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ON TRANSFORMATION FORMULAE
FOR THETA HYPERGEOMETRIC FUNCTIONS

ITPO ®OPMYJIN TIEPETBOPEHHSA
JIJIA TITEPTEOMETPUYHUX TETA-®YHKIIN

Using an identity and certain summation formulas for truncated theta hypergeometric series, we establish transformation
formulas for finite bilateral theta hypergeometric series.

3a JI0NOMOTor0 OfiHi€T TOTOXKHOCTI Ta GOPMyYJI MiZICYMOBYBaHHS CKOPOUCHUX TilIEpreOMETPUYHUX TETa-Ps/iB BCTAHOBICHO
(dopMyIH TIepeTBOPEHHS ISl CKIHYEHHHX JIBOCTOPOHHIX TilEPreOMETPHYHHUX TeTa-PsIiB.

1. Introduction, notations and definitions. Elliptic hypergeometric series and their extensions to
theta hypergeometric series has become an increasingly active area of research these days. In the
present paper, we have established transformation formulae for bilateral theta hypergeometric series.
Special cases of the results established in this paper have also been deduced.

A modified Jacobi’s theta function with argument = and nome p is defined by

0(x;p) = [2; ploo[p/T; Ploo = [T, /23 D)oo (1.1)
Also
0(w1,22,. .., 205 p) = O(x1;p)0(w2;p) . .. 0(1; D)
and
[25p)oe = [J(1 — 2p").
r=0

Following Gasper and Rahman [1] (Chapter 11, (11.2.5) and (11.2.53)) theta shifted factorial is
defined by

a;p, qln =
1, n=>0
Also
g t1)/2
OV = ol " (2
and
a1, a2, ..., ar; ¢, pln = [a1; ¢, Plulaz; ¢, pln - - - [ar; ¢, Pln- (1.3)

Corresponding to Spiridonov [2], theta hypergeometric series is defined by
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. . 0
ai,az,...,0r415;4,pP; 2 B Z [al,QQ, ce 7(17"+1;Q7p]nzn (14)

1B = :
T bl,bz,...,bT n=0 [Q7b17b27"'7b7';q7p]n

where max{|z/, |q|, [p[} < 1.
Corresponding to Spiridonov [3] a very well-poised theta hypergeometric series is defined by

7“+l‘/r[al;a67 ey Qr4154, Py Z] =
(Ilq alvaﬁv"'vaT+l;Q7p;]n n __
Z : 2q)" =
9 CLl, alq/a67"'7a1Q/a7“+17Qap]n

ar, q/a1, —q\/a1,q\/a1/p, —q\/a1p, ag, - - ., Arg13 G, D; — %
=B . (1.5)

\/aly — ai, \/ﬁ)_ V (Il/ ,CLl(J/(ZG, o 7a1Q/a7”+1

A truncated very well-poised theta hypergeometric series is defined by

alq a17a67"'7a7“+1;q7p;]n n
. 1.6
E  Yarip (2q) (1.6)

T+1‘/1“[a1;a63" y Ar4+154,P5 2 .
alQ/aﬁv sy alQ/aTJrla Q>p]n

We call a series of the form

n k
Z [a17a2)"'7a7"+1;Q7p]kz
ke—m [q7 b17b27”'7b7";Q7p]k
a finite bilateral theta hypergeometric series.

We shall make use of the following identity:

Z mmZA = Z Ak+mZA (1.7)

k=—m k=—m

Proof of (1.7). In order to prove (1.7) let us consider the following well know identity:
n n—k

D M) A
k=0  j=0

(cf. Gasper, Rahman [1, p. 321], (11.6.18)). Taking n + m for n and replacing k by k + m in (1.8),
we get (1.7) after some simplification.

(1.8)

M |

k=0 j=0

Following summations are also needed in our analysis,

laq, aq/bc,aq/bd, aq/cd; q, pl», (1.9)
laq/b,aq/c,aq/d, aq/bed; q,ply’

where bedeq™" = a?q (cf. Gasper, Rahman [1, p. 321], (11.4.1)). Now, setting e = ag™*! in (1.9),
we get

10Vola;b,c,d,e,q" "5 q,p] =

_ lag, aq/be,bq, cq; 4, pln (1.10)
[, aq/b,aq/c,beg; ¢, pln

(cf. Gasper, Rahman [1, p. 322], (11.4.10)). Again, we have

SW[CL; b7 c, a/bc; Q7p]n
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[dpg, c/a,c/b, dpq/ab; q,p*]n

Voldp; a, b, d dpq"/ab,q""; q,p*] = 1.11
10 9[ p; a, 0, pQ/C,C pq /(I »qd 54,P ] [c/ab,dpq/a,c, dpq/b,q,pQ]n ( )
(cf. Gasper, Rahman [1, p. 323], (11.4.11)). Now, taking ¢ = abq in (1.11), we get
dpg; aq, bg, dpg/ab; ¢, p*]n
Vi [dp: a, b, dp/ab; q, p*]n = . 1.12
Vil / ] g, abq, dpq/a, dpq/b; q,p]n (112
We also have
i: 0{ad(rst/q)*, (b/d)(r/a)*, (¢/d)(s/a)*, (ad/bc)(t/q)*; p} y
— 0(ad,b/d,c/d,ad/bc;p)
y [a; st /q®, plulbsr, pleles s, plelad® /be; t, plrg” _
[dq; 4, plkladst/bg; st/q, pliladrt/cq; vt/ q, pllbers/dg; rs/q, plk
_ 0(a,b, c,ad?/bc; p)larst/q?; srt/¢?, pln y
~ df(ad, b/d, c/d, ad/be; p)|dg; q. plnladst /bg; st/q, pln
[br; 7, plnles; s, plalad®t/be; t,pln
ladrt/cq;rt/q, plnlbers/dg;rs/q, pln
~ 0(d,ad/b,ad/c,bc/d; p) (1.13)
df(ad,b/d, /d,ad/bc; p) '
(cf. Gasper, Rahman [1, p. 327], (11.6.9)). Taking d = 1 in the above, we get
Zn: 0{a(rst/q)*, (b)(r/a)*, (c)(s/a)*, (a/bc)(t/q)*; p} y
prd 6(a, b, c,a/bc;p)
" la; st/ pli[bs v, plele; s, plela/best, plrg” _
[4; a4, plklast/bg; st/q, plilart/cq; rt/q, plilbers/q; rs/q, pli
_ larst/q% srt/a?, plalbrs . plales: s, plafat/bes £l L

95 . plnlast/bg; st/q, plnlart/cq;rt/q, plnlbers/dg;rs/q, pln
2. Main results. In this section we shall establish our main transformations. We start by setting

0(ag®*;p)la,b, c, a/be; q, plrq®
(a;p)q, aq/b,aq/c, beg; q, pli

A =

and
0(ap1g?*; p?)[apr, B, v, ap1 /B a1, pHrd?

— 0(ap1;p?)lqr, apiar /B, apiar /7, BYq; a1, Pk
in (1.7) and using (1.10) and (1.12), we get

0(ag*™;p)la, b, ¢, a/be; q, plmlapiar, aprar /By, Bar, vq1; @1, D3 lng™
0(a;p)la, aq/b, aq/c,beg; q, plmlaprar/ B, ap1qi/v, Byai; a1, piln

y Z”: 0(ag®™ 2k p)lag™, bg™, cq™, ag™ /be; q, plrq®
L Oag

2msp)[gtt™, agtt™ /b, agtt ™ e, begtt™; g, pli
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a1 ", Bay " apr,vay " aprs ¢ " B a1, Pk
lar"/apr, a7 "/ Bray " /v, Byay " e i D3k

__ O(apgi™;pi)lopy, B,7, op1 /By a1, pilm[ag, by, cq, ag/be; ¢, plnaf”
0(ap1; pi)lar, aprar/ B, apiai /v, Byars av, pilimlg, aq/b, ag/e, beg; ¢, pln

y z”: apmfm“k ;02 [ap1g™, BE®, v, aprg/ By a1, pkgt

0(ap1g?™; p) gt ™™, aprgi ™™/ B, aprai ™ v, Byar ™ a1, R

lq7",bg"/a,cq™ ™ [a,q " /bc; q, )k
X - - — - . 2.1)
g™ /a,q~™/b,q7"/c,bcq™™/a; q, plk
Next, putting
_ 0(ag®*;p)la,b, c,a/be; q,plrg"”

~ 0(a;p)[g, aq/b, aq/c,beg; q, pl;

and
A Halrst/a)®, B(r/a)", v (s/a)", (a/BY)(t/0)" i1}
: 9(0476777 04/575101)

[a; rst/q}, palklB; v, palkys s, palkle/ B b, pil kgt
lq1; g1, p1)k[ast/Bau; st/qu, pilklart/yqui; rt/qu, pi)kByrs/ais s/ a1, plk
in (1.7) and using (1.10) and (1.14), we get

9(0,q2m; p) [a’> b7 C, a/bc; Q7p]m[ar8t/Q%7 TSt/Q%a pl]n[ﬁ’h T, pl]n
0(a; p)lq, aq/b, aq/c, beq; q, plmlar; qu, pi]nlast/Bqu; st/q1, piln

[vs; s, p1lnlat/By;t, p1lng™

X
lart/yqi;rt/qi, p1lnBYyrs/qu;7s/q1, piln

2m+2k m . k
Z ;)[ag™, bg™, cq™, aq™ /be; q, pliq
X 9 X

Jgtt™, aq”m/b, aq”m/c, begtt ™ q, plk

[a, " a1, p1lk[B(st/q1) ™" /a; st/qu, p1l
[(rst/q})~"/asrst/qf, pilklr=™/B; 7, pilk

rtfa) ™" fasrt/qu, pael(rs/a) ™" /Byirs/qu pilk
[s77 /s 8, p1lk[Byt=" /s t, pii

_ [ovs st /qF, Pl 85 7, P1lm 73 8, P1]m [0/ Bs ¢, p1lmat” y

last/Baqi; st/qu, pilnlars qu, pilmlort/yaus vt/ qu, pilm[Byrs/ais rs/q1, pi)m

" lag, aq/be, bq, cq; q,pln
lg,aq/b,aq/c,beg; q, pln

— Ofa(rst/q)" ™, B(r/q)* T v (s/q0) T, alt/q)M ™/ By pi )
. Z ( 76777a/67ap1) .

k=—m
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v [a(rst/q)™;rst/qd, palk[Br™; v, p1le[ys™; s, p1lk
[ qupi]ela(st/q) ™) B; st/ qr, pulkla(rt /@)™ fy; vt Jar, palk

[at™ /By;t, p1lela™", bg™" /a,cq™" [a,q~" /bc; q, plk
[By(rs/qu)™ s rs/qu, pilkla™/a, ¢ /b, 7" /c, beq=" /a; q, plk
Next, if we put

(2.2)

\, = Olapg®;p*)[ap, b, ¢, ap/be; g, p?Jig"
0(ap; p?)[q, apq/b, apq/c, beg; q, p?|k

and

A Halrst/a)®, B(r/a)",v(s/a)", a(t/a)*/Bripi}
: 9(047/837’ a/ﬁ’y;pl)

[ rst /a2, palk (B m, palk s s, p1lkle/ B t, pilkaf
lq1; a1, p1]klast/ Baus st/ qu, palklart/yqu; vt/ qu, prle[Byrs/qus rs/qu, ik
in (1.7) and using (1.12) and (1.14), we get

0(apg®™; p?)[ap, b, c, ap/bc; ¢, p*lmg™
6 (ap; p?)[q, apq/b, apq/c, beg; q, p?lm

y larst/qd;rst/q?, pi]nBrir, piln[vs; 8, p1lnlat/ By t, piln y

[q1; @1, P1]nlast/ Bar; st/qu, pilalart/yqi; vt /1, prlalByrs/qi; ms /a1, piln

2m2k: p2) [apg™, bg™, cq™, apg™ /be; g, plkg”

qu
X
Z 0 aqum [ 1+m apql-‘rm/b apq1+m/c bcql—i-m’q p]

lar " qus o)kl B(st/qr) " /s st/qu, prle[y(rt/q) ™" as rt [ qu, palk
[(rst/q?) "/ rst/q}, p1lelr="/B; . p1li[s ™™ /v; s, p1lk

[(rs/q1)~"/By;rs/qu, pilk
[Byt=" s t, paly

[a; mst/ai, pilmB;: v, pulm s 8, ulmla/ B t, p1lma”

= X
[q1; g1, P1lmlast/ Bais st/ qu, pilmlart/yqu; vt /1, prlmlByrs/qi; s/ q1, pilm

y lag, aq/be, by, cq; q, Pl
lq, aq/b, aq/c,beg; q, pln

y i 0{a(rst/q)* ™, Br/q) ™ y(s/a)* ™, alt/a)" ™ /Byim}
k——m ( 76777 O‘/ﬁ%pl)

[a(rst/q)™; rst/q}; pilk[Br™; v, pili[ys™; s, p1lk
(1™, g1, plkle(st/qn) ™) Bs st/ qr, prlkla(rt /) Y™ fys vt/ qr, pli

[at™ ) Bvy;t, p1lela ™™, bg~" Jap,cq™™ Jap, ¢ /bc; ¢, Pk
[By(rs/qu) T™srs/qu, palkla™" /ap, ¢~ /b, g7 /¢, beq™™ /ap; q, plk

(2.3)
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3. Special cases. In this section we shall deduce certain interesting special cases of our results.
Ifwesetr =s=1t=q in (2.2), we get after some simplification

0(ag®™;p)la, b, c,a/be; ¢, plmlagraqi /B, Ba1, vq1; ¢1; p1lng™
0(a;p)lq, aq/b,aq/c, beq; q, plmlagi /B, aqi /v, Byqi; a1, pi)n

ag®™ 2% p)lag™, bg™, cq™, ag™ /bc; ¢, plkg”

X
Z 9 1+m’ aql—i-m/b, aql—i-m/c7 bcql—i-m; q,p]k

lar ", Bay "o, vay " e, a0 B qu, palk
a7 "o, a0 "/ Boar " /v, Byay " e qus ok

_ By, a/Byi a1, prlmai™ag, by, ¢q, aq/be; ¢, pln
[q1, 2q1/ B, aq1 /7, Byar; a1, prlmlg, aq/b, ag/e, beg; 4, pln

2m+2k m m m m . k
y Z (aq; ;o)™ Bt vait, aqi/ By qu p)kd) "

1
(asp)lat ™, ag v/ B, aqi ™ /v, Byai ™™ a1, il

k—fm

lq7",bg"/a,cq™ ™ [a,q " /bc; q,
=" /a,q ™ /b,q7"/c,bcq™™/a; q, Pl
Now, setting o = G in (3.1), we get

(3.1)

zn: 0(ag®*;p)la,b,c,a/be;q,pli  lag, aq/be, by, cq; q, pln 52)
; .

(a;p)la. aq/b,aq/c,beq;q,plk g, aq/b, aq/c, beg; g, pln
which is (1.9).
Again, if we take o = Bvq1 in (3.1), we get

0(ag®™; p)0(Bar, Y1, Byar ™™, a1 7" p1)[a, b, ¢, a/be; ¢, plimg™

0(a;p)0(q1, Byar, Bai ™, vay ™™ p1)[g, aq/b, ag/c, beg; ¢, plm

2’”“’“, p)[ag™, bg™, cg™, ag™ /be; g, pleg”

X X
Z 9 1+m’ aqler/b7 aqler/C? bcqler; q,p]k

a8 e v By il
g™ By, a0/ Byar " v s qr, ik

_ _Bvia,pilmat"lag, bg, cq, aq/be; g, pln
[vai, Bat; av, p1lmla, ag/b, ag/c, beg; 4, pln

<Y

k=—m

0By ™2 p1) [Ba, e qus p1]kd? y

0(B; Pl)[ﬁq2+m,’YfJ%+m;Q1,pﬂk

y lq™",bg"/a,cq™ " [a,q " /be; q, ik
g™ /a,q7"/b,q™™ /¢, beq™™ [ a; q, plk

(3.3)
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Next, if we put m = 0 in (3.1), we get

laq1, Bq1,vq1, aq1/BY; q1, D1l
lq1, aq1/B, aq1/7, Bya1; 1, piln

n

N~ 0lag®p)abye,a/be g plela ", Bar " esva " o a " By an palkdt

= 0(a;p)lg, aq/b,aq/c,beq; q,plelay " /o, ar "/ Byay " /v, Byay " e avs palk

_ lag,bq, cq,aq/bc; ¢, pln
9, aq/b, aq/c, beg; ¢, pln

" Z aq1 op1)lew 8,7, o) By qi, pilkla ™, b a, eq a, g7 [be; ¢, Plrgh (3.4)
O(a;p1)lq1, aq1/B, aqi /7y, Byau; i, pilkla™™/a, 7" /b, ¢ /c,beq™" /a; q, plk

If we set p = p; = 0 and ¢; = ¢ in (3.4), we get the following interesting transformation:
[a ,av/a—qv/a,b,c,a/be, Bg" o, vq " o, g7 By, a7 s ]
Va,—+/a,aq/b,aq/c,beq, ¢ " e, a7/ B, a7 [, BraT" o

_ lag, aq/bc, bq, cq, 0q/ B, 0q/7, BYg; gln
lag/b, agq/c, beq, aq, Bq,vq, aq/BY; q)n

y [a,q\ﬁ—q\/a,ﬁ,%Oz/ﬁv,bq‘"/a,cq_"/a,Q‘"/bc,q‘”;q;q]
Y va,—va,aq/8,00/v, Bva.a7 fa, a7 /b.g " e, beg ™ fa |
Now, letting 8 — 1 in (3.5) we get the following summation of a truncated very well poised ¢¢s5
[aa ava, —qy/a,b,c,a/be; g3 q _ laq/aq/be,bq, cq; qln
Va,—+/a,aq/b,aq/c,beq | [q,aq/b,aq/c,beg; qln
It is evident that several other interesting results involving theta hypergeometric functions can be

established.
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