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A NEW APPLICATION
OF GENERALIZED QUASI-POWER INCREASING SEQUENCES

HOBE 3ACTOCYBAHHSA Y3ATAJIbHEHUX MOCJIJIOBHOCTEM
KBA3ICTEIIEHEBOT'O 3POCTAHHAA

We prove a theorem dealing with | N, py, 60, |-summability using a new general class of power increasing sequences
instead of a quasi-n-power increasing sequence. This theorem also includes some new and known results.

Joseneno teopemy mpo | N, prn, 0, |x-CYyMOBHICTB i3 BUKOPHCTaHHAM HOBOTO 3arajbHOTO KIIAacy MOCIiZOBHOCTEH cTere-
HEBOTO 3pPOCTaHHS 3aMiCTh MOCHIIZOBHOCTI KBa3i-7)-CTeNeHeBOro 3pocTants. OKpeMUMH BHUINAJKaMH L€l TEOPEMH € AesKi
HOBI Ta BiJJOMi pe3yJIbTaTH.

1. Introduction. A positive sequence (b,,) is said to be almost increasing if there exists a positive
increasing sequence (c,,) and two positive constants A and B such that Ac,, < b, < Be, (see [1]).
We write BVo = BY N Cp, where Co = { x = (x) € Q: limg |zx| = 0}, BY = {x = (zx) € Q:

Zk |z — x| < oo} and ) being the space of all real-valued sequences. A positive sequence
(6n,) is said to be a quasi-n-power increasing sequence if there exists a constant K = K(n,0) > 1
such that Kn"d,, > m"d,, holds for all n > m > 1 (see [9]). Let Zan be a given infinite

series with partial sums (s, ). We denote by ¢,, the nth (C,1) mean of the sequence (na,), that is,
1

t, = - E ::1 va,. A series g ay, is said to be summable |C, 1|,, k > 1, if (see [7])
E —|tn|¥ < 0. (1)
n
n=1

Let (p,) be a sequence of positive real numbers such that
n
Pn:va—H)o as n — 0o (Poi=p_i=0, i>1). )
v=0

The sequence-to-sequence transformation

1 n

defines the sequence (o,) of the Riesz mean or simply the (N,p,) mean of the sequence (s,),
generated by the sequence of coefficients (p,,) (see [8]). The series Z an 1s said to be summable
|Napn|k;7 k 2 17 if(see [2])
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o
D (Pa/pa)* A0y a]" < oo, 4)
n=1
where
p n
Aop_1=0p—0p_1= _PnPZ—l vzlpv—lav; n > 1. (5)

In the special case p,, = 1 for all values of n, |N, p,|, summability is the same as |C, 1|, summa-
bility. Let (#,,) be any sequence of positive constants. The series Zan is said to be summable
NP, Onlie, b > 1, if (see [11])

[e.e]

> 05 HAc, " < 0. (6)

n=1

P, _ _
If we take 0,, = —, then |N, p,,, 0, | summability reduces to | N, p,, | summability. Also, if we take

0, = n and p, = EL for all values of n, then we get |C, 1|, summability.

Furthermore, if we take 6, = n, then |N,p,,0,|x summability reduces to |R,p,|x (see [4])
summability.

2. Known result. In [6], we have proved the following main theorem dealing with | N, p,,, 0, |x
summability factors of infinite series.

Theorem A. Let <9npn

) be a non-increasing sequence, (\,) € BVo and (X,,) be a quasi-
n
n-power increasing sequence for some 1 (0 < n < 1). Suppose also that there exist sequences ()

and () such that

|AN,| < B, (7
Bn—0 as n — oo, )
S 0l BB X < o0, ©)
n=1
|An| X5 = O(1). (10)
If

ané?quflv*klsdk =0(X,) as n— oo, (11)

v=1

and (py,) is a sequence such that
P, = O(npy), (12)
Polpn = O(pnpn+1), (13)
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P, _
™ is summable |N,pp,0n|k, & > 1. If we take (X,,) as an almost
npn

P,
increasing sequence and ,, = — in Theorem A, then we get a result which was published in [3],

o
then the series g an
n=

n
Onpn

in this case the condition “ ) is a non-increasing sequence” is automatically satisfied and the

condition (\,) € BV is not neZded.

Remark. 1t should be noted that, we can take (\,) € BV instead of (\,) € BVp and it is
sufficient to prove Theorem A.

3. Main result. In the present paper, we have generalized Theorem A by using a quasi- f-power
increasing sequence instead of a quasi n-power increasing sequence. For this purpose, we need the
concept of a quasi- f-power increasing sequence. A positive sequence « = (ay,) is said to be a quasi-
f-power increasing sequence, if there exists a constant K = K (a, f) > 1 such that K f,c, > frnaum,
holds for n > m > 1, where f = (f,) = [n(logn)?, ¢ >0, 0 < 1 < 1] (see [12]). It should be
noted that, if we take o=0, then we get a quasi-n-power increasing sequence.

Now, we shall prove the following general theorem.

Theorem. Let <9npn

> be a non-increasing sequence, (\,) € BY and (X,) be a quasi-f-
power increasing sequence. If the conditions (7)—(13) of Theorem A are satisfied, then the series

P, .
E = an——" is summable |N, py, Op |k, k > 1.
n=1 npn
If we take 0 = 0, then we have Theorem A.

We require the following lemmas for the proof of the theorem.
Lemma 1. Except for the condition (\,) € BV, under the conditions on (Xy,), (Br) and (\y)
as expressed in the statement of the theorem, we have the following :

> Xy < 0. (15)
n=1

Proof. Since 3,, — 0, then we have AS, — 0, and hence

n=1 n=1 v=n v=1 n=1
= i |ABy | Zv: n'(logn)? X,,n""(logn)™7 =
v=1 n=1
—0(1) 3 188" (log ) X, S 0 (logn) 7 =
v=1 n=1

= 0(1) Y |AB 1" (log v)7 X, S n(logn)~7n T =
v=1 n=1
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o1 )Z|ABUW7X (logv)?v(logv)™ Zn =€ =
v=1
)Y A8 01X, / rdr =
v=1 0
1)) AB [0 X e
v=1
=0(1)> v[ABIX,=0(1), 0<e<nte<l
v=1

Again, we have that

L BECIELE o) IR

vV=n v=n

n*~"(logn)~7n"(logn)’ X, Z |ABy| <

v=n
oo
< n'"(logn) ”Zv" (log v)? Xy|ABy| <
v=n

< Z v (log v) 7 X, v (log v)7 |AB,| =

n=v

=) vX,[AB| = O(1).
v=1
Lemma 1 is proved.

Lemma 2 [10]. [f the conditions (12) and (13) are satisfied, then we have that

A<P”>:O<1>. (16)
NPn n

_ Py
4. Proof of the theorem. Let (7;,) be the sequence of (I, p,,) mean of the series ZOO n"nin
Then, by definition, we have

npn

arP A1 g ay Py

NI R a7

v= =1 UPv

Then
n
Dn Pv—lpvav)\v
Ty — Ty = . n>1. 18
" ol Pnpn—l ; UPy ( )
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< le)\) )\nsn
+ =
n

_ SpA + Pn Z s PerIPvA)\'U
n P,P, p— ! (U + 1)pv+1

Using Abel’s transformation, we get

Tn - Tn—l -

n—1

P n—1
WA Py
A <Upv> P, Pn 1 ZS )\

- n1+Tn2+Tn3+Tn4; say.

To prove the theorem, by Minkowski’s inequality, it is sufficient to show for £ > 1

o0
> O Tuslf <00 for r=1,2,3,4. (19)

n=1

Firstly, by using Abel’s transformation, we have that

m m
SO T l" = 3 05 A sl =
n=1 n=1

m
1) Z ‘)‘n|0£71n7k|5n|k =
n=1

m—1 n
A Y 0F 7R s, [F + 0(1) |)\m|29k’ s, |F =

n=1 v=1

m—1
1) Z ‘A)‘n’Xn + O(l)p‘m’Xm =

n=1

m—1
1)) BuXn 4+ O(1)[An|Xm =O0(1) as m — o0
n=1
by virtue of (7), (10), (11) and (15).
Now, using the fact that P,11 = O ((v + 1)py+1) by (12), and applying Holder’s inequality we
have that

Z P, SUA)\

v=1

m+1 m+1
k—1 k _ k—1
S0 = om S (B -

n=2 n=2

n 1

’I"L

m+1 n—1 k
Pn 1 b,

03 (B 5 {5 Emian -
'U
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=0(1)) 0B85 v s |F =

v=1

m—1
=0(1) ZA vBy) Zek ! _k|3r’k+0 m,@mZQk ! _k’3v|k
v=1

r=1

m—1
=0(1) > |A@WB)IXy + O1)m By X =
v=1

m—1 m—1

= 0(1) > v|ABIXy +O0(1) Y Bu Xy + O(1)mfn X, = O(1)

v=1 v=1

as m — oo, in view of (7), (9), (11), (14) and (15).

Again, we have that

m—+1 m+1
Z9ﬁ—1|Tn,3|k=0(1)29§ 1< ) {ZP|5U||)\ y}
n=2 n=2

m+1 p k 1 n—1 P k 1 n—1 k—1
—om > ot () 5 () v—’fpvwsurm@\k{PlZm} -
= n- L p=1

m k m—+1 9p k—1 D
20(1)Z< >M|svy'fpv|Avk > < >

P, PPy,
v=1 n=v+1 n nin—l
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m k—1 k—1
—0(1 P, —kgk—1 Do PP E_
=0(1)) v B Aol* Aol 80" =

Py

v=1
=0(1) Z |/\v‘91]filvik’3v|k =
v=1
m—1
=0(1) Y BuXy+O(1)[An| Xin = O(1) as m — oo,
v=1

in view of (7), (10), (11), (15) and (16).
Finally, using Hélder’s inequality, as in 7}, 3 we have that

m+1 m+1 D k

k—1 k k—1 n
> ot =3 o ()
n=2 n=2

k
n—1
P,
D s
v
v=

1
P

k
n—1
P,
EE:SU;JLPUA =
— Do

—0(1) nilef;—l <];:)k

n=2

1
P

m+1 p ko n—1 Pk 1 n—1 k-1
=0(1 gk—1 <”> s k( > v, A |F -
( ) nZ:; n P, ) P, ;’ v| Py pv| v’ P ;Pv

= Pv § — 1 evpv il
=ow3 (5] it () =
v v

w1 \Pv

- (P, o —k [ Pv kilekfl)\ k=115 k _
oW (o) v (E) ORI =

v=1

=0(1) Y oy v s |F =
v=1

m—1

=0(1) Y BuXy+ O(1)[Am|Xm = O(1) as m — oo.
v=1

Therefore, we get that

m

Zeﬁ_l\Tnmlk =0(1) as m—oo, for r=1,234.

n=1
This completes the proof of the theorem. If we take p,, = 1 for all values of n, then we have a new
result for |C, 1, 6,|, summability. Furthermore, if we take 6,, = n, then we have another new result
for |R, pn|r summability. Finally, if we take p, = 1 for all values of n and 6,, = n, then we get a
new result dealing with |C, 1|, summability factors.
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