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cal cases cannot be solved. Thus, an urgent task from a computational
point of view is the development of approaches and methods that allow
control of the computational process.

In this paper, we consider the possibility of controlling the error of
numerical solution by using the methods of parametric identification,
which are widely used in solving practical problems of identifying linear
and nonlinear systems. At the same time, the accuracy of the control
should not depend on the reasons causing the error of the decision. The
control process itself consists of the following steps: the parameters of the
equations for which the resulting numerical solution is accurate are re-
stored with some accuracy. The estimated parameters (the coefficients are
compared with the coefficients of the original equations; the difference of
the coefficients is the information that is used to evaluate the behavior of
the solution on the restoration site (the recovery section is the segment of
the numerical solution that is used for parametric identification).
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METOA PELUEHUSA CUHIYNAPHOW AUHAMUYECKOW
3AOAYN B ®OPME UHTEIPAINNIbHOIO YPABHEHUA

WurerpansHele ypaBHeHUs BosbTeppa BTOpOro popa SIBISIOTCS
YHHUBEPCATbHON MaTeMaTHUECKOH MOJENBIO B 3a[adax HACHTU(HKa-
MM ¥ KOMIIBIOTEPHOTO MOJENUPOBaHusA. [Ipi 3TOM CHHIyISApHOCTH
3THX YpPaBHEHUH 3HAUHUTENBHO 3aTPYAHSAET PELICHHE TAHHBIX 3afad.
Jins pemeHnst 3Toi MPOOIEeMbI HCTIONB3YIOTCS ATOPUTMBI PETYIIIpU-
3alMU HEKOPPEKTHBIX 3ajad. [lapamerp peryisipusanuu mpua 3TOM
MOJKET OBITH OIpeJeNeH Pa3IMIHbIMU CIIOCO0aMH, B YACTHOCTH, CIIO-
co0OM MOJIENBHBIX HPUMEPOB. B crartbe Taroke mokasan crocod pe-
IICHUSI TIOJyYEHHOIO NPHOIKEHHOTO BBIPOKEHUSI U3 arOpUTMa pe-
TyJIApU3aliy ¢ IPUMEHEHUEM KBaApaTypHBIX (GopMyIL.

Taxxxe paccMaTpuBaeTCs 3ajada ONPEAETCHHUsS MOTPELUTHOCTH
pelIeHnss UHTEerpaIbHBIX ypaBHEHUH BoibTeppa BTOporo poxa Ha
OCHOBE METOJa KBagpaTypHEIX (Gopmyis. OLeHUBaHUE MOTPENIHO-
CTH IIPOBOAUTCS IIyTEM JI0Ka3aTe/IbCTBA COOTBETCTBYIOILEH Teope-
MBI U creicTBril 13 He€. OHO U3 CIeNCTBUI U3 TeopeMbl 00 orpa-
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HUYEHHOCTH HMOTPEIIHOCTH YTBEP)KIAaeT, YTO MPU OECKOHEYHO Ma-
JIOM 3HA4YEHUU NapaMeTpa peryJssipu3aliy MOrPEHIHOCTh PELICHUS
TaKXKe CTPEMHTCS K HyJII0. DTO YTBEPKICHHUE TAKKE TOKa3bIBACTCS
B CTaThe C IPUBEACHUEM BBIKJIAIOK U PACUETOB.

ITpuBoauTCS OKOHYATETBHOE BBIPAKEHUE IS OLICHUBAHUSI T10-
TPELTHOCTH PEIIeHUs] MHTETPalbHBIX ypaBHeHHH Bombreppa BTO-
pOro poja ¢ UCTIOIb30BAHHEM METOJOB PEryJISIpU3allH U KBajgpa-
TYpPHBIX ()OPMYJ, W JeNaeTcs BBIBOA O TOM, YTO IPEIOKEHHBIC
METO/IbI ITO3BOJISIOT IIPEOJIOIETh MPOOJIEMy CHHIYISIPHOCTH B WH-
TerpajbHbIX YpaBHeHUAX BonbTeppa BTroporo pona.

KnroueBble cioBa: unmespanvhoe ypasHuenue, CUHSYIAD-
HOCMb, pe2yapu3upyowutl napamemp, nocpeuHocns.

IMocranoBka 3aga4yu. YHHUBEpPCAIbHON MaTEMaTUUYECKOH MOJEIBIO B
3a1av4ax WACHTU(DHUKAIMA ¥ KOMIBIOTEPHOTO MOJAETHPOBAHUS IIUPOKOTO
KJ1acca 0OBEKTOB € pacHpefeleHHBIMH MapaMeTpaMu CIyXaT WHTETPab-
HBIC YPaBHEHUS BHIIA

t

y(t)—/les)ads=f(z),0<a<1, (1)
o(t=s)

rae y(¢) — HeusBectHass, a f (f) — u3BecTHas QYHKLMU, KOTOPBIC SIB-

JISIFOTCSl MHTETPAJIbHBIM ypaBHeHHeM BonbTeppa Broporo poaa.

YucneHHoe MOJEIMPOBAHHE PAacCMAaTPUBAEMOro Kiacca OOBEKTOB
NIPUBOJUT K ONPE/IENEHHBIM 3aTPYJHEHHUSIM B CBS3H C CHHTYJSIPHOCTBHIO
ypaBaenus (1).

1. BoiGop cnocoba pemenus. Jls pemeHust 3aa4u YUCISHHOTO MO-
JICTUPOBaHKS UHTErPATIbHBIX YpaBHeHUH BHIa (1) BecbMa I1e7ec000pa3HbIM
SIBJISETCSl IPUMEHEHNE YCTOWYMBBIX U 3()(EKTUBHBIX aaroputmos [1], oc-
HOBaHHBIX Ha IIPUEMax PeryJisipu3alii HEKOPPEKTHBIX 3a4ad. B uactHoCTH,
OJIH M3 CHOCOOOB PEIICHHUS] COCTOUT B 3aMEHE MCXOJHOTO ypaBHeHHs (1)
CJIEITYIOIIUM TIPHOJIMKEHHBIM COOTHOIICHUEM

t ~
- ¥(s)
y(t)-A|—————ds=f(¢), t€|0,T], 2)
(O-Af ot 1) r<lo)
rae [ — Manblii peryJspu3upyIomuil napamerp (mapamerp «BHYTpPEH-

Hel» peryJspu3alin), ONpeiesieHne KOTOPOro MOXKET OBITh OCYIIECTBIIE-
HO cr10c000M MOJIENBHBIX IPUMEPOB [2].

HpHMeHeHI/Ie TaKOTo MpUeMa BLIZBAHO TEM, YTO CHHIYJIAPHBIC UHTC-
rpajabHbIe YpaBHEHHS HE JOMYCKArOT, IIPM YHUCIECHHOM DPEIIEHHUU HETIO-
CPEACTBEHHOTO MPUMEHEHHS METOoJa KBaJApaTypHbIX (opMy1, MO3BOJISIOT
MOJYYUTh YCTOWYMBBIE M JTIOCTATOYHO TPOCTO pealii3yeMble Ha KOMIIbIO-
Tepe BHIYUCIIUTEIILHBIE AITOPUTMEL.
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JIyist mpuMeHeHHs1 KBapaTypHbIX GopMyIT K ypaBHEHHIO (2) UCIOJb-
3yeTcs B 00IIeM ciiydae Bblpa)KeHI/Ie

AJ ds=f(t;). (3)

0 ﬂ+ t; —S
Hcnone3ys uisl 3aMeHbl MHTErpasa, HanpuMep, GopMyIly Tparenuu
MMEEM CIIEAYIONIYIO CHCTEMY ypaBHEHHIA

):z(ti):f(tl-)+/1hzi:Ajﬁ,

T .
rae h=— — war KBajpatypel, A; — KO3(p(HUUUEHTBI KBaAPaTypHOH
n

(hopMyIIBL.
OKOHYAaTeNbHOE PACUETHOE BBIPAKCHUE UMEET CIICAYIOIIUI BU

¥(0)=7(0)

rac

0,5 mpu j=1,
A = g
71 mpu j>1,

i=23,.;t=(i-1)h; h;t%.

2. Onpenenenne norpemHocTH. Ha BOpoc 0 BOZMOXKHBIX HOTpeIll-
HOCTSIX TIOJTy4aeMOTr0 PEIIeHUs WHTETPAIBHOTO ypaBHEHUS (2) Ha OCHOBE
METO/1a KBaJpaTypHBIX (POPMYJI OTBEUALT CIIEAYIOIIas TEOpeMa.

Teopema. ITyctb amst moboro 0 < S BBIIONHSAETCS HEPABEHCTBO
AT <B+(1-a)T%.
Torna nyist pemenus 3agauu (1) u (2) cnpaBeyivBa CleAyrOmas OlleHKa
|’1|K[ﬁ +(1-a)1* :||y|C[0,T]
B+(1+a)T* —|AT

y(t)_jj(t)c[o,r] = (5)

rie
ds

(t—s)" (B+(t-5))"

JlokazaTebcTBO. Borancimm pasnocts Mexay y(1) u y(t):

1<T

t
K :rglaxJ‘
0
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OTKyZa

t
- - ds
|y_y|c[o,r] < |’1||y_y|c[o,r] rﬁg}'([ﬂﬂt—s)“ +|’1|:B|y|c[o,r] k. ©
OrieHMM HHTETpal, CTOSIIUH B IIpaBoil yacTu HepaBeHCTRa (6)
t
ds
I(f)=max | ———.
( ) O<t<T'(['B+(t_S)“

IIpuMeHsis cieAcTBUE TEOPEMBI O CpeAHeM [3] momydum

t t
I(p)= max > = nax T
0T By (t—et)” 0= B4(1-¢)"t

OTKyJa, yHYUTbIBass COOTHOLICHUEC O<ex<l , CJICAYCT, UTO

T A
I1(B) = 1(0) = = , 7
(%) B+6T° (0) or” o @
re 5=(1-¢)"
Honcrasiss (7) B (6) morydnm
AT -
@_E:ETZEE'U_ﬂqmqﬂﬂﬂbkmﬂK
NN
p+(1-a)T* —|AT 3
{ p+(1-a)T* |y_y|C[0,T] < ﬂ|A|K|y|c[o,T] ®)

CoryacHO yCJIOBHIO T€OpeMbl, KO3(hPHUIUECHT MpH | y- j}| TIpeacTaB-

JISIeT COO0# TOIOKUTENBHOE YUCTIO.
Jenennem obOenx yacTei HepaBeHCTBA (8) Ha

B+(1-a)T* —|AT
B+(1-a)T*
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noyiyauM HepaBeHCTBO (5). Teopema nokazana.

3ameuanne 1. ITockonpky pemienne ypaBHeHHs (1) orpaHmdeHo B
npocrpanctee C[0,T], To nepBast yacTb HepaBeHCTBa (5) CTPEMHTCS K HY-
monpu f—0.

CaencrBue. I1ycTh BBITIONHEHBI YCIOBHS TEOPEMBI M MyCTh TAKIKE
f(t)eC[0,T]. Torna ans pewenns 3azaun (1) u (3) cupaseminBa cie-
JyIOIas OLeHKa:

y(t)-5(4) < By )
rac
K| B+(1-a) T ||y
C pH(1-a) T AT

(1) =31 = SUB manc [ (1)~ 5(4).

Joxka3aTteiabcTBo. CripaBeIMBOCTh HepaBeHCTBA (9) crieayeT u3 He-
paBeHcTBa (5) pH ¢ = ¢;, €CIM YUECTh COOTHOLIEHUE MEKAY HOPMaMH

) =3(0) =131 [ (0= 70 g
3ameuanue 2. [Ipu S — 0 nepBas yacTpb HepaBeHCTBa (9) cTpeMuTCs
K HYJIIO U, CJIEOBaTEJILHO
|y(tl-)—)7(tl-)| -0
IlepexomuM Temeph K OleHKe BETUIHHbI | AR )| mpu 0.
[IpencraBuB ypaBHeHHE (3) B ClIEAyIONMIEM BUIC
7(0)=£(0); i=Ln
. SYSINIO)
(1) f(z,.)+,1]§ [j mds
Y TIPUMEHSIS CIIEJICTBUE U3 TEOPEMBI O CPEAHEM MOTYUUM:

7(0)=£(0),

Jlanee Haxoaum
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a J a
j=0| B + t,+tj) ﬂ+(tl—tj)
ﬂ . i—1 j;(t:)_Aj):/(tz) (10)
+2ﬂ b (t,-)|£/1hj§)—ﬂ+(ti_ti)a +

= [ﬂ+(ti -5)" T

Onenum nepBLH‘/'I 4IeH cyMMbI B HepaBeHcTBe (10):
Ahii‘j)( Aya‘_ P(0) ”‘y -3 (1)
By e »
17(0)] thzl\;(t:)—;(t;)\ alp()-3()]
20p+tt) S B+(t-1;) P p+(h-1,)

IMoacrapnss (10) B (11) umeem

@bl i) -oto)

< Ah

a *\& (12)
o) ¢ [(”'_t") (1) }‘;(;pﬂm)y
J 23 !

ITepexons B obenx wacTax HepaBeHcTBa (12) k HOpMam W TOA-
CTaBIISIS

| y- ):/| SUP max
0<h<T 0<t<T

ST R

B (12) u yuursiBas, yTo y( )SIBJ'ISIGTCH HeTpepbIBHOM (QyHKIMEH, momyda-

€M CJIEAYIOIIEC COOTHOIICHUE

[ MZ ]"y y||</lhzﬂ+fz o (13)
S <> 2O, 2ty

TR P e T
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e P = #1)-3(1)
nh

1

, 0<np<l1.

Ternepp mokaxkeM, 4To KO3()(HUIMEHT NIPH " y— j/" MIPECTABISIET CO-

Ooit HOJ'IO)KI/ITCJ'II)HOG YHUCJIO:

Ah =4 S(pB
,Zé/ﬂt, = 1[3 = 1[3 7 =S
rae S(f)=h
JZ‘; B +t
Oyuxuus ¢(1) = % y6ObiBaeT Ha otpeske [0,T] cremoBarenbHo,
+1
AT
<ls(p) <AL
B+(1-a)T
Urax, KoacpcpHuHeHT npu ” y— ):/”yLLOBJIeTBopﬂeT CIIEIyIOIIeMy He-
PaBEHCTBY:
— a —
. ﬂhz W BT |/‘L|T. 14

= 0ﬁ+tl J ﬂ+(1—a)T“ B+(1-a)T*
CornacHo yCIOBHIO TEOPEMbI CIIPAaBEUINBO HEPABEHCTBO
B+(1-a)T*-|AT >0.
Otcrona cuenyer, 9To KodQPHUIUEHT Ipu ” y— ):/” €CTPh TIOJIOKHUTEITb-

HOE YHCJIO.
HepagenctBo (13) ycumuBaeTcst OT MOACTAaHOBKH BMECTO KO3 HHIIH-

eHTa ” y— j}" mpaBoii yactu HepaBeHcTBa (14).

4. Ouenka norpemHoctH. [Tocie moacranosku (14) u (13) momy-
YHM CIIEAYIOIIYIO OLCHKY

|ﬂ|h[ﬂ+(1—a)T“JX
B+(1-a)T* -|A|T

() =53] <75 <

(15)

i-1 %

i—j l_/ L:
Lt Ha s )

[IpuMeHssT HepaBEHCTBO TPEYTOJBHUKA OTHOCHUTEIHHO HOPMEI [3]
ucnonb3ys (9) u (15), momydnm CIeayonyo OeHKY
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|)/(ti)_):’(t) (0.r] = |y )N’(ti)c[of]+|)~’(tf)_):’([i)|§Bﬂ+

X /”th[ﬂ+(l—a)TaJ{ hzi (16)

+
B+(-a)T* AT | S B+t

. a
< i = (-0

*E(ﬂ+<,i_,j)a)(ﬂ( )uu (,,,H) Sl

rae B onpenensercs u3 GopMyJIbI (10).

BeiBoabl. [lpennoxxenHslid MeTOJ, pacueTa MO3BOJSET MPEOIOJIETh
mpoOJIeMBI, BBI3BaHHBIC CHHTYJIPHOCTHIO HMHTETPAIBFHOTO YpaBHEHHUS
Bonbreppa u nosydars pelieHue ¢ 3aJaHHOM TOYHOCTBIO B 3aBUCHUMOCTH
OT BEIOPaHHOTO TIapaMeTpa peryisapu3anii.
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METHOD OF SOLVING A SINGULAR DYNAMIC
PROBLEM IN THE INTEGRAL EQUATION FORM

Volterra integral equations of the second kind are a universal mathe-
matical model used in problems of identification and computer simulation.
At the same time, the singularity of these equations makes it difficult to
solve these problems. To solve this problem, regularization algorithms for
ill-posed problems are used. In this case, the regularization parameter can
be determined in various ways, in particular, by the method of model ex-
amples. The article also shows how to solve the obtained approximate ex-
pression from the regularization algorithm using quadrature formulas.

The problem of determining the error of solving the second-kind Volterra
integral equations based on the quadrature formula method is also considered.
The evaluation of the error is carried out by proving the corresponding theorem
and its consequences. One of the consequences of the theorem on limitness of
error states that, for an infinitely small value of the regularization parameter, the
error of the solution also tends to zero. This statement is also proved in the arti-
cle with the demonstration of computations and calculations.

A final expression is given for evaluating the errors in solving the Volterra
integral equations of the second kind using regularization methods and quadratu-
re formulas, and it is concluded that the proposed methods allow one to overco-
me the problem of singularity in Volterra integral equations of the second kind.

Key words: integral equation, singularity, regularizing parameter, error.
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