  we will prove that

(k)
Tim Y [ula, )|, 5 < oc, (56)
k=0
and
2. (k)
u(z,y) =Y ulz,y), (57)
k=0
where
a 2 8 2 %
|76l = ma }|f($vy)HDviEMIV?3§LN2[axf(x,y) gy ] ,

for all f(x,y), such that f(z,y) € C(D) and f(z,y) € CY(P;;),i € 1, Ny, j € 1, Na. To achieve
that we will use the method of generating functions and the main part of this section is devoted to

the derivation of an appropriate equation for a generating function.

k
We begin with the estimation of H(u)(:n, Nl 5

The piece-wise constant function 1([‘2(90, y), (z,y) € D defined as

(s) (s) . . .
UL(':Cay) :U(l’i—layjfl)a if (%y) € [:Eifl)xi) X [yjfhyj)v (S 17N17 J S ]-aNQ)

allows us to represent equations (10) in the form which is valid for all (z,y) € D, i.e.,

& Wz, y)

(0) ) (k)
0xdy

+N(ul(m7y) U(IE,y) =

(0) (0) (k)
= —N’(UJ_($, y)) U (m7 y) Ul (1:7 y) -

— 0 (k—s) (s)
fZAk_S(N;uL(x,y), T (a:,y)) u(x,y)+
s=1

“We assume that h < h2 <1 and inequality (49) holds true.
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k—1
(0) (k—1-s)
+ E [Ak—l—S(NvuL(xvy)a”'a U] (I’,y))_
s=0

(0) (k—1-s) (s)
_Akflfs(Na U(:U,y),..., U (x7y)) U(l’,y)—

(0) (k-1) (0) (k)
_Ak(N7 ’LLJ_(.’E,y) yeeey UL (.’L',y) 70) U(.%'7y) =F(a:,y) (58)

As it was mentioned above (see previous section or [19]), the solution to the k-th equation of
system (10) (k > 1) on P” can be represented in the following form:

xT

0
(Z)(%y) Z(ﬁ)(ﬂﬁpl,y) + / R(&,yj—152,9) [85 ('Z)(f,yjl)] d§—

Ti—1

) (k)
— / |:877R(1:Z_1’777x’y):| u (l‘l_l’n)dn—l_

Yj—1

Yy
0 k 0
*N'((“)i,j) (u)z‘,j / / R(&,n;2,y) (u)(&n)dédm

Ti—1Yj—1
x Y
(k)
4 / / R(&miw,y) FIE m)dedy. (59)
Tio1Yj-1

As it follows from Theorem 1, the function (8)(30, Y) :(3)(h, x,y) tends uniformly to u(x,y) on D
as h — 0. Hence, taking into account the existence and uniqueness of the continuous on D solution
u(x,y) to the Goursat problem (2), (4), we can conclude that there exists an independent on h; and
ho constant M,,, such that

H(g)(:c,y)HD < M, (60)

The last fact provides the existence of the independent on h; and ho constants My, M 1,\77 Mp, M 1’.% >
> 0, such that

IBGE)] IR VA e )] R i Q)

Jora (113 (e )], <

o1 (2 13 (ale, ) ) [V (i, ) || < M
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Using inequalities (60), (61) together with notations (19), (20), (21) from equation (58) we can derive
the estimate (Vx € [x;_1, ;])

(k) J— 3
0 ’U,(CL‘,y', ) (%)
=L [ il

j—1 Ys Yj—1

k 0
+3 [ Nl el + [
S:]'ysfl

0

(k)
Fz,y)|dy <

-1 j—1
(k) (k) (0) (k)
<ha Y Nisl[wl g +he d NPl e, + YL F] <

i1 (k) (k)
< (My +MyMu) ha Y [, + Y F, (62)
s=1
where
k
[l = @)llp [FI=1F @l

Combining representation (59) with estimate (62) we obtain the inequality

1)), < (U hahodg) | W], , + haho My Mg |||

1,]— 1
k) (k) ()
Mg § (My + MyMy) he y_[[wl];  + Y[ || ¢+ hiheMe| F]. (63)
s=1
Denoting expression H ﬁ)Hl H H_ by U i,j» wWe can rewrite inequality (63) in the form of

(k) (k) (k)
U’Lj (1+h1h2MR) Uz 1,5 +h1h2MNMRM Uz] 1+

P
+hiMpg { hy (My + M M,) Y Uis +Y b + hiho Mg, (64)
s=1

Using the method of mathematical induction it is easy to prove (see the proof of Theorem 1) that

Ui,j < i 55 1€ 17Nla j € 1)N27 (65)
where the real numbers yi; ; are defined by formulas (45) with
b= hibi(h2) = hi MR (th]’VMu +Y (MN + M]’VMu)) ) (66)
a=1+ h1h2M1/:i’ c= thR(hQ + Y)
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Inequalities (65) together with Lemma 2 yields us the estimates

Usj < tig < MrX(ho +Y) exp((X + Y )by (h2) + XhaMp) =

:E(hQ)SE(l):Uh 7’617]\717]6]—7*]\72 (67)
. . (k)
Returning to the estimation of u(z,y) we get

E Huwy}lf—ig}aXHUH <o 7. (68)

jel No

Using estimate (68) and equation (58) it is not hard to obtain the inequalities

|2 )

0 (1]3) (x,y)
ox ‘ H

(k)
5|, < Xl I (69)

where
09 = O'1(MN + M]/VMu) + 1.

Combining inequalities (68) and (69) we get the following estimate:

U:max{al,UQ\/X2+Y2}. (70)

(%) (k)
Ferlly = I @ )l 5

(k)
Recalling the explicit formula for F (x,y) (see (58)) we can proceed with the estimation of

H (Z) H L as follows:

(0) (k—s)

(s)
w ) el+

\UH1<U(ZAk .

ey

— (0) (h—s—1)
+HZ|:AIC7871(N;UJ_(xay)7"‘7 (AN ($7y))_
s=0

(0) (k—s—1) (s)
_Ak—s—l(N; u(xay)w"a u (xvy))i| U(:U’y)HD_‘_

WIS 1A ). )

+ Ay, (N

|

where

o0

N(u) = |vslu®.

s=0

To estimate the second term in the right-hand side of inequality (71) we need the lemma stated below.
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Lemma 3.

<

0 (0) (s)
|4s@Vs i, v, ) — A (N il ), il )|

< hA; (Nl; | (1(1) (Z)Hl), Ni(u) = N'(u)u.

IERREE

Lemma 3 is a partial case of Lemma 1 from [20].
Using Lemma 3 we can estimate the right-hand side of inequality (71) in the following way:

k—1
) -~ 0 (k=) \ \(5)
HU\MSU(ZA/H(N; Wpses [ )]+
s=0
= - (0 (k=s—1); + |(5) O By <y (0)
+h > Ao (N[l ) Pl = e L P LN () ) (72)
s=0

Let us consider the sequence of real numbers {vj}7° , defined by the formulas

k—1
0 ~
R DR T
s=0
k—1 ~ 3
—i—ZAksl(Nl;U(),...,'Uks1)1)5—'[)kN/(U[))'l)O>, k= 1727"" (73)
s=0

It is easy to see that for the sequence {v}}7° , defined above the inequalities

1)), < wh*, k=01, (74)

hold true. Assuming that the series

o
g(z) => vzt (75)
k=0
has a nonzero convergence radius, say R > 0, and g(R) < oo, we immediately arrive at the inequality
c
v RF < pREe (76)

with some positive parameters ¢ and €. From inequality (76) it follows that the condition h < R is

sufficient for the series Zi":OH(Z)Hl to converge, that is, for the FD-method to converge. Thus, to
prove that inequality (56) holds for a parameter h, chosen sufficiently small, we have to investigate
convergence of power series (75).

Taking into account equalities (73) we arrive at the conclusion that function g(z) satisfies the
nonlinear functional equation

(9(2) = vo) (1+ N (o) o) = o (N (9(2)) = N(w0) )9(2) + 2N (9(2)) (9(2))*| 77
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for all z € (—R, R). To prove that the radius of convergence of power series (75) is nonzero, i.c.,
R > 0, we have to consider the inverse function z = g~!. From equation (77) we can easily derive
the explicit formula for z = 2(g) :

(9= v0) (1+ N'(v0)0) — (N (g) = N (o) ) gor

z(g) = = 78
(9) N (9)52 (78)
Taking into account that z(vg) = 0 we can easily find the value of 2/(vp) :
- 1
J(wp) = Tim 29 =E0) . (79)
g—=vo g — o N’ (vo)vd

Since function z(g) (78) is holomorphic in some open neighborhood of the point g = vg and 2’ (vy) >
> 0, we can conclude that there exists an inverse function z~! = g which is holomorphic in some
open interval (—R, R) (see [15]). Supposing that g(R) = oo we get the contradiction (see (77))

L+ Ny = lim_ (Uou o[ (R) - ¥ () + =¥ (o()a(2)] | =+

(80)
This contradiction proves inequality (76) for some positive constants ¢ and € which depend on N (u)
and vg only. Thus, we have that condition h < R provides the validity of inequalities (56) and

h k
1%, < o <R) : (81)

Assume that h < R. Then inequality (56) allows us to consider the function
oo
=3 Wy € oD,
k=0

k
Furthermore, from equation (10) it follows that (u)(x, y) € CYY(P,; ;) and

< (My + MyM,) | v, iel, Ny, jel1,Ns. (82)

| St
0xdy

PZ,]
Inequality (82) together with (81) imply that olf(:c, y) € CH1(P; ;) and

0?

82 - -
P, 1€1,N;, j€I1,Ns.
83:83/ Z 8338y (v.y) € Pij, i€ LoJE 2

The latter fact allows us to sum up equations (7) and (10) over k from 1 to co and this, taking into
account the obvious equality

o . . 2 0 (k=) (5)
N(u(z,y)) = N(u(z,y)) w(z,y) =Y > Aps(Niw(2,y),..., v (z,9) ulz,y),
results in the equality
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% .
Tt (i) = £, (53)

(:Cay) € Dm {(xvy) ’l‘ ?é ZiyY 7& Yj, (S Oleaj € OaNQ} .
Hence, we see that equality (83) formally coincides with equation (2). To obtain the identity

U(z,y) =u(z,y), (z,y)€D

it is enough to remind that %(0,y) = u(0,y) = ¢(y), u(z,0) = u(z,0) = 1(y) and to mention the
fact that the solution u(z, y) to problem (2), (4) is unique on D.

Thereby, we have proved the following theorem.

Theorem 2. Suppose that the Goursat problem (2), (4) satisfies the following conditions:

1) N(u) = uzk—o veu®, v, € R, u € R;

2) () € CW (D) NC (D1),¢(y) € CO (D) NC (Ds), flz,y) € C(D).
Then the FD-method described by formulas (5)—(8), (10), (11) converges superexponentially to the
exact solution u(x,y) of the problem, i.e., the inequalities

m e m+41
u(a,y)— (u>(x,y)}|m < T 1)15;(]% -y <Z> , meNuU{0}, (84)

holds true, provided that h < R, where positive real constants c, R, e depend on the input data of
problem (2), (4) only.
6. Numerical example. Let us consider the Goursat problem
0*u(=, y)

_ J2u(z,y)
“oway — ¢ @yeD,

(85)

U({L‘, 0) = g - ln(l + eac)’ u(oay) = % - ln(l + ey)a

where D = {(w,y) |0 <z <4,0<y< 4}. Obviously, this problem satisfies the conditions of
Theorem 2. It is not hard to verify that the exact solution to problem (85) is

r+y

u(x,y) = —In(e” + €Y).

Using the FD-method described above we approximate the exact solution to problem (85) by a

k
finite sum (5) with the terms (u)(:z:, y) satisfying the following recurrence system of linear Goursat
problems:
(0) (0)
O uw,y) | 1—exp(2 u(wi1,y;-1)) (0)

u(z,y) =1,
oxo (0)
Ty u(xi—hyj—l)

(0) (0) (0) (0)
'U,(xi,1 + 05 y) = u(xifl - 07 y)? U(.ZU, Yj—1 + 0) = U(Z‘, Yj—1 — 0)7

(0)

u (z,0) = g —In(1+ "), @

w (0,y) = 5 —In(l+e),
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k
0 iz, y)

0
1 —exp(2 (u) (i—1,yj-1)) (k)

U(.@,y) =

0xdy

(0)

(0)
2exp(2 u(xi—1,yj-1))

u(xi—h yj—l)

(k)

(0)
_ <1 — exp(2 ulxi_1,yj-1))

)
(

(k)

(k)
where function [F'(z,y) is defined by formula (58) and z;, y; are defined according to (6) with
X =Y =4, Ny = Ny = 4;20;40; 80 (in terms of hy, ho we have that h; = ho = 0.5;0.2;0.1;0.05

2
w(2i-1,yj-1))

(0)

(k)

U(Ti—1, Yj—1)

)

+ Fz,y), € (xi1,2:), ¥ € (Yj—1,Y5)

(k) (k) (k)
U(l’i_l + 07 y) = U(.’Ei_l - O) y)? u(I7 Yji—1 + 0) = U(I7 Yj—1 — 0)7

ie]-aNb je]-aN2>

(k) (k

W, 0) =0, W0,9) =0, k=1,2,...,

respectively). To monitor the accuracy of the method we use the function

6(h1, ha,m) = H(ZL)(%ZJ,M’@) —u*(z,y)]| 5

The error of the FD-method
as a function of the rank (m) and the mesh size (h)

5(0.5,0.5,m) 5(0.2,0.2,m)
m =0 | 1.0584498110834e-1 | 1.3629587830264¢-2
m =1 | 2.0875237867244¢-2 | 5.6023714534399¢-3
m =2 | 1.5876742122176e-2 | 1.7852756996399¢-3
m =3 | 8.7851563393853¢-3 | 1.7609349110392¢-4
m =4 | 2.0883887112112¢-3 | 1.3084812991115¢-5
m =5 | 2.9359063800745¢-4 | 5.1600423756071e-7
m=6| 1.7966735715635¢-5 | 4.4543002859311e-9
m =7 1.1298645650193¢-6 | 3.4087147338034e-10

5(0.1,0.1,m) 5(0.05,0.05, m)
m =0 | 4.3352923963359¢-3 | 1.0590305089182¢-3
m =1 2.0412391759766e-3 | 3.6571985266298¢-4
m =2 | 3.1676334086428¢-4 | 4.3855534642367¢-5
m =3 | 2.0298330526525¢-5 | 1.5101132648798¢-6
m =4 | 1.1360343226132¢-6 | 4.6417353405381e-8
m =5 | 5.6241341916952¢-8 | 2.7419476073821e-9
m =6 | 4.2864933415766e-10 | 5.3844093415473¢-11
m =7 | 6.4824133982673¢-11 | 3.7704350835172¢-12
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The values of function §(hq, ha, m) presented in table show that the convergence rate of the FD-
method increases as the mesh size decreases. Using the numerical data presented in the table it is
not hard to verify that the function §(h1, he,m), as a function of m, (i.e., for the fixed values of
parameters h1, ho) decreases exponentially as the rank m of the FD-method increases. This is in good
agreement with Theorem 2.

7. Conclusions. In the paper we have developed a numerical-analytic method for solving the
Goursat problem for nonlinear Klein—Gordon equation. Under relatively general assumptions, we
have proved that the method converges superexponentially, provided that the mesh size (h) is suffi-
ciently small. From Theorem 2 it follows that the accuracy of the FD-method can be increased either
by increasing the rank m of the method or by decreasing the mesh size h. The latter conclusion has
been confirmed by the results of the numerical example included in the paper.

Though not discussed in the paper, the question of developing an efficient software implemen-
tation for the proposed method is of great interest from both theoretical and practical point of view.
We leave this question to a subsequent paper.
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