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O NAYLUÇÍYX  L2 -PRYBLYÛENYQX FUNKCYJ 

S POMOW|G VSPLESKOV

We obtain the exact Jackson-type inequalities for approximations in    L2 ( )R   of functions    f L∈ 2 ( )R
with the use of partial sums of the wavelet series in the case of the Meyer wavelets and the Shannon –
Kotelnikov wavelets.

OderΩano toçni nerivnosti typu DΩeksona dlq nablyΩen\ v  L2 ( )R   funkcij  f L∈ 2 ( )R   za do-

pomohog çastynnyx sum spleskovyx rqdiv u vypadku spleskiv Mej[ra ta Íennona – Kotel\ny-

kova.

Pervoe toçnoe neravenstvo typa DΩeksona b¥lo poluçeno N. P. Kornejçukom

[1], kotor¥j dokazal, çto

E fn C( )
2π

  <  ω π
π

f
n C

,





2

,

hde  E fn C( )
2π

 — nayluçßee ravnomernoe pryblyΩenye neprer¥vnoj  2π-peryo-

dyçeskoj funkcyy  f  tryhonometryçeskymy polynomamy porqdka ne v¥ße  n –
– 1,  a  ω

π
( , )f t C2

 — ravnomern¥j modul\ neprer¥vnosty funkcyy  f.

PozΩe N. Y. Çern¥x [2, 3] yssledoval vopros o nayluçßej konstante v nera-

venstve DΩeksona dlq nayluçßyx pryblyΩenyj  E fn( )   v  L2 0 2( , )π   funkcyy

f t( ) ∈  L2 0 2( , )π   tryhonometryçeskymy polynomamy porqdka  n.  Ym b¥lo polu-

çeno neuluçßaemoe neravenstvo
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Dlq dokazatel\stva πtoho neravenstva N. Y. Çern¥x ustanovyl predstavlqgwee

samostoqtel\n¥j ynteres neravenstvo
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∫ .

Ym Ωe b¥lo dokazano, çto dlq lgboj funkcyy  f x( ),  u kotoroj  f xr( )( )  ∈
∈ L2 0 2( , )π ,  ymeet mesto neravenstvo
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Yspol\zuq ydey N. Y. Çern¥x, Y. Y. Ybrahymov y F. H. Nasybov [4], a takΩe,

nezavysymo, V. G. Popov [5] poluçyly analohyçn¥e neravenstva dlq nayluçße-

ho pryblyΩenyq funkcyy  f x( ) ∈   L2( )R   cel¥my funkcyqmy πksponencyal\-
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noho typa  σ.  Toçnee, v rabotax [4, 5] b¥lo dokazano neuluçßaemoe neravenstvo

 E f Lσ( ) ( )2 R   <  
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,
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 R

, (1)

a v rabote [5] V. G. Popov poluçyl takΩe neuluçßaem¥e neravenstva
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R
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V dal\nejßem zadaçy, svqzann¥e s toçn¥my neravenstvamy typa DΩeksona v

prostranstvax  L2 0 2( , )π   y    L2( )R ,  yzuçalys\ mnohymy avtoramy (sm., naprymer,

[6 – 11]).
V nastoqwej stat\e pokazano, çto, yspol\zuq metod N. Y. Çern¥x, moΩno po-

luçyt\ toçn¥e neravenstva typa DΩeksona dlq pryblyΩenyq funkcyj  f x( ) ∈
∈   L2( )R   s pomow\g çastn¥x summ vspleskov¥x rqdov v sluçae vspleskov Meje-

ra y Íennona – Kotel\nykova.  
Pust\  L2( )R  — prostranstvo yzmerym¥x funkcyj  f :  R →  C   s koneçnoj

normoj

f 2   =  

  
f t dt( )

/

2

1 2

R
∫







.

M¥ budem yspol\zovat\ preobrazovanye Fur\e

ˆ( )f ξ   =  

 
f t e dti t( ) – ξ

R
∫

y ravenstvo Parsevalq

f 2   =  1
2 2π

f̂ .

Napomnym, çto modulem neprer¥vnosty funkcyy  f t( ) ∈  L2( )R   naz¥vaetsq

funkcyq

ω δ( , )f 2  =  
  
sup ( ) – ( ) ( )
u

Lf t u f t
≤

+
δ 2 R ,    δ ≥ 0.

Pryvedem neobxodym¥e svedenyq yz teoryy vspleskov (sm., naprymer, [12],
hl.E7).  Funkcyq    ψ ∈L2( )R   naz¥vaetsq vspleskom, esly systema funkcyj

ψk l x, ( )  =  2 22k k x l/ –ψ( ),      x ∈R ,    k,  l ∈Z ,

qvlqetsq ortonormyrovann¥m bazysom v L2( )R . Ob¥çno dlq postroenyq vsples-

kov yspol\zuetsq tot yly ynoj kratnomasßtabn¥j analyz (KMA) (xotq suwest-

vugt vsplesky, ne poroΩdenn¥e nykakymy KMA).

Rassmotrym posledovatel\nost\ podprostranstv  V =   Vk k{ } ∈Z  prostranstva

L2( )R .  Ee naz¥vagt KMA, esly v¥polnqgtsq sledugwye uslovyq:

A1)  Vk  � Vk +1,  k ∈Z;

A2 )  

    
Vkk ∈Z∪  = L2( )R ;
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A3)  

    
Vkk ∈Z∩  = 0{ };

A4 )  f x( ) ∈ Vk ,  esly y tol\ko esly  f x( )2  ∈ Vk +1;

A5)  suwestvuet funkcyq  ϕ ∈   L2( )R   takaq, çto systema  ϕ( – )x k{  k ∈ }Z
obrazuet ortonormyrovann¥j bazys v  V0.  Funkcyg  ϕ  naz¥vagt masßtabnoj

funkcyej KMA  V.

Yz svojstv A4)  y A5) KMA sleduet, çto dlq proyzvol\noho    k ∈Z  systema

ϕ{ }k  = 
  

ϕk l k l, ,{ } ∈Z ,  hde  ϕk l x, ( )  = 2 2k / ϕ 2k x l–( ),  obrazuet ortonormyrovann¥j

bazys v  Vk .

Dlq lgboho  k ∈Z  çerez  Wk   oboznaçym ortohonal\noe dopolnenye pro-

stranstva  Vk   do prostranstva  Vk +1:

V Wk k⊕   =  Vk +1,      k ∈Z.

Yz uslovyj A1) – A3)  sleduet razloΩenye prostranstva   L2( )R

  
⊕
∈k

kW
Z

  =  L2( )R ,

pryçem v sylu uslovyq A4)   f x( ) ∈ Wk , esly y tol\ko esly  f x( )2  ∈ Wk +1.

Pust\ funkcyq  ψ  takova, çto systema  ψ{ }0 = ψ0,l{  = ψ( – )⋅ } ∈
l

l Z
  obrazuet

ortonormyrovann¥j bazys prostranstva  W0 .  Tohda dlq lgboho    k ∈Z  systema

ψ{ }k  = ψk l,{  = 2 22k k

l
l/ ( – )ψ ⋅ }

∈Z
  obrazuet ortonormyrovann¥j bazys prostran-

stva  Wk ,  a systema  ψ{ } = ψk l k l, ,{ } ∈Z  — ortonormyrovann¥j bazys  L2( )R ,  t.Ee.

ψ  qvlqetsq vspleskom.  V πtom sluçae hovorqt, çto ortohonal\n¥j vsplesk  ψ
poroΩdaetsq KMA  V.

Pust\  0 < ε ≤ 1 / 3  y neprer¥vnaq funkcyq  θ ξ( ) = θ ξε( ),  ξ ∈R ,  udovletvo-

rqet sledugwym uslovyqm:

1)  0 ≤ θ ξ( ) ≤ 1,  θ ξ(– ) = θ ξ( ),   ξ ∈R ;

2)  θ ξ( ) = 1  pry  ξ  ≤ ( – )1 ε π   y  θ ξ( ) = 0  pry  ξ  ≥ ( )1 + ε π ;

3)  θ π ξ2( – ) + θ π ξ2( )+  = 1  pry  ξ ∈ 0, π[ ].

Opredelym funkcyg  ϕ εM,  ∈    L2( )R   ravenstvom

 

%

ϕ ξεM, ( )   =  θ ξ( ),     ξ ∈R .

Pust\ zadan KMA  V ε  =   Vk k{ } ∈Z,  kotor¥j poroΩdaetsq masßtabnoj funkcyej

ϕ εM,
.  ∏tot KMA poroΩdaet ortonormyrovann¥e vsplesky Mejera, kotor¥e op-

redelqgtsq ravenstvom

%

ψ ξεM, ( )  =  e
i
ξ

θ ξ θ ξ2 2 2

2




 – ( ) ,    ξ ∈R .

Otmetym, çto  

%

supp ,ψ εM  = –( )1 2+[ ε π , –( – )1 ε π] ∪ ( – )1 ε π[ , ( )1 2+ ]ε π ,  tak çto

  

%

ψ ε
k j
M t,

, ( ) = 0  dlq lgboho  t ∈ –( – )1 2ε π k[ , ( – )1 2ε π k ].
Dlq lgboho  k ∈Z  y KMA  V ε

  poloΩym

E f Vk
ε( , )2  =  inf – :f h h Vk2 ∈{ }.

Perexodq k yzloΩenyg osnovn¥x rezul\tatov stat\y, v pervug oçered\ ustano-
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vym spravedlyvost\ sledugwej teorem¥.

Teorema 1.  Dlq lgboj funkcyy   f L∈ 2( )R ,  neπkvyvalentnoj nulg, y lg-
boho    n ∈Z  v¥polnqetsq neravenstvo

E f Vn
ε( , )–1 2   <  1

2
2 1 2 11

2
2
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∫ . (4)

Pry πtom konstantu  
1
2

  v pravoj çasty neravenstva (4) umen\ßyt\ nel\zq.

Dokazatel\stvo.  Proyzvol\nug funkcyg   f L∈ 2( )R   moΩno predstavyt\

v vyde summ¥ sxodqwehosq v    L2( )R   rqda
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R∫ .  Nayluçßee pryblyΩenye funkcyy  f  prostran-

stvom  Vn –1   realyzugt çastn¥e summ¥  S f xn
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n
k j k j

Mc x∈= ∞∑∑ Z–

–
, ,

, ( )
1 ψ ε

,  tak

çto
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Ocenym modul\ neprer¥vnosty funkcyy  f L∈ 2( )R :
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Uçyt¥vaq ravenstvo (5), poluçaem
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Otmetym, çto
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=  E f V un n
n

nε ε

π ε
π, –

( – )
cos–

( – )
1 2

2

0

1
2 11

2 1
2( ) 





  =  1
2 11 1 2

2
n nE f V– –( – )

,
π ε

ε( ) .

PokaΩem, çto vtoroe slahaemoe v pravoj çasty (7) otrycatel\no.  Ymeem
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Sledovatel\no,

1
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t.Ee. otrycatel\nost\ vtoroho slahaemoho v pravoj çasty (7) dokazana.

Teper\ yz (7) poluçaem
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1
2 11 1 2
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ε π
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2
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1
2 1

2
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n

f u u dun
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( , ) sin ( – )
ε

ω π ε∫ ( ) .

Neravenstvo (4) dokazano.  UtverΩdenye o toçnosty konstant¥  
1
2

  v nera-

venstve (4) sleduet yz toçnosty konstant¥ v neravenstve (2) pry  σ = (1 – ε π) 2n
.

Teorema dokazana.

Teorema 2.  Dlq lgboho    n ∈Z  y lgboj funkcyy    f L∈ 2( )R ,  neπkvyvalent-
noj nulg, v¥polnqetsq neravenstvo

E f Vn
ε , –1 2( )   <  1

2
1

1 2 2

ω
ε

f n,
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. (8)

Pry lgbom fyksyrovannom   n ∈Z  konstantu  
1
2

  v pravoj çasty neravenst-

va nel\zq zamenyt\ men\ßej.

Dokazatel\stvo.  Poskol\ku  ω( , )f u 2 — neub¥vagwaq funkcyq, yz nera-

venstva (4) poluçaem
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.

Neravenstvo (8) dokazano.  Neuluçßaemost\ konstant¥  
1
2

  v pravoj çasty

neravenstva (8) sleduet yz neuluçßaemosty konstant¥ v neravenstve (1) pry  σ =

= (1 – ε π) 2n
.

Teorema dokazana.

Teper\ pryvedem neravenstvo, ocenyvagwee  E f Vn
ε , –1 2( )   çerez modul\ ne-

prer¥vnosty  r-j proyzvodnoj funkcyy  f.
Teorema 3.  Pust\  n ∈Z  y   r ∈N .  Tohda dlq lgboj funkcyy    f L∈ 2( )R ,  u

kotoroj  (r – 1)-q proyzvodnaq lokal\no absolgtno neprer¥vna y  f Lr( ) ( )∈ 2 R ,

v¥polnqetsq neravenstvo

E f Vn
ε , –1 2( )   <

<  1
2

2 1 2 11

0

1
2 1

2

2n r n r

n

f u( – ) ( – ) ,
– –

( – )
( )ε π ε π ω

ε

( ) ( )








∫ sin ( – )

/

2 1

1 2

n u duε π( )








. (9)

Dlq lgboho    n ∈Z  konstantu  
1
2

2 1n r
( – )

–
ε π( )   umen\ßyt\ nel\zq.

Dokazatel\stvo.  Otmetym, çto v uslovyqx teorem¥

  

$

f r( )( )ξ   =  ( ) ˆ( )i frξ ξ . (10)

Uçyt¥vaq sootnoßenyq (5) y (10), poluçaem
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E f Vr
n

ε ( )
–, 1 2( )   =  

  

1
2

2

2 1

1 2

π
ξ ψ ξ ξε

ξ π ε

( ) ( ), ,
,

( – )

/

i c dr

j
k j k j

M

k nn ∈=

∞

≥
∑∑∫











Z

^

  =

=  1
2

2

2

2 1

1 2

π
ξ ψ ξ ξε

ξ π ε

i c dr

j
k j k j

M

k nn ∈=

∞

≥
∑∑∫











Z

^

, ,
,

( – )

/

( )   ≥

≥  E f Vn
n rε π ε, ( – )–1 2

2 1( ) ( ) .

Otsgda y yz neravenstva (4) sleduet neravenstvo

E f Vn
ε , –1 2( )   <

<  1
2

2 1 2 11

0

1
2 1

2

2n r n r

n

f u( – ) ( – ) ,
– –

( – )
( )ε π ε π ω

ε

( ) ( )








∫ sin ( – )

/

2 1

1 2

n u duε π( )








.

UtverΩdenye o toçnosty konstant¥  
1
2

2 1n r
( – )

–
ε π( )   v neravenstve (9) sleduet

yz toçnosty neravenstva (3).

Teorema dokazana.

Pust\ teper\ zadan KMA  V 0  = Vk k{ } ∈Z
,  kotor¥j poroΩdaetsq masßtabnoj

funkcyej

ϕs t( )   =  

sin π
π

t
t

,        

$

ϕ ξs( )  =  χ ξπ π(– , )( ).

∏tot KMA poroΩdaet ortonormyrovann¥e vsplesky Íennona – Kotel\nykova

ψs t( )  =  2 2 1ϕs t( – ) – ϕs t( – / )1 2 .

Otmetym, çto    

Ò

suppψs  = – ; –2π π[ ] ∪ π π; 2[ ],  tak çto  

%

ψk j
s t, ( ) = 0  dlq lgboho  t,

t  < π2k
.

PoloΩym

E f Vn
0

1 2
, –( )   =  

  

f ck j k j
s

jk

n

– , ,
–

–

ψ
∈= ∞
∑∑

Z

1

2

.

Netrudno proveryt\, çto dlq velyçyn¥  E f Vn
0

1 2
, –( )   ymegt mesto neraven-

stva, analohyçn¥e neravenstvam (4), (8) y (9) s  ε = 0.  Dlq πtoho dostatoçno po-

vtoryt\ s oçevydn¥my yzmenenyqmy dokazatel\stva teoremE1 – 3.  Vproçem πty

analohy mohut b¥t\ poluçen¥ (pry  ε → 0)  y neposredstvenno yz teoremE1 – 3.

Takym obrazom, yz teoremE1 – 3 poluçaem takye sledstvyq.

Sledstvye 1.  Dlq lgboj funkcyy    f L∈ 2( )R ,  neπkvyvalentnoj nulg, y
lgboho    n ∈Z  v¥polnqetsq neravenstvo

E f Vn
0

1 2
, –( )   <  1

2
2 21

2
2

0

1
2

1 2

n nf u u du

n

–

/

( , ) sin( )π ω π∫











. (11)
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Pry πtom konstantu  
1
2

  v pravoj çasty neravenstva (11) umen\ßyt\

nel\zq.

Sledstvye 2.  Dlq lgboho   n ∈Z  y lgboj funkcyy  f L∈ 2( )R ,  neπkvyva-
lentnoj nulg, v¥polnqetsq neravenstvo

E f Vn
0

1 2
, –( )   <  1

2
1

2 2
ω f n,



 . (12)

Pry lgbom fyksyrovannom   n ∈Z    konstantu   
1
2

  v pravoj çasty neraven-

stva (12) umen\ßyt\ nel\zq.

Sledstvye 3.  Pust\   n ∈Z  y   r ∈N .  Tohda dlq lgboj funkcyy  f  ∈
∈   L2( )R ,  u kotoroj  ( – )r 1 -q proyzvodnaq lokal\no absolgtno neprer¥vna y

f r( )  ∈    L2( )R ,  v¥polnqetsq neravenstvo

E f Vn
0

1 2
, –( )   <  1

2
2 2 21

2

2

0

1
2

1 2

n r n r nf u u du

n

π π ω π( ) ( )











∫

– – ( )

/

, sin( ) . (13)

Dlq lgboho   n ∈Z  konstantu  
1
2

2n r
π( )–

  v pravoj çasty neravenstva (13)

umen\ßyt\ nel\zq.
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