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GROUPS WITH BOUNDED CHERNIKOV
CONJUGATE CLASSES OF ELEMENTS’

I'PY¥YITH 3 OBMEZKEHHMH YEPHIKOBCHKHMH
KJIACAMH CHIPAAKEHHX EJIEMEHTIB

We consider BCC-groups, that is groups & with Chernikov conjugacy classes in which for every
clement x& & the minimax rank of the divisible part of the Chernikov group G/ C(x%) and the
order of the corresponding factor-group are bounded in terms of G only. We prove that a 8CC-group
has a Chernikov derived subgroup. This Fact extends the well-known result due 1o B, H. Neumann
characterizing groups with bounded finite conjugacy classes ( 8FC-groups).

Poscnany o BCC-rpynm, tobro rpymn G 3 HEPUIKOBCRENME KJIGCAMH CIPAMKCINK COCMEITIR, ¥ AKX
U KosNore eneseinma 1 € O sinimakcnmni PN JUREM0L YA T HIM ‘leplliKUMhHﬁl Tpynu
G C{;{.I‘.“} 14 nopaack sijnosine dakiop-1pynn obsesen y repsinax cpynn G, Josejaeno, wo

BCC-rpymi M€ SepiiKOncsK Wil KOMY DN, YHM POILHMOCTLS A minosui peavastanr B, Hefsana, axmi
OXAPAKTEPHIYRAR IPYIH 3 CRIMCIHMH o0ssc 1M i KASCaMH CNpaselns enesentin (BFCrpynu).

1. Introduction. The theory of groups with finiteness conditions is one of the best
developed and fruitful in Infinite Group Theory. Finiteness conditions defined the
natural approach 1o the study of infinite growps inheriling some important properties of
finite groups. 5. N. Chernikov was one of the main founders of this theory, He
abtained first fundamental results being crucially influential on the establishment and
formation of this area of algebra. His numerous principal accomplishments mainly
defined the way of the further development of the theory of groups with finiteness
conditions and Infinite Group Theory as a whole (see, for example, the surveys [1 - 3]
and the books [4 - 6]).

The theory of FC-groups and its generalization is well-known pant of the theory of
groups with finitencss conditions. S. M. Chernikov was also the main founders of this
theory. One of the very [irst interesting classes here was the class of the layer-linite
groups (that is the groups G in which the layers G[n] = {ge Gl|g| = n] are finite
for each ne B ). These groups has been studied completely by 5. M. Chernikov in his
papers [7-9]. He also obtained analogies of P. Hall's theorem and 1. Schur -
H. Zassenhaus theorem for periodic FC-groups [10]. He givs also the characterization
of the FC-groups [11]. At that time B, H. Neumann |12, 13] considered the other
interesting classes of the FC-groups. The FC-groups whose conjugacy classes have
bounded size (that is | G: Cgle)| £ n foreach clement g& &) have been introduced
among them. They where called BFC-groups and were characterized in [12] as the
groups with finite derived subgroups. A series of interesting articles dedicated to the
best possible function f(n) such that |[G. G]| < f(n) have been published. The
latest paper of this series is the peper of D. Scgal and A. Shalev [14], in which the

authors obtained the following value for the function f: f(n) = n ™ where A(n) =
=(13+log,n)/2.

Considering some natural extensions of FC-groups, 8. N. Chernikov introduced the
approach based on the transition from the restrictions, defining by the class ¥ of all
finite groups 1o some its natural extensions, in particular, 10 the class C© of the
Chernikov groups. The first realization of this approach was the consideration by
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Ya. D. Polovicky [15] groups with Chernikov layers (that is the groups, in which every
layer generates a Chernikov subgroup) (see also D. I. Robinson [16]). The next steps
where the transitions from the locally finite-normal groups 1o the locally Chernikov-
normal groups (that is the groups, in which every finite subset lie in normal Chernikov
subgroup) [15]. and from the FC-groups 1w the CC-groups (or the groups with
Chernikov conjugacy classes) [17]. Recall that a CC-group or a group with
Chernikov conjugacy classes is a group G such that G/ Cﬁ{gﬁ} is a Chernikov
group for all ge G. Since a Chemikov group € is a finite extension of a
characteristic subgroup D (C) which is a direct product of finitely many Prifer or
quasicyclic subgroups, C has two natural invariants which depend only on C:  the
number r = mmx{C) of Priffer subgroups occurring in the expression of I{C) and
ord(C) = | CIDICH].

The number mmx (C) s called the minimax length of a group C (D. 1. 5.
Robinson [5], 10.3) or a mbvimex rank of 2 group © [ 18] (Chapter IV, Section 3). A
CC-group G is said to have bounded Chemikov conjugacy classes or G is a BCC-
group if there are two natural numbers M (G)  and O(G)  such rhar
mmx (G / Ce(g9)) € M(G) and ord(G/Chlg)) = O(G) forall ge G. In
this connection note that J. Otal and J. M. Pefa [19] are classificied the CC-groups G
with G/L(G) periodic and ord (G/ Co(X“)) bounded for every X< G as central-
by-Chernikov groups.

In what it concerns to the guestion stated in this paper, we show following theorem.

Main Theorem. Let G be a group with bounded Chernikov conjugacy classes.

Then [G.G] is a Chernikov subgroup, GICo([G.G]) is finite and there are
functions f and g such that mmx ([G, G]) £ fF(M(G), O(G)) and ord([G,
G]) = g(M(G), O(G)).

Let p bea prime. 'We consider two copies A = x, . {a,} and B = x (b}
of the direct produet of eyclic groups of order |a,] = |b,] = p" ne M. If K =
= {;-H el =enefl =1, uEN} is a Priifer p-group, the there is an action of & on
A = K which satisfies [ay by = cpo ne M. Il G is a corresponding semidirect
product, then G is a periodic FC-group such that [G. G] = K is a Chernikov
subgroup. K € J(G) however |G: Cgib)| = p" and so G is not a BCC-group.
This shows that our resull is the best possible.

2. Some auxiliary results. We show a couple of useful facts, the first of which is
immediate.

Lemma 1. Let G be a BCC-group, xy.....x,€ G and define X = {x),...
v Xy Then GIC:X") is a Chernikov group and mmx (G/ Cu(X%)) =
< nMiG). c:rd{GFCG[X”]} < O(GY". In particular, if GICo(X%) is finite then
| GFCy(XY) = OIGY"

Lemma 2. Ler G be g BCC-group and H a subgrowp of finite special rank
r. Then G ("ﬁ{Nr':} is o Chernikov group and mmx (G CE,-{NE' N = rMIG),
m‘d{GIC{;{Nf" VS NG, Furthermore, if H is periodic abelian and normal in
G, then GICg(H) is finite and | GI Co(N)| £ OG)".

Proof. Since H  has finite special rank r, A has an ascending chain of finitely
generated subgroups

{]:I = Hq] = H| 5.5 H" 5 ... EUHENHH = H
such that every subgroup A, has at most r gencrators, ne M,
By Lemma 1, every lactor GIC};{HJE"} i% a Chernikov group and we have that
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mmx (G/ C;(HY)) € rM(G) and ord(G/C,;(HY)) < O(G)'. On the other hand,
since
Gy o~ G G
Co(H) 2 Co(HE) 2...2 Co(HD) ...,
there is a number § such that Cﬁ(Hf} = E‘G{Hfi,r] for all ne M. Thus C;,-(Hf'-)=
= C(H®) andso mmx (G/ Co(HY)) < rM(G), ord(G/ C(N)) £ O(GY.

If H isanormal periodic abelian subgroup, every subgroup HS is bounded and,
being abelian of finite special rank r, it is finite. By Lemma 1, | G/ Cs(HY)| =
= ONG)". Consequently, GICG{HG] is finite and | G/ Cl-;[H'GH < OIGY.

Let & bea CC-group. Define D(G) to be the subgroup of G generated by all
the Chernikov divisible normal subgroups of

It is easy to see that D{G) is a periodic divisible abelian normal subgroup of G,
moreover D(G) is the largest periodic divisible abelian subgroup of G. The factor-
group G/D(G) does not include the normal Chernikov divisible subgroups, in
particular, G/D{G) is an FC-group.

Lemma 3. Let G bea BCC-group. Then @ = G/D(G) is a BFC-group.
Maovreover, for every element x€ @ we have IQ.I'CQ{.\'Q]I < ONG).

Indeed, for every element ge G the factor-group G/ E'G{EG] is Cernikov and
we have that

Ce(g“IDIG)I NG) s Cmm:,[igD{G}}f‘”m]},

It & isa BFC-group then there is a number B(G) such that |G/ Cq(g)| = BIG)
forevery ge G. By B. Neumann's theorem the derived subgroup [G, G] is finite.
Maoreover, there exists a function f; such that | [G, G]| = fitk(G)). For example, by
[14) fitn) = bAW where A(n) = (13 + log,m}f 2. If G is central-by-finite group
then a derived subgroup [G. G] is finite by Schur's theorem (see, for example, [4],
theorem 4.12). Moreover, there is a function f> such that | [G, G]| £ fale) where
c = |G/EG)]. In fact, we may take falc) = eMer where Wie) = (logee — 1)/2
where p is the least prime dividing ¢ (see, for example, [4, p. 103]).

Lemma 4. Let G be a BCC-group and A a normal abelian subgroup such

that |GICplA)| = n is finitee. Then [A, G| is a Chernikov subgroup and
mmx ([A, G]) £ aM(G), ord([A, G]) = NG)".

Proof Put C = Cg(A) and let {xy,....x,} beatansversal o C in G. For
each j, 1 £j £ n, the mapping ¢;: a~+[a, x;]. ae A, is an endomorphism of A
with Imé; = [A, x;}, Kerd; = Calx;). Since cﬂ{xfmﬁ. S Culx))AICylxp) isa
Chernikov group and besides mmx (A/ Cq(x;)) = M(G), ord(A/ Ca(x;)) = O(G),
1 <j<<n But A/Cu(x;)=[A x;], sothat [A, x;] is a Chernikov subgroup such
that mmx ([A, x]) S M(G), ord([A, x]) 2O(G), | £j<n.

Given ge G, there exist some j such that ge & C, thatis g = x;¢ forsome ce
€ C. If ae A, then [a,g] = [a, xjc] = [a. c][a. .t;]" =[a, x;]. Thus [A,G] =
=[A,x]...[A. x] is a Chernikov subgroup group and mmx([A, G]) € nM(G),
ord([A, G]) £ O(GY"

Corollary 1. Let G be a BOC-group and A a normal abelian subgroup such
that | GIA| = n is finite. Then [G.G] is a Chernikov subgroup and mmx([G,
G1) £ aM(G), ord([G. G]) € fnOIG)"
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Proof. In fact, [A, G] is a Chernikov subgroup by Lemma 4. Thus, A/[A, G] =
=L(G/[A. G]), in particular, |[(G/[A, G]) /UG/[A. G])| = n. By Schur's
theorem |[G/[A. G]. G/[A,G]]| < faln).

Proposition 1. Let G be a BCC-group. Then G has a series of normal
subgroups C = A £ G, where C is a Chernikov subgroup, A/C is a periodic
divisible abelian subgroup (more preciselv, AJC = DIGYCIC), GIA is abelian.
Mareaver,

mmx(C) < fi(G)IM(G)  and  ord(C) = fi(AG)Afi(O(G)))
where U = O(GYi(O(G))O(GY1OEN

Proof. Put D = D(G), By Lemma 3 G/D isa BFC-group and B(G/D) =
= ONG). We consider A/D = [G/D, GID] sothat A/D is finite and |A/D| =
< flOIG)). Put B = [A,A]. By Caorollary | B is Chernikov subgroup, moreover,
mmx(B) S M(G)Y\(0(G)), ord(B) S fo(fi( O(G))) HNGY1O1EN

On the other hand, A/ is periodic abelian normal subgroup and A/B = L/B =
% DB/ B for some subgroup L (see, for example, [20], theorem 21.2). Since L/B is
finite abelian, we have L/B = {xB) x ...x (x,B) forsuitable x;, 1 £j < n and
n = fi{O(G)). Every elemenmt x; B hasin G/B at most O(G) conjugates and
|5 B £ £i(O(G)), therefore |(L/BY¥E| < fi(Q(G))NEHNAGN,

Put C/R = (L/BYYF g that C is a normal Chernikov subgroup of G and
AfC = pC/ . If follows that mmx(C) = mmx(B) £ MG (NG)) and ord(C) =
=ord (B)| C/B|.

Lemma 5. Let G be a BCC-group. A a normal abelian subgroup. Define
Ay = AN LUG) and assume that Al A, is divisible Chernikov group and AlA; S
<UGIA). Then [A,G] is a Chernikov subgroup and mmx([A, G]) <
< M{G]G{'G}mm“ﬂ"”, urd{[A.G]} < ﬂ,{G}mm:MM,J_

Proaf. Since A/A, is divisible Chernikov subgroup, there exists an ascending
chain

A=y sl g sl S S = A

such that

Hy lA) = (b A=l A, ne M,
where & = mmx(A /A}). Since A; £ L&) and A FA, = QIGTAY),

Col{h)°) = Callmy)a). 1sisk
We can suppose that (fy;A)) < (hy;A) <... (h;A) < ... forevery j, | < j <k
Then Cgl(;)A) 2 Col(l;)) 2.2 Col((hy)A) = .. watis Col(m))°) =
2 Col(k;)°) 2.2 Ca(hy)°) 2 -

Since h,je L2(G). the mapping g — [hy, g], g € G, is an endomorphism of G
and it follows that [h,j, G] = G/Cglh,) = G!cﬂ({h,,',.}“). On the other hand,
there is a number 1, such that (), €4 < L(G). It follows that | = [y 28] =
= [y gl In particular, [hy;, G] is bounded and sois G /Cg(hyj). This means that
G/ Cglhy) is finite. In this case |G/ Cgth,)| < O(G) forall ne N, | = j <k
Therefore |G/ Cqi(H,)| < G, ne M.
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However, CgiHh) 2 CgiH:) 2 ... 2 CgiH,) 2= ... . Hence there is a number
de M suchthat Cq(Hy) = ColHu,) forall ne M, Pul € = Cp(Hy). Then H, <
S L(C) forevery ne N, sothat A = |, H, < L(C). Consequently G/Cg(A) is
finite and |G/ CgA)| = O(G). By Lemma 4 [A, G] is Chernikov subgroup and
mmx ([A, G]) £ M(GYO(GY™™= (AR ord ([A, G]) S O(Gy™mr A

Corollary 1. Let G be a BBC-group. A a normal abelian subgroup of G,
Ay = AN LUG). Suppose that A [A, is Chernikov divisible. Then and [A, G] is a
Chernikav subgroup and mmx([A. G]) = MGGy (ARD ord([A. G]) =
< O(G)® where R = mmx(AfA}) + O(Gy™m™s (A,

Proaf. Since AJA, is Chernikov. it has a finite special rank. By Lemma 2
|GICaAfA)] £ QG IARD Py C = Cr(A/A)). By Lemma 5 [A,. C] isa
Chernikov subgroup and mmx ([A, C]) £ M(GIO(GYy"™ AR ord([A. C]) =
S QG ARD If @ = G/[A.C] and U = A/[A,C]. then we have that
| Q#Cpil)| = O(G)™™ A1) On the other hand, by Lemma 4 [/, @] is Chernikov,
mmx ([U, @]) £ M(GYXG"™ AR ord([U, @]) s O(G) where T =
= Q(G)™™ (AR Then it follows that [A, C] is a Chernikov subgroup, mmx([A,
G]) = ZMIGYO(GY™™S AR ord([A, G]) £ OGYY where B = mmx(A [A;) +
+ O(G)ymmx (AlA])

Corallary 2. Let G be o BBC-group. H a normal subgroup of G such
thar the index |G : H| = n is finire. Suppose thar A is a G-invariant abelian
subgroup of H such thar AJ(A N CHY) is a Chernikov gronp, Then [A, G] is
a Chernikov subgroup and there are the functions fx. fy such thar

mmx ([A. G]) £ f(M(G). X(G), mmx(AJ(A N CIH)). ord(A (A N LIH))), n).
ord([A. G]) = fi(M(G), O(G). mmx (A /(A N CEN), ord(A (A N LHD). 0).

Proof. Lev D/ (A N LiH)) be the divisible part of AJS(A M C(H)). By Corollary
I [D, H] is a Chernikov subgroup and there are integers

M
0

MMG), Gy mmx (A (A 1N L)),

O (M(G), NG, mmx (A (A N LHD))

such that mmx ([D, H]) € My, ord{[D.H]) £ ©y. Pu Q = G/[D,. H]. V =
=D/[D.H), U=A/[D.H] and ¥ = H/[D.H]. Then |U/V]| £ ord(Af(A N
NEHE). It Z= Cp(/TV) then |Y/Z] € (ord(AJ{A N EOH). Let {uy...., o)

be a transversal o V' in U/ and pick ze Z, ve U. Then we )V for some j, that is
we ujv forsuitable ve V. Thus we have [z 0] = [z mjv] = [z ;). It follows that
[Z2.U] £ [Z.41] ... [Z. u,]). Since {n,-]*‘ eV forsome ke M, it follows that each
subgroup [Z, w;] is bounded. By isomorphism [Z.u;] = Z/Cyx(uy) and inclusion
Cuj) 2 Cg{nf'"} MZ we obtin that [Z. ;] is also Chernikov and hence this is
finite. Acwally |[Z. w]| = O(G). for every j. Therefore [Z, U] is finite and
|[z.U]] < mﬂ}ummrmﬁq:mn_

Finally. we have that CQ /[Z. UJ(U/[Z, U]) 2 Z/[Z. U] and so this centralizers

has finite index at most # (ord(A /(A [ S(H)). Thus, it suffices 1o apply Lemma 4.
Lemma 6. Ler & be a BOC-group, A a normal abelian subgroup of G
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such that G Gg(A) is locally exelic. Then [A. G] is a Chernikov subgroup and
mmx ([A, G]) £ MIG), ord([A. G]) = O(G).

Proof. Put € = Gg(A), so that G/C has an ascending series of cyclic
subgroups

{vi'\'lc‘} = {RIE} £"'£{RHC}E"'

suchthat G/C = U, (g,C). Forevery clement ge G the mapping &,: a — [a,
g). @ € A, isa ZG-endomorphismof A and then Imé, = [A. g], Kerd, = Calg)
are the G-invariant subgroups of A such that [A, g] = A/ Cale). Since Calg) 2
= AN Cgie %), [A, g] is a Chernikov subgroup, mmx ([A, G]) £ M(G), ord([A,
G]) € O(G). Furnthermore, [A, g] = [A, {&)] = [A. {£)C]. It follows that

[Ag] S [Agds...s[Ag]=....

Since mmx ([A. g.]) £ M(G), ord([A. g,]) = O(G) for each ne M. there is an
integer o suchihat [A. gg = [A. g forevery ne M. It follows that (A, G] =
= U,enilAs g14n] = [A. gd so that [A, G] is a Chernikov subgroup, mmx([A,
G)) £ MIG), ord([A, G]) = OG).

Corollary 1. Ler G be o BCC-group, A a normal abelian subgroup of G
such that G Ggq(A) is abelian group of finite special rank r. Then [A, G] is a
Chernikov subgroup and mmx ([A. G]) = wMIG), ord([A, G]) = NG

Corollary 2. Ler G be w BCC-group, A o normal abelian subgrowp of G
such that Q = GIGg(A) is a Chernikov group. Then [A, G] is a Chernikav
subgroup and wmx({[A, G]) £ (mmx(Q) + ord(QIMG), ord([A,G]) =
L) () 1 Heonil {_H.

Indeed, we can apply Corollary | and Lemma 4.

Corollary 3. Ler G be a BCC-gronp, H a normal subgronp of G such
that GI/H is a Chernikov group. Suppose rthar A is a Geinvariant abelian

subgroup of H such thar A {Ay is Chernikov where Ay = A [ C(H). Then [A,
G is a Chernikov subgroup and there are functions fs, fo such thar mmx([A,
G)) S f<(MIG), O(G), mmx(AlA), ord(A/A)), mmx(G/H). ord(G/H)). ord([A.
G) £ fa{M(G), O(G), mmx(A/A ), ord(A/A)). mmx(G [ H), ord(G / H)).

Corollary 4. Let G be a BCC-group, H a normal subgroup of G such
that G [ H is a Chernikev group, A is a normal abelian subgroup of G, A, =
=ANH A=A NLH. Suppose that A/ Az is Chernikov. Then [A, G] is a
Chernikov subgroup and there are functions f7. fu such thar mmx([A, G]) =
< f5(M(G), O(G), mmx(Af Az}, ord(A)/ Az), mmx(G/H), ord(G/H)), ord([A,
G)) < fx(M(G), O(G), mmx (A;/ Az). ord(A/ Az), mmx (G / H), ord(G [ H)).

Indeed, by above Corollary 3 [A,. &] is a Chernikov subgroup. Apply then
Corollary | of Lemma 5 to a lactor-group Gl[A). G].

Proposition 2, Let G be a BCC-group, D = D(G). Then G has a series
of normal subgroups C £ A £ G such that C is a Chernikov subgroup, A = DC

(in particular, Al C is o periodic divisible abelian subgroup), GFA is abelian and
[A, C] £ €. Moreover, there are the functions fo. fio such that mmx(C) <

< fo(M(G), O1GY), ord(C) £ f1o{MIG), OIG)).
Proaf. By Proposition | & includes a normal Chernikov subgroup € such that

ISSN 04 T-6053. Mg, aami. aovpec. 2002, m, 54,876



B4 L. A KURDACHENKO, 1. OTAL, I YA. SUBBOTIN

G/DC; is abelian. Further, there are the numbers M, = M(M(G), O(G)) and
O3 =02(M(G), O(G)) such that mmx(C)) € Mz and ord(C)) £ Os.

Clearly we may assume that C; = {1}. In other words, we may suppose that G/ D
is abelian. In this case for each element ge G the mapping be:d—[d. g], de D,
isa ZG-endomorphism of D and then Imé¢, = [D, g], Kerg, = Cple) are the G-

invariant subgroups of D such that [D.g] = D/Cpig). Since D is periodic
divisible subgroup and Cplg) 2 D N Cge®), D/ Cplg) is a divisible Chernikov
group such that mmx (D / Cplg)) £ M(G). Therefore mmx([D, g]) = M(G).

Suppose that £(G) does not include D. Then there is an element x; € G such
that B) = [D,x)] # (1}. Put Dy = Cplx)). then D/D; is a divisible Chernikov
group and mmx(D/D)) € M(G). If Soc(D/ D)) = {aD)) = ...% {a,D|} is the
socle, define § as § = {ay, ..., a,). Since SN 0 =2 Frau(5), § is a product of »
cyclic subgroups. Let E; be a divisible envelope of § in D. Then mmx(E}) = n =
=mmx(D/D,). Clearly, E, N D, = § N D,, in particular, E; N D, is finile.
Hence E\Dy/Dy = E|f(E, N Dy} is adivisible Chernikov group and

mmx{(E\D /D) = mmx(E, /(E; N D)) = mmx(E)) = mmx (D D))
what means that £,D) = D.

Let ee E,. Since D is a periodic abelian divisible subgroup, {e)¥ is bounded.
On other hand, ()¢ is a Chernikov subgroup [17]. This means that | G/ Cel(e))] =
£0(G). By Lemma 2, G/Cg(EF) is also finite, moreover, |GICHES) | =
S OGME) Pul G, = Ca(EF) N Ca(xf), sothat G/G; is a Chernikov group
such that mmx(G/G)) = M(G), ord(G/G)) = OIGYNEH]

Consider now [Dy, x] where xe &G, If [y, 2] £ B, foreach xe G then and
[Dy, G,] = By and we it suffices to apply Corollary 4 of Lemma 6 to a factor-group
G/ By. Therefore we suppose that there is an element xx e @) such that 8; does not
include [Dy, x2]. Since B is divisible, we have [D), x2]1B) = By x U/} for some
nonidentity subgroup U} (see, for example, [20], theorem 21.2). There is some w; #
#1 suchthat wy e B0y and {u;} 1 By = {1}. Then

uy = [enx]ld2x:] where e e E, dre D). If ee E,
then we have
[e, %3] = [e, %2 )53 '[e, 5y 1%z = [53'exs, x3'5,%2] = [e, %],
50 that
B = [D,x] = [E.x1] = [E). x1x4]
and
[dy. xyx,] = [dz--'-':!]-‘ffllf-'z-ﬂ]xz = [dy, x3].

It follows that {u,. B} < [D, x;x:]. in particular, [D, x,x2] is a divisible
Chernikov subgroup such that mmx([D, x,x2]) = mmx ([, x;]).

Put D7 = Cpilxixy) and B2 = [D, xpx2]. One again there exists a divisible
subgroup E> such that D = EaD; and mmx(E:;) = mmx(D/D:). Moreover, the
index |G:Co(ES)| is finite and |G/ C5(ES)] € (GG, P

Gy = ColE )N Collxyx;)7),
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so that &/Gs is a Chernikov group, mmx(G/G:) = MI(G), ord(G/Gy) =
= g{G}ﬂﬂ Gl

In this way, consider now [Ds, x] forall xe G,. If [Da,x] € By for every xe
€ (1, then we argue as above using &/ Bs Similarly, if 8; does not include
[, x1] for some x3e Ga, we show that mmx([D. xjx2x3]) > mmx ([D, x;x2]).

Since mmx ([D, g]) £ MIG) for every elememt g € G, then after ¢ £ M(G)
steps we obtain that [D,, G,] is a Chernikov subgroup and complete the proof
applying again Corollary 4 of Lemma 6 to a factor-group G/ [D,, G,].

Foragroup G put #{G) = [ve G/x has finite order}.

If G isa CC-group (in particular, BCC-group) then ®G) is a subgroup of G,
moreover, [G. G] € #G) [16].

Lemma 7. Let G be a BCC-group, D = DG, T = HG). Suppose that
D<= LG and GID is abelian. Then [T.G] is a Chernikov subgroup.
Mareover, there are the functions fy, fiz such that mmx ([T, G1) = fi (MG,
0(G)). ord([T. G]) £ fi2iM(G), O(G)).

Proof. Since G/U(G) is abelian, the mapping O.: x =[x, g]. xe G, is an
endomorphismof G forcach ge G, If ge T then there is a number ne M such

that g"e {(G). Iifollows that | = [x, g"] = [x. g]" forany xe G. In other words,
Im8, = [G, g] is a bounded subgroup. By isomorphism [G, g] = Im@, =
= G/Kerdy = G/Clg) we obtain that [G, g] is a Chernikov subgroup. Thus
[G. g] is finite for all ge T. moreover, ord([G. g]) = O(G). It follows that T is a
BFC-group, hence [T, T] is finite and |[T. T]] £ fi((O(G)). Therefore we may
assume that T is an abelian subgroup.

Suppose that £(GG) does not include T. Choose an element y; e TALG). If
B, = [G. ], then B, is finite and | 8] £ O(G). A factor-group G/ Cgly) is also
finite, so that G/ Caiv)) = (i Crlvi} 2 ... % gCrly )y for some elements wy, ...,
where k< (G). Put /) = {uy.....u). thenby Lemma | G/ Cg(l/y) is Chernikov
and mmx(G/CglU)) £ MIGYOIG), ord(GICalU)) = O(G?E, Pu G, =
= Cealv) N Cgy), then G/G, is a Chernikov group such that mmx(G/G)) <
< M(GYOUG). ord(G /Gy £ OGYMEH Pt Ty = TN Gy If [g.¥] e By for any
g e G, ve Ty thenand [G,.T\] < B,. For this case we can use a Corollary 4 of
Lemma 6 to G /8, Therefore we may suppose that there are the elements yx€ T,
g1 € Gy suchthat [g,,y:] e B.

If we Uy, we will have [m, y1¥2] = [ v ][ v2] = [w, 1], sothat By = [Uy,
vi] = [U).yix2]. On the other hand, [gi. ¥zl = (g1 31 )len y2] = [grx2]. I
follows that [G. y1v2] 2 (B1. [gi. ¥2]). in particular, ord([G. ¥,]) < ord([G, y132]).

Put B, = [G, v;»2]. Similarly, there is a finite subgroup Uz such that G =
= UsCaiyiya) and GlGg(Us;) is a Chernikov group, furthermore,
mmx (G / Cil/a)) € M(GYNG), ord(GICgllU2)) = O(G)PC If Gy =
=Cglriya) N Cg2) then G/G: is a Chernikov group with mmx(G/G;) =
< M(GYOUG), ord(G/Ga) £ OGP+ If [G.. G; NT] < B: then we must
consider G/ s and use Corollary 4 of Lemma 6. If there are the elements y3 € Galn
T. gae Gs such that [g2, v2] € B2. then repeating the above arguments we prove
that ord ([G. ¥¥213]) > ord{[G. vi¥2]).
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Since ord([G, y]) £ M(G) for every element ye T, afier r £ O(G) sieps we
obtain that [G,, T N G,] is a Chernikov subgroup and complete the prool applying
again Corollary 4 of Lemma 610 G/[G, TN G,].

Corallary. Let G be a BCC-group, T = tG). Then G includes a normal
Chernikov subgroup B such that [G, T] = B and there are the funciions fi3. fia

such that mmx (B) £ fi3(M(G), O(G)). ord(B) < fla(M(G), O(G)).
In fact, we may use Proposition 2 and then Lemma 7.
Lemma B. Let G be a BCC-group. A a normal abelian subgroup of G. If

G/A is a Chernikov group then |G, G| is also Chernikov and there are the
functions fis, fis such that mmx([G, G|} £ fis(M(G), O(G)), ord([G, G]) =
< flelM(G). O(G)).

Proof. Since G/ Cg) is a Chernikov group then we may apply Corollary 2 of
Lemma 6. In other words, we may assume that A = {(G). Let D/A be a divisible

part of G /A, Theorem 2.1 of [19] yields thmt [ is abelian and we complete the proof
applying Corollary | of Lemma 4.

Proposition 3, Let G be ¢ BCC-group. If [G, G| = LG, then |G, G]

is a Chernikov subgroup and there exist the funcrions  fi9, fig such that
mmx ([G, G]) € fiiM(G), O(G)), ord([G, G]) < fis(M(G), O(G)).

Proof. Since [G, G] < L(G), Cgleg) = Coe™ and G/ Cgle) = [g. G] for all
elements ge G, morcover, mmx ([g, G]) £ M(G). ord([g. G]) = O(G).

Put & = M{(G) and proceed by inductionon k. If & = 0 then |G/ CqiE)| =
S ONG) forevery ge G, ie. G isa BFC-group and all is done,

Suppose that & = 0. If mmx(G/Cglel) < & for every ge &, then resull
follows by induction. Hence we assume that there is an element g, € & such tha
mmx (G /Cg(g))) = k. Put H = Cg(g)). B = [g,. G]. Given ge G we consider
HCgig)/ Ceig). If this group is finite, then so is H/(Cgg) N H) = HICg(g) and
mmx (H Cyle)) = 0 < k. Let now HCq(e)/ Cile) is infinite. Then it includes a
Priifer p-subgroup for some prime p, thatis H includes a subset {x,lne M} with
the following properties: ¥{' = we, ¥, = »,¢, for some elements ¢, € Cglg),
ne M. Thus

[2.3:) = [&. 3] = [&. :$)Ner ] = (2. 1],
[g. YotV = [8.300] = [&. (x5 ;"] = [g.3,), ne N

This means that {[g. v,] | n€ N} is likewise a Priifer p-subgroup. As [g.y] = [e.
¥llg1. ¥] = [gg1. ¥]. forevery ye H, we have that [g, v.] = [gg1. o] Tt follows
that [g, @] M [gg1, G] is infinite for any ne M.
Put C={g 2} ="{e. e} and K = [C, G]. Since
(g%, x] = [2". x]le]. x] = [2. x1"[g. x]",
we obtain K = [g, G][g;. G]. By the same reasons K = [g, G][geg:. G]. Since [g.

G) N [gg,. G] is infinite, mmx(K) < mmx([g, G]) + mmx([gg,. G]) =1 = 2k - I.
Let g H be. Then

[¢B,HIB] = [g. HIBIB < [g. G]B/B.
If HCgie)/ Cele) is finite then so is [g. G], so that and [g8, H/B] is finite, in
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particular, mmx ([g8, H/ B]) < k. If HCg(g)/ Cig) is infinite then

[gB,HI/B] = [g, HIB/B = [g, G]lg1. G]/[g:1. G].
Hence

mmx ([gB, H/B]) < mmx([g. Gllg:. G/ [e\.G) s 2k -1 =k =k - 1.

By induction hypothesis [H/B, H/B] is a Chernikov subgroup and there are the
functions fio, fao such that mmx([H/B, HI/B]) = fio(M(G). O(G)). ord([H/B,
HIEB]) € fiolM(G), O()). Tt follows that [H. H] is Chernikov, because B is
Chernikov, Now it suffices to apply Lemma 8 1o G/ [H, H].

3. The proof of main theorem. By Proposition 2 G includes a normal subgroups
A z C such that C is Chernikov subgroup, A/C is abelian and [G, A] = C. Now
we may apply Propaosition 3 1o G/ C. A second assertion follows from Lemma 2.

. Hepuuwxea C. H. ¥enorwa koncunocrw i obuwed Teopuw rpynn 1 Yenexu sar. nayk. — 1959, -
14. N 5. - C, 45 - 96,

2. Zaduea J. M., Kapeanoaca M. H., Yapue B. C. Beckongqnme Vpynna ¢ RAANULMH CROMCTRAMH
nojrpynn Jf Yep. st smypi. - 1972, - 24, N° 5, - C. 615 - 633,

3. Yapuw B. C., Jeigea 0. H. Cpynnel ¢ yCAORMAMH KOUSHIOCTH H /DY THMH OUPalHYEHHAMH JLIR
nomepynn ff Tas e, — 1988, - 40, N* 3, - C. 277 - 247,

4. Robinsen D J. S, Finlteness conditions and generalized soluble groups. - Berlin: Springer, 1972, -
Pul.=210p.

5. Robinsen 3 J. 5. Finiteness conditions and generalized soluble groups. — Berlin: Springer, 1972, -
P2 -254p.

6. Yepuuwoa © H. Tpynne © daganismi cROMCTRaME cHoTeMbl nogrpynn. — M. Hayka, 1980, -
384 e,

7. Yepwnkos C. H. Beckouewine caoino-Koncqite rpynma ff Mar, 6, — 1948, - 22. - C, 101 -
133,

. Yepuuwos C. H. O Upynnax © KOBEHNWMH EAaceami conpascnnms aaeseinon ff Joka. AH
CCCP. = 1957, =114, = C. 1177 = 1179,

. Yeprkon C. H. O caoino-koneunmx rpynnax §f Mar, of. = 1958, =45, = C. 415 =416,

10, Yepuuxoa . H. O pononnsesocrn cunosckns  [l-nojrpynn & nexkoToprs Kaaccax
Geckoncunmx rpynn ff Tam me. — 1955, - 37, - C. 557 - 566,

1. Yeprunos C. H. O cipociinm ipyin ¢ Koiediibisib Kiaccasin Conpaseiniug saesmeinon ff Loxs.
AH CCCP. - 1957, = 115, - C. 60 - 63,

12, Newnann B. H. Groups covered by permutable subsets & ). Londen Math, Soc. - 1954, - 29, -
P. 236 - 248,

13, Newmann B, H. Groups with finite classes of conjugate subgroups # Math, Z, - 1955, - 63, -
5. 76 -96.

14, Segal 0., Shafev A. On groups with bounded conjugacy classes #f Quart. J. Math. = 1999, = 50. -
P. 505 -516.

15, Mesoawysui F. 40 O NOKARI0 FECTPEMLIBILE 0 CAOHI0-3KCTPEMANLINE Vpynnax jf Mar, cb.
- 1962, - 58, - C. 685 - 694,

16, Resbinson [, 2. 5. On the theory of groups with extremal layers & ). Algebra, - 1970, - 14, -
P. 182 - 193

17, Fleesovuemnnt H. 0 Tpynnm ¢ skevpesamminaan KGccasn conpaseinnay saemenron Jf Cub,
mar, mypi. - 1964, - 5. — C. 891 - R95,

1%, Kazapun . O Kypdawewse S A, Yenorna xonevnoctn o dhactopusaiun & Gecronedinax
rpynmax {f ¥cnexw mar. nayk. — 1992, - 47, N° 3, - C. 81 = 126,

19. Oral J., Pesta J. M. Nilpotent-by-Chernikov CC-groups &/ Austral. Math. Soc. (ser. A). - 1992, -
53 =P 120 - 130,

20, Fuchs L. Infinite abelian groups. — Mew York: Acad. Press, 1970, - Yol. 1. - 336 p.

Received 14.01.2002

ISSN 004 16053, Yup, sam, sy, 2002, mi, 54, N 6



	0058
	0059
	0060
	0061
	0062
	0063
	0064
	0065
	0066
	0067

