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Abstract. In this article, there is considered the possibility of using the type 
I Gumbel distribution as one among alternative forecasting models in 
assessing flood risks at rivers, which is carried out based on forecasting of 
maximum hydrological characteristics according to hydrological 
observations. Examples are given and analyzed are the results of 
forecasting of the maximum water discharges of low exceedance 
probabilities, which were obtained with the use of the type I Gumbel 
distribution and other probability distributions for the Dnieper (the 
Vyshgorod water level gauge) and the Stryi River (the Verkhnye 
Syn’ovydne water level gauge). In addition to the analytical distributions 
for the Dnieper River, a generalized probability distribution function 
obtained by modeling within the fuzzy set theory was also used in the 
comparative analysis. The possibility of extending the scope of the practical 
application of the type I Gumbel distribution in forecasting hydrological 
maxima by logarithmic transformation is shown. 
Keywords: alternative, asymmetry, hydrological maxima, flood, 
forecasting, probability distribution, risk.  
 

Introduction 
 
Floods are among the most dangerous natural disasters causing human fatalities 
and different losses [1]. According to estimates [2], floods were responsible for 
about 6,8 million deaths in the 20th century. Annual economic worldwide losses 
from floods reached hundreds of millions of dollars [3]. And risk of deaths and 
catastrophic losses due to floods has been increasing by years in particular through 
the accelerated urbanization of coastal areas, river basins and lakeshores despite the 
fear of people before the floods [4]. 

The reasons, phenomena, factors and events that precipitate floods are diverse, 
multifaceted, and interrelated [2, 5]. These are weather factors such as storms, 
heavy or sustained rainfalls, rapid snow melts, heavy rains combining with rapid 
snow melts etc. Typical human factors include breakthroughs of dams, spreading 
water impervious surfaces in human settlements, defects or failures of drainage 
systems etc. Deforestation [6], physical land features including phase state of soils 
of the underlying surface, the present or absence of vegetation, other river basin 
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drainage characteristics also influence flood outcomes. It should also mention the 
climate changes and the overall environment degradation [2, 5–7]. 

In Ukraine, flood challenges are also relevant [8]. Especially often floods 
occur on the Carpathian rivers in the western regions of our country [8–10]. Floods  
also threaten to the population living in the Dnipro basin. First of all, floods pose a 
significant threat to the population living in the Pripyat river basin [11]. There is 
also a permanent danger of artificial floods due to accidents on numerous dams 
[12]. Therefore, forecasting risks of floods in our country is one of important 
problems, and its relevance even will be increasing over time. 

As it is known, the basic model used to forecast hydrological characteristics 
(water levels, discharges, volumes of water, etc.) according to hydrological 
observations is the probability distribution function [5, 13–15]. It can be used to 
determine flood parameters and its occurrence probability, to estimate the probable 
losses (risks of losses) because of floods, to solve water management problems, to 
assess the design values of water levels and discharges having extreme exceedance 
probability in designing of hydraulic structures [5, 13–17]. 

 
1. The use of probability distributions in hydrology 
 
The use of probability distributions in hydrology is based on the assumption that 
hydrological observations data form representative sequences of independent and 
identically distributed random variables [5, 13–15]. For most rivers that have not 
undergone significant anthropogenic loads, and in the presence of data of 
continuous hydrological observations within time intervals of at least 30–40 years, 
this assumption can be quite admitted [5, 13]. 

Usually, the hydrological maxima have a positive asymmetry. Sometimes this 
asymmetry is quite significant. As well as, they exceed zero, or some other lower 
limit, but, in theory, they are not limited to the upper limit.  

There are a lot of analytical probability distributions that meet these 
conditions and in case of presence of appropriate data might be used to forecast the 
maximum hydrological characteristics having low exceedance probability. These 
are, for example, such distributions as follows: the log-normal (two- and three-
parameter) distributions, the gamma family and related distributions (exponential, 
two-parameter distributions, the three-parameter Kritsky-Menkel distribution and 
the Pearson type III distribution, etc.) and the extreme value distributions, which 
were developed within the extreme value theory [5, 13–15].   

By this theory [5, 13–15] the generalized extreme value distribution is the 
only possible limit distribution of properly normalized maxima of a sequence of an 
independent and identically distributed random variable [18, 19].  

In Ukraine, when hydrological calculations being performed according to 
observation data, it is accepted to use the three-parameter Krytsky-Menkel gamma 
distribution [13]. This model involves into its composition the parameters 
associated by means of transcendent equations with the coefficient of variation VC  
and the coefficient of asymmetry SC , and admits various relationship between 
them. For the different curves, the integration with the presentation of results in a 
tabular form was performed. It greatly simplifies hydrological calculations. 

Among the extreme value distributions the type I Gumbel distribution is the 
most popular one in the modern hydrology practice [5, 14, 15, 19, 20]. Its 
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popularity in hydrological calculations is due to the fact that the Gumbel’s 
distribution is one of the simplest and most convenient analytical models that might 
be used to forecast extreme values. But not only because of this has the distribution 
deserved attention. It should also be noted that the hydraulic maxima prediction 
reliability provided by the type I Gumbel distribution is sufficiently high. 

Besides, this is a two-parameter probability distribution, with constant 
asymmetry. And, as it is well-known, the estimation errors of the coefficient of 
variation and the coefficient of asymmetry (See example in Table 1), which are 
used, for example, in the three-parameter gamma distributions, can be quite 
significant, greater than the errors in determining the mean value of a sample of 
observations and its standard deviation (they are used in the Gumbel distribution). 
So, the “more precise” three-parameter probability distributions may even enlarge 
the uncertainty of forecasting to a certain extent. 

The last remark also applies to some more “advanced” four-parameter and 
five-parameter probability distribution models, where, in addition to the 
asymmetry, the excess is used, etc. [21]. 

 
Table 1 – The accuracy of calculations of the statistical characteristics for water 

discharges maxima (the Dnieper River, the Vyshgorod water level gauge) 
 

Parameter Estimation Standard error Relative error, % 
Mean value , m3/s 4692 180 3,8 
Standard deviation , m3/s 2632 128 4,9 
Coefficient of variation VC  0,56 0,06 11,0 
Coefficient of asymmetry SC  1,26 0,17 13,2 

 
Finally, it should be noted that there is no theoretical or another strict 

justification for choosing an appropriate probability distribution function of a 
random variable when forecasting extreme characteristics [5]. In principle, 
therefore, any probability distribution might be considered as a working 
hypothesis, if the distribution meets the appropriate statistical criteria and if other 
considerations regarding the adequacy of simulation are taken into account [22-24]. 

 
2. The type I Gumbel distribution 
 
The type I Gumbel distribution [25] is a particular case of the generalized extreme 
value distribution (the last also is known as the Fisher-Tippett or the Fisher-
Tippett-Gnedenko distribution). It is also known as the log-Weibull distribution 
and the double exponential distribution. As well as it is related to the Gomperz 
distribution; when its density is first reflected about the origin and then restricted to 
the positive half line, a Gompertz function is obtained [18, 19].  

The type I Gumbel distribution has a probability distribution density, which 
might be described by the function [5, 14, 15, 19, 20, 25]: 

 
 

)()(exp{)( uxeuxxf −−−−−= ααα , ∞≤≤∞− x , (1) 
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where, the annual exceedance probability, %, for a random X : 
 

[ ])]}(exp[exp{1100)( uxxXP −−−−⋅=≥ α , (2) 
 

α  and u  are the distribution parameters, which are determined by 
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(3) 

 
x  is the mean value and σ  is the standard deviation of the given series of 
observations data. 
 
3. Examples of hydrological maxima forecasting 
 
3.1. Forecasting of water discharges maxima, the Dnieper River, the Vyshgorod 
water level gauge 
 
Considered a number of observations from 1787 to 1999 (Fig. 1) with the 
following statistical parameters: the mean value x  = 4692 m3/s; the standard 
deviation  = 2632 m3/s; the coefficient of variation VC  = 0,56; the coefficient of 
asymmetry SC = 1,26. 

 

 
 

Fig. 1 – A time series of water discharges maxima, the Dnieper River,  
the Vyshgorod water level gauge 
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Fig. 2 – The probability distributions of water discharges maxima,  
the Dnieper River, the Vyshgorod water level gauge 

 
Eight alternative probability distributions were used to forecast (See above 

Fig. 2), including four variants of the three-parameter gamma distribution 
according to the Krytsky-Menkel model: the model 1 corresponds VC  = 0,5 
and VS CC 2= ; the model 2 answers VC  = 0,5 and VS CC 5,2= ; 5 satisfies VC  = 
0,6 and VS CC 2= ; 6 stands for VC  = 0,6 and VS CC 5,2= . The others 
distributions are as follows: the model 3 answers the Pearson III type distribution 
(arithmetical); 4 stands for the type I Gumbel distribution; 7 satisfies the two-
parameter lognormal distribution; 8 corresponds the log-Pearson III type 
distribution. 

After checking the statistical hypotheses by the Pearson criterion 2χ  for the 
significance level of 0,1%, all these probability distributions were found to be 
considered as the hypotheses that agreed with empirical data (Table 2). The 
validities )( 2χv  of the models were determined by using the Pearson criterion too. 

It might be noted that the type I Gumbel distribution curve, despite the small 
value of its statistical validity, gave the acceptable approximation to points 
corresponding to observed data having low exceedance probability (less than 3%) 
(See also Fig. 3). The curve passes near four of them, in particular through three 
such points, which correspond to the observed water discharges with the least 
empirical exceedance probabilities.  

It should also be noted that the type I Gumbel distribution (the model 4), its 
validity by Pearson criteria is 0,0425, in the interval of small exceedance 
probabilities, gave the result that is quite similar to results of “more” valid 
distributions (See Fig. 3); among them such distributions are as the Pearson III type 
distribution (arithmetical) (the model 3) with )( 2

iv χ  = 0,1491 and the Krytsky-
Menkel model 5 for VC  = 0,6 and VS CC 2=  with )( 2

iv χ  = 0,1256. 
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Table 2 – Results of checking the statistical hypotheses by the Pearson criterion 
(the significance level of 0,1%) 

 

Hypothesis Probability distribution 
Pearson 

criterion 2χ  
Validity by Pearson 

criterion )( 2χv  

1 
The Krytsky-Menkel model  
( VC  = 0,5; VS CC 2= ) 23,141 0,0418 

2 
The Krytsky-Menkel model  
( VC  = 0,5; VS CC 5,2= ) 20,499 0,0865 

3 The Pearson III type 
distribution (arithmetical) 18,425 0,1491 

4 The type I Gumbel 
distribution 23,074 0,0425 

5 
The Krytsky-Menkel model  
 ( VC  = 0,6; VS CC 2= ) 19,088 0,1256 

6 
The Krytsky-Menkel model  
( VC  = 0,6, VS CC 5,2= )  15,353 0,2874 

7 The two-parameter 
lognormal distribution 15,066 0,3752 

8 The Pearson III type 
distribution (logarithmic) 12,949 0,4530 

 
 
 

 
 

Fig. 3 – Comparison of the type I Gumbel distribution with the nearest neighbour 
distributions and with a generalized probability distribution function (GPDF) in 

the interval of small exceedance probabilities 
 

A comparison of the type I Gumbel distribution with a generalized probability 
distribution function (GPDF) in the interval of small exceedance probabilities was 
also performed. Six generalized values (GVQ) of water discharges for annual 
exceedance probabilities of 5%, 1%, 0,5%, 0,1%, 0,01% and 0,001% were 
obtained (Fig. 3). These GVQ include “contributions” of all the chosen probability 
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distributions (See Fig. 2). They were estimated by using methods of the fuzzy set 
theory according to the proposition given in [24].  

The Gumbel’s probability distribution showed a good coincidence with the 
GPDF for more likely floods having annual exceedance probabilities of 0,5% and 
more. In addition, the type I Gumbel distribution gives a certain margin to mitigate 
the risk connected with less likely floods. 

 
3.2. Forecasting of water discharges maxima, the Stryi River, the Verkhnye 
Syn’ovydne water level gauge 
 
The Stryi River is one among the largest left bank tributaries of the Dniester River. 
The river makes a significant contribution to floods taking place on the Dniester 
region. The presented Stryi River example is also interesting because the forecast 
of water discharges maxima is based on a relatively short series of observations. 

There was considered a number of observations from 1951 to 1998 (See 
Fig. 4) with the following statistical parameters: the mean value x  = 755,4 m3/s; 
the standard deviation  = 466,5 m3/s; the coefficient of variation VC  = 0,6; the 
coefficient of asymmetry SC = 1,8 ( SC = 3 VC ). 

 

 
 

Fig. 4 – A time series of water discharges maxima, the Stryi River,  
the Verkhnye Syn’ovydne water level gauge 

 
In the selected series of observations, it might be noted the high “emission” 

corresponding to the water discharge of 2610 m3/s, whose empiric exceedance 
probability is about 2%, because of what the choice of an adequate probability 
distribution has essentially complicated. 

Initially, the type I Gumbel distribution was considered (Fig. 5, the model 1). 
As well as different variants of the three-parameter gamma distribution of the 
Krytsky-Menkel model were used (See, for example, the model 2 with SC = 3 VC  
and the model 3 with SC = 5 VC ). None of the considered variants  including the 
Krytsky-Menkel models gave an adequate approximation to the observed data. The 
Pearson III type distribution (arithmetical) with SC = 3 VC  (the model 4) also 
turned out to be not a sufficiently adequate model to describe the observed data. 

 



~ 81 ~ 
 

Математичне моделювання в економіці, №1, 2018.   ISSN 2409-8876 
 
  

 
 

Fig. 5 – The probability distributions of water discharges maxima,  
the Stryi River, the Verkhnye Syn’ovydne water level gauge 

 
It is known that the logarithmic transformation allows expanding the scope of 

practical application of probability distributions. This is a fairly simple and 
sufficiently effective technique to overcome the excessive asymmetry of observed 
data [26], which is carried out by replacing a random variable x  by a random 
variable xy lg=  or by a variable xy ln= . 

Usually, the logarithmic transformation is present in the two- and three-
parameter log-normal distributions and in the log-Pearson III type distribution (See 
Fig. 2, the model 8). This technique may also be used regarding the type I Gumbel 
distribution. The results are shown in Fig. 6. 
 

 
 

Fig. 6 – The logarithmic distributions of probability of water discharges maxima,  
the Stryi River, the Verkhnye Syn’ovydne water level gauge 

 
In Fig. 6, it is shown the following probability distributions: the model 1, the 

two-parameter log-normal distribution; the model 2, the log-Pearson III type 
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distribution; the model 3, the type I log-Gumbel distribution (the type I Gumbel 
distribution built for logarithms). It may be seen, that the logarithmic 
transformation for the Gumbel’s distribution allowed taking into account the 
hidden asymmetry of data, the asymmetry, which was magnifying the uncertainty 
of forecasting. As a result, the less risky forecast was obtained. 

 
Conclusions 
 
It was considered the possibility of using the type I Gumbel distribution as one 
among alternative forecasting models in assessing flood risks at rivers, which is 
carried out based on forecasting of maximum hydrological characteristics 
according to hydrological observations. 

It was shown, that the type 1 Gumbel distribution, both in arithmetic and 
logarithmic form, can be successfully applied in predicting the hydrological 
maxima having low exceedance probabilities. This distribution can be adequate 
forecasting model, which allows taking into account the individual particularities 
the time series of observed hydrological maxima. 
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