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THE PROBLEM OF CONTROL OF MEMBRANE VIBRATIONS
WITH NON-SEPARATED MULTIPOINT CONDITIONS
AT INTERMEDIATE MOMENTS OF TIME

Introduction. Many control processes from various fields of science and technology lead to
the necessity to study multipoint boundary value problems of control, in which, along with
classical boundary conditions, non-separated multi-point intermediate conditions are also
given. A characteristic feature of multipoint boundary value problems of control is the pres-
ence of non-separated conditions at several intermediate points of the study interval. Such
control problems have important applied and theoretical value, a necessity naturally arises
for their investigation in various settings. In this article, the problem of control of vibrations
of a rectangular membrane with given initial, final conditions and non-separated values of
the deflection function and velocities at intermediate moments of time is considered.

The purpose of the paper is to develop a constructive approach to construct a function
of control action to control the vibrations of a rectangular membrane with given initial, final
conditions and non-separated (non-local) values of the deflection and velocities of membrane
points at intermediate moments of time.

Results. By the method of separation of variables, the problem is reduced to the prob-
lem of control of ordinary differential equations with given initial, final, and non-separated
multipoint intermediate conditions. Using the methods of the theory of control of finite-
dimensional systems with multipoint intermediate conditions, a control action to control
vibrations of a rectangular membrane is constructed.

Conclution. The problem of control of the vibrations of a rectangular membrane with
given non-separated values of the deflection function and velocities at intermediate moments
of time is solved by using the methods of the theory of control of finite-dimensional systems
with multipoint intermediate conditions.

Keywords: control of vibrations, membrane vibration, intermediate values, non-separated
multipoint conditions.

© V.R. BARSEGHYAN, 2019
20 ISSN 2663-2586 (Online), ISSN 2663-2578 (Print). Cyb. and comp. eng. 2019. Ne 3 (197)



The Problem of Control of Membrane Vibrations with Non-Separated Multipoint Conditions

INTRODUCTION

One of the most common processes in nature and technology are oscillatory
processes, which are modeled by the wave equations [1-4]. At the same time, in
practice, control problems often arise when it is necessary to generate the desired
vibration form that satisfies intermediate conditions. Many control processes lead to
the necessity to study multipoint boundary value problems, in which, along with the
classical boundary (initial and final) conditions, non-separated (non-local)
multipoint intermediate conditions are given [5-15]. Non-separated multipoint
boundary value problems, on the one hand, arise as mathematical models of real
processes, and on the other hand, for many equations correct formulation of local
boundary value problems is impossible. The nonseparability of multipoint
conditions may be, in particular, due to the impossibility in practice to measure the
parameters of the state of an object instantaneously or at its individual points.
Numerous examples of technological processes leading to the problems of
control of systems with distributed parameters were considered in [1-3] and
various methods of solutions were proposed. The control problems of oscillatory
processes, with both external and boundary control actions under various types
of boundary conditions are considered in [4, 7—14]. In [7-12] problems of con-
trol of vibrations of a string and membrane with given intermediate (local) states
with the help of external forces acting on the systems were considered. The
problems of control of distributed systems with given non-separated multipoint
(non-local) conditions at intermediate moments of time are less explored to date.
The purpose of the paper is to develop a constructive approach to con-
struct a function of control action for controlling vibrations of a rectangular
membrane with given initial, final conditions and non-separated (non-local)
deflection values and velocities of membrane points at intermediate times.

THE FORMULATION OF THE PROBLEM

Consider a homogeneous, elastic, rectangular membrane, the edges of which are
fixed. Let distributed forces act on the membrane with a density u(x, y,t) per-

pendicular to the surface of the membrane, under the action of which the mem-
brane will vibrate. We restrict ourselves to the consideration of small vibrations
of the membrane.

The state of the membrane is described by the functionQ(x, y,t) ,

0<x<bh,0<y<c, 0<t<T,which for 0<x<b, O<y<c u 0<t<T
is characterized by the following equation:

az_Q:az(angrazQ}u(x’y,t) 0

or’ ox> oy’
with homogeneous boundary conditions

0(0,y,0=0, O(b,y,1)=0,0(x,0,)=0, O(x,¢,))=0, 0<t<T ()
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and satisfying initial and final conditions

Q(xayao):(ﬂo(st’)» :l/lo(xay)a OSXSb, OSySC, (3)

t=0

o

0
Q(xayaT)=¢T(xay)=¢7m+1(xay)» _Q ZWT(X,y)Il,VmH(X,y),
Ot |-y (4)

0<x<bh, 0<y<c.

On the left hand side of equation (1) the function u(x,y,f)- density of

L . 1 .
force, which is the control action, a’ =-" where 1,- tension, and p -

P
membrane density. It is assumed that the functionu(x,y,t) € L,(€2), where

Qz{(x,y,t):xe[O,b],ye[O,c],te[O,T]}.

Let at some intermediate moments of time 0= t, <t <..<t, <t

m+1

=T
on the values of the membrane deflection function non-separated (non-local)
conditions are given in the following form:

> /0yt =), )
iekag(g—;y’t) = B(x, )., ©)

t=t,

where f, and e, — given values (k=1,...,m), a(x,y) and f(x,y) — some

known functions.
Necessary condition for existence of the classical solution of the formulated
problem (1)—(6) is a condition of compatibility of boundary, initial, intermediate

and final conditions. Therefore it is supposed that @,(x,»), ¥,(x,»),
o (x,y), wr(x,y), a(x,y) and p(x,y) are given smooth functions
satisfying the compatibility conditions.

In general, it is possible that at some moments of time #, (k =1,...,m) in the

conditions (5), (6) either the values of the deflection function or values of
derivatives of that function are present, i.e. it is not mandatory that at each moment

of time f, (k=1,...,m) in the conditions (5), (6) functions Q(x,y,?,) and

00(x, y,1)
Ot

the corresponding coefficients f, or e, are equal to zero. In particular, assuming

that f, =e =0 and f, = e, =1, conditions (5) and (6) take the following form:

are present at the same time. In those case we will consider that

t=t,
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900(x, y,1)

Py =pB(x,).

t=t,

Ox, y,t,) = a(x,y),

The control problem of membrane vibrations with given non-separated
values of the deflection function and velocities at intermediate moments of time

(k=1,...,m) can be formulated as follows: among the possible controls

u(x,y,t), 0<x<b,0<y<c, 0<¢<T it is required to find a control that

transfers membrane vibrations (1) with boundary conditions (2) from a given
initial state (3) to a given final state (4), ensuring the satisfaction of non-
separated multipoint intermediate conditions (5), (6).

It is assumed that system (1) with constraints (2) - (6) over the time interval

[0, T ] is completely controllable [5, 16].

THE SOLUTION OF THE PROBLEM

To build a solution to the formulated problem, we are looking for a solution to
the equation (1) with boundary conditions (2) in the following form:

x y, Z Q,m sm—xsm%y 7)

k,n=1
Apparently, to determine Q(x, ¥, t) it suffices to determine O, (t) , Where
k,n=1,2,.... We represent the function (X, y,¢) in the form of Fourier series
nr
x , um sm—xsm—
! k;l ¢ b ¢ & ®

Let us substitute decomposition (7), (8) into the relation (1). By virtue of the

. . : . kr . nrm
orthogonality of the system of eigenfunctions {s1n7xsm— y}, where
c

k,n=L12,..., it follows that coefficients of Fourier Q, (t) satisfy the

countable system of ordinary differential equations

O (1) + 20,00, (1) =10, (¢) . 2, = 0 H%ﬁj {ﬂ”

¢ ©)
kn=12,...

and the following initial, non-separated multipoint intermediate and final
conditions:

0,0 =01, 0,0) =y, (10)
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2 1,0u(t) = s 2.60u(1) =B (an
= 1
0., =p) =9, 0, (D) =y =y, (12)
where O, (1), @), w2, oV wi™) u, (1), a,, and B,, denote Fourier

coefficients, corresponding to the functions Q(x,y,t), @,(x,»), ¥,(x,¥),
¢’m+1(xay) s Wm+1('x9y) > u(x,y,t) > O{()C,y) and ﬂ(x,y) .

The general solution of equation (9) with initial conditions (10) and its time
derivative have the following form:

1 ) 1 |
0, (1)=¢) cos At +—y) sin At +— ju,m r)sin 4, (t—7)dr,
ﬂ’kn ﬂ’kno
, (13)
an ()= kn¢/£l(1)) sin 4,7 + l//lgq)) COS Ayt + J.ukn (r)cos 4, (t—7)dr.

0

Now, taking into account the intermediate non-separated (11) and final (12)
conditions using the approaches given in [6, 7], from equation (13), we obtain that the

functions u,,(7) foreach k and n must satisfy the following system of equalities:

T
[, (2)sin 4,(T -1)dr = C,,, (D),
0
T

I”kn (t)cos 4, (T'—7)dr = C,,, (T),

0

wo (14)
>, [ ()sin A, (¢, )T = C(1,,.0t,,)
Jj=1 0
m tj
Y, [uy, (x)cos 4y, (¢, = 1)dr = CL) (4.0,
J=1 0
where
Clkn (T) knwlfv:nﬂ) j’kn¢l£f(1)) Cos j’knT - l/llgi(z)) Sin j’,’mT’ H
C2k/1 (T) l//(mH) + ﬂ/kﬂ¢]§i(’l)) Sln //l’knT - l///f’:l)) Cos /,i“knT i (15)

m 1
Cl(kn) (tl PRRRY) m) ﬂ“kn |:akn Z f [(DIS;)) cos j’kntj + E_ngz)) Sln A’kntj j:|

kn

Ci(t,ynt,)) = By, — Ze ( A®h) SN At + /) cosﬂ,mtj).
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We introduce the following functions

h, (t)y=sinA (T -r7), h,, (r)=cosA, (T—-7), 0<z<T
WY @)= f )

i — <r<t,
e :{smi,m(tj r) when 0<7<t,
kn

0 when t <r<t, =T,

(16)
o (7) =2 el (7).
J=1

cos 4, (t,—7) when 0<7<i,

h;-,z,zm:{

0 when t,<r<t, ., =T.

Then the integral relations (14) with the help of the function (16) are written
as follows:

T T
Iukn @y, (0)dr =C,,(T), Jukn (Dhyy, (0)dr =Cyy, (T),
0 0
i (m) (m) i (m) (m) 7
[, @R (D)dr = CR (1,0, [0, (OB (@) = CL (1)51008,.)
0 0
kn=12,....

Thus, the required functions u,,(7), 7€ [O,T ], for each k and n must

satisfy the integral relations (17).
Using the following notation

hy, (7) C.,(T)
By (7) Cou(T)
Ho, @)= o0 = s 18
¢ hl(kn) (T) ‘ C11(101) (tl ERR tm ) ( )
h;;cnn) (T) Cé;cnn) (tl""’ tm)

we re-write integral relations (17) in the form:
T
[Hy (0, (0)dt =7, (19)
0

From relation (19) (or (17)) it follows that for each harmonic, the motion
described by equation (9) with conditions (10) - (12) is completely controllable

if and only if for any given vector 77, (18) it is possible to find a control u,, (),
te [0, T ] , satisfying condition (19) (or (17)).
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We introduce notation

(kn) (kn) (kn) (kn)
S Sio Si3 Si4

T Gy () k) (k)
21 22 23 24
St j i, (t)(Hk"(t)) (km) — Gkm)  Gkm) (k) | (20)
0 S31 S3p 0 S330 Sy

(kn) (kn) (kn) (kn)
Sy Sp Sz Sy

where H,,(t)(H,, (t))T — outer product of vectors. Henceforth the letter «7'» in

the superscript denotes transpose operation.
Let's assume that detS #0. Then, following [5, 17], for each

k,n=1,2,... the function u, (¢), te [O,T ], satisfying the integral relation

(19), can be written as
T ~-
ukn (t) = (Hkn (t)) Sknlnkn + an (t) H (21)

where v, () —some vector function such that

[H, w0t =0. 22)
0

The elements of the matrix S

n?

according to (20) and the notation (16),
(18), have the following forms:

Sl({m) = J.(hlkn (T))2 dr

0

(sm A, (T = r))

O'—.'ﬂ

T T
55" =58 = [ Iy (D), (D)dT = [sin A, (T = 7) cos 4, (T - 1)d
0

0
T T m
== P evte = fon -0 5 e o
0 0 =

(23)

J=1

sl — gl _ Ihkn (D) (2)dT = j sin A, (T —7) (ie D) (r)j dr =

Zel“‘smﬂ,{n(T )W) (r)dr = Z Imnlkn(T r)cos 4, (¢, —7)dr,
Jj=1

j=1

T T m
S8 =58 = [y, ()R (2)d7 = [ cos 4, (T—r)[Z f,-hfz,,’der,
0 0 J=1

26 ISSN 2663-2586 (Online), ISSN 2663-2578 (Print). Cyb. and comp. eng. 2019. Ne 3 (197)



The Problem of Control of Membrane Vibrations with Non-Separated Multipoint Conditions

st = j (hyyy (7)) d = JT‘(cos 2 (T=1)) dt

0

T
s =58 = [ by, (OB ()T = j cos A, (T — T)[Ze hgg,(r)Jdr_
0 Jj=1

m T m
=Y e, cos 4, (T=0)hD) ()T = e, [ cos 4, (T —7)cos 4, (t, ~7)d ,
J=l 0

J=l 0

0 = (o)) e = f[i ~><r>]

0 0\ Jj=1

T T m
0 = 9 = [ (OO () = j[ f;é?(r)j[Zehég <r>]dr
0 0

Jj= Jj=1

T
s =Jhco e~ [ze h;;zm] e

Note that, accordmg to the notation (16), we will have

D fisind, (¢, -1,  0<r<t,
j=1

D fisind, (6, -1, 1 <t<t,
j=2

RV () = ,
sinA (t,—1), t. ,<t<t
J fn \" j m-2 m—1
J=m-1
f,sin4, (¢, —1), t, <t<t,
0, t <t<t =T

Zejcosﬂkn(tj—t), 0<t<t
=1

D cos A, (t,—1), 4 <t<t
j=2
g (1) =

D e cos A, (t, 1), 1, ,<t<t,

Jj=m-1
e, cosi, (¢, —1), t, <t<t,

0, t, <t<t =T

m+1
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Therefore, taking into account the notation (16) and (18), the control action
u,(t), te [O, T ] , according to (21), is represented in the following form:

X

sin4,, (T'—t) cosA, (T —t) ij sin 4,,, (¢, —1) Zej cos A, (¢, 1)
Jj=1 J=1

X Sir iy +V, (1), 014,

X

sind, (T—1) cosA,(T—1) Y fsind,(t,—1) Y e cosi,(t,~1)
j=2 J=2

-1
u, ()= xS, n, v, (@©), t <t<t,

(sin A, (T—t) cosA, (T—1) f,sind, (t,—t) e, cosk,(t, —1))x

-1
X Skn nkn + an (t)’ tm—l <t< tm

(sind, (T—t) cosA, (T—t) 0 0)x

-1
X Skn nkn +an (t)’ tm <t< z‘m+l =T

Substituting the obtained expressions u,, (¢) into (13), we obtain O, (¢) on
the time interval ¢ e [O, T ] , and from formulas (7) and (8) we obtain the
functions of the deflection, Q(x, y,t), and control, u(x, y,t) . Thus, the explicit
expressions for the control function u(x, y,) have the form:
for 0<7<¢

u(x,y,t)=

Ksin}t,m(T—t) cos A, (T—1) D fisink,(t,—-1) e, cosikn(tj—t)Jx
= J=1 J=1

k,n=1
- . kr . nrx

XS w + Vi (t)} 51n7xsm—y ,
c

for t, <t<t,

u(x, y,t)=
= [[sin AT =1) cos A, (T—t) D fsind,(t,—1) D e cosd,(t —z)jx
k=1 j=2 j=2

- . kr . nm
XS V4, (t)} sin——=xsin—y,

*

for¢, <t<t,
u(x,y,t)=
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= Z [(sin A, (T—t) cosA, (T—t) f,sinA (¢t —t) e, cosA, (t, — t))x
k,n=1

- . kr . nm
><Sknlnkn + an (t)i' SI——xsin—-y,
b c
for Z, <t£tm+1 =T

u(x, y,t) =
= Z [(sin/lkn(T—t) cosA,(T—t) 0 0)S.7, +vkn(t)]sink7ﬂxsinﬂy.
c

k,n=1

Thus, having explicit expressions for the control function (which is a piecewise
continuous function), using the above formulas, the deflection function of the
membrane can be found.

CONCLUSION

In this article the problem of control of the vibrations of a rectangular membrane
with given non-separated values of the deflection function and velocities at
intermediate moments of time by the method of separation of variables, is
reduced to the problem of control of countable ordinary differential equations
with given initial, final, and non-separated multipoint intermediate conditions.
The solution to the problem is constructed by using the methods of the theory of
control of finite-dimensional systems with multipoint intermediate conditions.
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€pEeBaHCHKOTO AEPKABHOTO YHIBEPCUTETY
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€peBaHCHKUIA AepKaBHUI YHIBEPCUTET,

InctutyT mexaniku HAH Bipmenii

ByJl. bakyHna, 8, M. €Epean, 0033, PecnyOnika BipmeHis

3ABJAHHS KEPYBAHHA KOJIMBAHHAMU MEMBPAHU 3 HEPO3/JIVIEHIMU
BAITATOTOYKOBHMMU YMOBAMU V [TPOMDKHI MOMEHTH YACY

Beryn. XapakTepHOio 0coONMBICTIO 0araTOTOYKOBHX KPalOBHX 3a7ad KOHTPOIIO € HasB-
HICTh HEPO3/IICHUX YMOB y KUIbKOX MPOMDKHHUX TOYKAX IHTEpBalNy AOCHIIpKeHHS. Taki mpo-
OJIeMH KepyBaHHS MAlOTh BRXIMBE MPHUKIATHE | TEOPETHUHE 3HAYCHHS, TPUPOJHO BUHUKAE
HEOOXIHICTh IXHBOTO JAOCIIPKEHHS B PI3HUX YMOBaxX. Y CTAaTTi PO3MISHYTO MpoOIeMy KOHT-
POJTIO KOJIMBAHb MPSIMOKYTHOT MEMOpaHH 13 3aJaHMMH MOYaTKOBUMH, KiHIICBUMH YMOBAMH Ta
HEPO3IIJICHUMH 3HaYCHHAMH (DYHKIIIT EpEeruHy Ta MIBUIKOCTEH y MPOMIXKHI MOMEHTH Yacy.

Mertolo cTarTi € po3po0IeHH KOHCTPYKTUBHOIO MiAX0Ay A0 Mo0ynoBu GyHKIIT kepy-
BaJIBHOT Aii JUI1 KOHTPOJIO KOJHMBaHb MPSIMOKYTHOI MeMOpaHHM i3 3aJlaHUMH MTOYaTKOBUMH,
KIHIIEBUMH YMOBAaMHU Ta HEPO3JIUICHUMHU (HE JIOKAJIbHUMH) 3HAYCHHSIMHU TIEPETUHY Ta IIBU/-
KOCTSIMH MEMOpPaHHUX TOYOK B IIPOMIXKHI MOMEHTH 4acy.

Pe3yabTaTH. MeTo0M N0y 3MIHHUX 3aj]ada 3BOJUTHCS JO 3a/avi KepyBaHHs 3BH-
YalHUMU TU(epeHIiaTbHIMI PIBHSIHHSIMY i3 33JaHMH TIOYaTKOBHMHU, KiIHIICBUMH Ta HEPO3-
JIJIEHUMH 0araTOTOYKOBHMH MPOMIKHHUMH YMOBaMH. 3a JOMOMOTOK METOJIIB Teopil Kepy-
BaHHs KiHIIEBOMIPHHMH CUCTEMaMH 3 0araTOTOYKOBHMH NMPOMDKHAMH YMOBaMH MOOYI0BaHO
KepyBaJbHY Ail0 JUI1 KOHTPOIIO KOJIMBAHb IPSIMOKYTHOI MeMOpaHu.

BucHoBKH. 33/1a4a KepyBaHHs KOJMBaHHAMH MMPSIMOKYTHOI MEMOPaHH 13 3aJJaHUMU He-
PO3IIEHUMH 3HA4YeHHSIMH (YHKIIi BIIXWJICHHS Ta IIBUAKOCTEH Y TPOMIXHI MOMEHTH 4acy
BUPIIIYETHCS 32 TOMOMOTOI0 METOJIB TeOpil KepyBaHHS KiHIIEBO-PO3MIPHUMHU CHCTEMaMH 3
06araToTOYKOBUMH MTPOMIXKHUMH YMOBaMH.

Knrouosi cnosa: xepysanns KOIUBAHHAMU, KOAUBAHHI MEMOPAHU, NPOMINCHI 3HAYEHHS, He-
PO30ineni 6aeamomouxkosi ymosu
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3AJIAYA VIIPABJIEHUA KOJIEBAHUAMU MEMBPAHBI
C HEPA3JIEJIEHHBIMY MHOI"OTOYEYHbBIMU YCJIOBUAIMUI
B ITPOMEXXYTOYHBIE MOMEHTBHI BPEMEHN

PaccmoTpena 3aiava ympaBieHUs KOJIeOaHUSAMH HPSIMOYTOJIBHOH MeMOpaHbI C 3aJaHHBIMU
HepasJIeNeHHBIMY 3HAUCHUAMH (QYHKIMN IPOrnda U CKOpOCTeH B MPOMEXYTOUHBIE MOMEHTHI
BpeMeHH. MeTonoM pasjefieHHs NEepeMEeHHbIX MpobjeMa CBOIUTCA K 3ajiaye YIpaBICHUS
OOBIKHOBEHHBIX TU(depeHInanbHbIX ypaBHEHUH ¢ 3aJaHHBIMU HayaJbHBIMHU, KOHEYHBIMU U
HEepa3/JeJICHHBIMA MHOTOTOYEYHBIMH MPOMEKYTOYHBIMH YCIOBUSAMHU. VICHonb3ys MeTOJbl
TEOPHH YIPABICHUS] KOHEYHOMEPHBIMHU CHCTEMaMH C MHOTOTOYEYHBIMHU ITPOMEKYTOUYHBIMU
YCIIOBUSIMU, IOCTPOEHO YIIPaBJISIOIIEe BO3JIEHCTBHE.

Knrwouegvie cnoea: ynpaeJjieHue K0ﬂ€6aHuﬂMM, Konebanue MeM6paHbl, NPOMEIHCYmovHvle
3HAYEeHUA, Hepas’aeﬂeHthe MHO20mouednbvle YClo6us.
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