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The harmonic balance finite element method for two dimensional periodic magnetic field in a conductive ferromagnetic
medium is formulated. To convert of partial differential equation system into the system of nonlinear algebraic equa-
tions the weak formulation of Galerkin method is used. Structural steel and silicon steel with different magnetic proper-
ties and various electrical conductivity are studied. It is described how to take into account the nonlinear properties of
medium in mathematical model. The spectrum of supply current and flux density on the surface and inside the medium
were computed provided the sinusoidal voltage fed. The dependencies of the amplitudes of high harmonics versus the
steel properties and amplitude of the first harmonic of magnetic flux density at the surface of medium are presented.
References 14, figures 5.
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Introduction. Magnetic field simulation in ferromagnetic medium requires taking into account mag-
netic saturation and hysteresis phenomena. These phenomena cause occurrence of high harmonics in mag-
netic field, flux density and supply current. If it is necessary to study a periodic process of an electromag-
netic device the simulation in the frequency domain is preferable to numerical integration in time-domain.
Currently, the finite element method (FEM) mainly is used for modeling of magnetic field. In periodic proc-
ess complex variable representing the only main harmonic is used. And in such case no spectra can be found.
In [7,8,9,13] it was shown that harmonic balance finite element method (HBFEM) is the most effective
method under in this situation. Unlike the single-harmonic simulation, which uses magnetization curve for
effective values, HBFEM uses real one and gives the instantaneous values of magnetic field and eddy cur-
rents in a period. Therefore this method allows to increase the accuracy of flux density and iron losses de-
termining. The situation is rather complicated by the presence of eddy currents but HBFEM can be effec-
tively used in this case too [12].

Apart from the computation of iron losses another important problem is evaluation of current supply
spectrum due to nonlinear properties of medium. But it is not possible to calculate the current spectrum in
voltage fed devices by using mono-harmonic approach. Computation of a transient is not preferable due to
some known reasons [7]. HBFEM gives the spectrum directly [3,14] and for that reason it is most suitable
method which allows to find the stationary periodic solution. Aim of the article is to study influence of iron
saturation and eddy current to spectrum of supply current by using HBFEM.

The simulation was carried out with GE2D package which supports the HBFEM for two-
dimensional low frequency electromagnetic problems. The package was developed in the Institute of elec-
trodynamics of the NAS of Ukraine and used first order triangle finite elements [6]. This package was used
earlier for computation of particle tracing in stationary magnetic field [1] and parameters of permanent mag-
net electrical machines [5].

Mathematic model. The model of nonlinear magnetic field in conductive immovable medium is
based on partial differential equation in terms of vector magnetic potential A

Vxf(VxA)=—yVo—-y0A/0t+J , (1)
where f (®) is nonlinear vector function representing dependence of field strength components (H,, H,) vs
magnetic flux density components (B,, B)) , y is an electric conductivity, ¢ is a scalar electric potential, ¢ is a
time, J is an external exciting current density. The above-mentioned nonlinear function for isotropic medium
is determined with the relationship

(H,,H,)=H(B)/|B| (B,.B,), 2)

where H(B) is an expression of the normal magnetization curve, || B || is the Euclidean norm of the magnetic
flux density vector.

Consider the case of a two-dimensional magnetic field which has the only spatial component 4 = A4,
provided that there are no external sources of electric potential ¢ and external current J inside the medium.
Taking into account above-mentioned, the equation (1) can be rewritten in the following form
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where x and y are the axes of Cartesian coordinate system.

To study the influence of nonlinearity to wave form of the eddy currents and supply current respec-
tively without influence of any geometry features it is enough to consider subdomain of rectangle, shown in
Fig. 1. The subdomain is cut from the cross section of slab which is infinite in x and z directions. The alter-
nating magnetic field is excited by the thin layer of current density J,, located on the top and bottom surfaces
of slab (Fig. 1). Thanks to symmetry relative to the horizontal axis the only one half of cross section may be
examined. If the magnetic field is excited by a voltage source then the magnetic flux @ along x - direction
inside the slab may be represented according to Stoke's theorem as

©=[B.dS={Adl. )

Consequently the voltage AU applied to selected part of winding of width b is given by expression
l d
Au=Aw——\A@)dx, 5
5 dt{ (0 (%)

where Aw is a number of turns, / is a reference length. Due to that the vector potential does not depend on x
coordinate, the relationship between voltage and am-
plitude sine vector potential Ar on the slab surface
may be found from (5) as
Au(t)y =20 Awl A4, sin( ot), (6)
where o is an angular frequency. Thus the boundary
condition on the slab surface (Fig. 1) is
A =AU, sin(ot)/(20 Awl), (7)
where AU,, is an amplitude of sine supply voltage.
According to harmonic balance method the
approximate solution of vector potential A(x,y,) and
other variables are represented by trigonometric
polynomials like this

A= AURA 200 Aw 1)

8A4/én=0

A(x,y,t) = Z [4,,;cos(vwt)+ 4, sin(vwt)] N;(x,»), (8)
] 1

where n — number of nodes of mesh; 1, — number of harmonic base function; y = ( g/ 2"| ; N; 1s node base

function of element. As mentioned above, triangular first order finite elements have been used. In accordance
with HBFEM we should find all node variables, namely, flux density, field strength and current as truncated
Fourier series containing the same number of harmonics like (8). Thus, discrete analog of derivatives for de-
termination of flux den51ty components in (3) is

04 s N ; oA

B (0‘)_ =2 Z A;h*fh(a) 7y ; By(a):_ P :—Z Z Ajhfh(a

h=1 j= ji X h=1 j=ji

where j; — j3 is number of element nodes, (o) is a trigonometric base function: cos(vet) or sin(vcoz) in (8).
Application of Galerkin method in weak formulation gives integral relationship

27 ~ O N ~ J N, 2z -
- — H L - H —2= a)dQQ da + — H_N. a)dQ da +
,,H{ym xﬁy}gg() ,,H &) (10)
2 A
= — N, dQ d =0
+7[£§£7a) oS lfg(a) a ,

where H. is unknown surface field strength. Assuming that the magnetic field outside the infinite slab is zero
(like outside a solenoid) one can say that the surface field strength H; is equal to surface current density of
excitation winding J,,. As the result, the algebraic equation system of FEM includes two unknown vectors.
The first one is a vector of harmonic amplitudes of potential Aq,, in nodes, which do not belong to surface of
slab. The second one is amplitudes of harmonics of supply current density J,, in nodes belonging to the sur-
face (top boundary of the selected rectangle on Fig. 1). Let the period be divided into L equal intervals. Then

ISSN 1607-7970. Texn. erexmpoounamixa. 2017. Ne 5 19



for a node with the index i (i =1 ... n) belonging to the element e and for a harmonic base function with the
index 4 (h=1 ... ny) of a contribution R, to the residual vector R gives

e 1 L ~ ON; ~ ON;
Rih:z“‘{_zl |:Hy O x _HXW:|§h(as) +
e s =

(11)
tro X [EMm @ )N ] 8 (@) N JdSs s T X U 6y (e )d T,

J=j1sJ2>73 res=1
where ji, j», j3 are nodes of element e , S, is the square of element, (o, =27 (s - 1)/L; s=1 ... L) are the nodes
in time domain; I'® is the part of the boundary belonging to element e. The major step in the formulation of a
nonlinear system of equation is to get expressions for Jacobi matrix obtaining from (11). This way, by using
of through indexes k=n, (i - 1)+ hand n = ny(j - 1) + g, we have contribution of finite element e to k, n-cell
of global matrix
e 1
Jkn - L I [

e

4, Jx JA, Oy

N

{é’Hy AN, OH,_ JON }éh(as%
! (12)

_ 1 L .
+ [}/a) (+v)§hz(as) N,-NjJ)dSe+fj > &hp(ay)dTe,
re s =1
where H,, H, are nodal instantaneous values of field strength. Derivatives in the first term of (12) may be
written as
oH, oH,0B, OH,0B, OH, JH.,°B, JH JOB,, (13)
64, o&B,o4, OB, 24, 24, JOB,J4, OB,JA4,
in turn, the derivatives from field strength components 0H, / 0B,, (n = x, y) are defined from the vector func-
tion (2) but derivatives 0B, / 04, in accordance to (9) are determined by
By )N DB ()N (14)
o4, SV ox 7 44, oy
In order to study the influence of magnetic properties of steel monotone Frohlich function for ap-
proximation of relative magnetic permeability was used

p=1+u, /11+(B|/B,)"1, (15)
where L, is initial magnetic permeability, B, is magnetic flux density, corresponding to the inflection point
(half saturation), m is a factor of function steepness.

Two steel compositions were studied, namely, low silicon (structural steel, p,, = 1000; B;=1,44; m
=6,0; y=7,14-10° S'm™) and silicon steel (u,, =5000; B,=1,15 T; m=10, y=2,3-10° S:‘m™). The correspon-
dence between approximating dependencies and catalog data is shown in Fig. 2.

If indexing of all nodes starts from the nodes

BT belonging to top edge of domain, the system equation
| can be represented in general matrix form as
. " ] Mzdgs| [Ar (16)
H/M"‘“Q’f HG|lag] o]

15 g where boundary values of Ar are defined from (7).
{;?ﬁ PETT— For solving the nonlinear system (16) the modi-
1 s as fied Newton’s method [10] which includes original op-
g A Siicon steel, data timization algorithm and gives quick and reliable con-
0.5 o Lowsilicon, data vergence [4,6] is used in GE2D package. The reliability
g of convergence is provided by the monotone approxima-
5] tion of magnetic permeability too. To increase the effi-
00 2500 5000 15000 250000 35000 H, A/m  clency of computation the algorithm used the reception

proposed in [11], comprising converting of expression
for magnetic permeability (15) to dependence of specific
conductance on magnetic flux density squared v(B).

Results and discussion. The dependence of supply current spectrum versus value of applied voltage
has been studied. As more suitable criterion of process intensity the first harmonic amplitude of flux density in
the surface can be adopted. It is caused by the fact that voltage or flux depends on the size of slab, but the flux

Fig. 2
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o , Hx10%, A/m density does not. Skin effect
 B=1.8T] | P é leads to non sinusoidal wave-

5 ; : form of flux density both on
the surface and inside the
metal. This fact, provided that
the amplitude of main flux
density harmonic B, equals

Y, to 1,8 T, is confirmed by time

4 é - Honetace \\ /. dependencies shown in Fig. 3

e e ! : ; : 4 and Fig. 4 for flux density and
0730 60 90 120 180 240 300 gy grac ®0 60 120 180 240 300 or, grad field gtrength respectively in
Fig. 3 Fig. 4 ten slices along the depth of

metal. The modeling was car-
ried out taking into account three first odd harmonics (1, 3, 5). As preliminary numerical experiments have
proved, the maximum harmonic number of 5 is enough to ensure the accuracy of both losses and amplitudes
calculation [4]. The current waveform has therefore some peaks (Fig. 4). On the contrary, the waveforms of
flux density are more flat than sinusoid. It is necessary to note, that in spite of non sinusoidal flux density char-
acter the flux and the voltage are sinusoidal as stated in problem formulation. The reason of this is phase varia-
tion of magnetic field along the depth.

The solution of system (16) gives spectra of supply current density J,. Curves in Fig. 5 display a re-
lationship between amplitude of main harmonic of the flux density and relative amplitudes of 3rd and 5th
current harmonics (with respect to the amplitude of its first harmonic), where p represents the maximum (ini-
tial) magnetic permeability, contained in formula (15). For comparison in Fig. 5 curves corresponding to non
conductive medium are represented, marked with y = 0. This case corresponds to laminated magnetic core
which has been studied in some publications [5,7].

As one can see, provided that the amplitude of fundamental harmonic of flux density is up to 2 T, the
amplitude of its third harmonic reaches 8 ... 18%. And the higher specific resistance of steel or the more
sharp bending of the magnetization curve (steepness of magnetic permeability curve (15) at II B Il =B,) is,

the more significant is contribution of high harmonics. Thus the maximum part of high harmonics, more then
50%, is observed in laminated magnetic core. The experimental data for amplitude of high harmonics in
magnetization current arising in laminated core of real transformer is described in [2]. For third harmonic
under condition that the amplitude of flux density B,, corres-ponds to 1; 1,4; 2 T, corresponding relative ampli-
tude of third harmonic reaches 21; 27,5 and 69 % respectively. The results presented above have no good cor-
relation with respect to obtained curves. It can be justified by the fact that ideal infinite object was consid-
ered. To uphold the obtained result it may be noted, that represented investigation was carried out not taking
into account resistance of winding, flux leakage, external circuit parameters and other factors taking place in
real transformers or inductors. With respect to the charts presented in Fig. 5 one may observe that the growth
of amplitudes of current harmonics decreases with increasing of flux density. This feature may be explained
by the increasing of linear part of magnetization curve in satu-

ration region as magnetic flux density grows. L/1, % 5000, m-10
R . . 15, 1 - 5000, m-10
Conclusion. The spectrum of higher harmonics of sup- i—‘g: ﬁ,mg; i
ply current generated by nonlinear medium is significantly in- gegi g i
. . —a—3, p- , m-10, y=
fluenced by eddy currents therein. Laminated core causes 4o e 15, - 5000, M0, y=0
: : . : : _ —a—13, - 1000, m&, y=0
maximal amplitude of the harmonics contained in supply cur / %@/ e

rent. Conversely, solid magnetic core causes lower amplitude of

30
the high harmonics. / /

In addition in a case of solid magnetic core waveform

™

of flux density on the surface is considerably flattened and sig-  2° e——
nificantly differs from a sinusoid. This fact should be taken / / /
into account when designing the devices indicating flux den- 5 /,/'/I/./

sity in the surface of solid ferromagnet. %/v s

To obtain a high accuracy computation of current and g;; I et
flux density amplitudes, losses etc. it is enough to take into D: e ) .5
account the first five time harmonics of the field. If only three ‘ R
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first odd harmonics exist the size of FEM matrix increases only three times compared to mono-harmonic
simulation.

1. Antonov A.E., Petukhov LS. Identification of the magnetic field of the rotor of a two-axis electrical machine // Tekhnichna Elektro-
dynamika. — No 1. — 1999. — Pp. 64-68. (Rus)

2. Bruskin D.E., Zorokhovich A.E., Khvostov V.S. Electrical machines. — Moskva: Vysshaia shkola, 1987. — 319 p. (Rus)

3. Cherepin V.T., Olykhovskiy V.L., Petukhov I.S. Optimizing the deflecting magnetic system of the mass spectrometer type of
spheretron // Tekhnichna Elektrodynamika. — 1997. — No 4. — Pp. 3—7. (Rus)

4. Development of the methods for symmetrization and calculating the parameters of linear induction machines (Parameter — 7): 2002
year / Report: Ne State registration 0198U007472; National academy of science of Ukraine, Institute of electrodynamics. — Kiyv:
Institute of Electrodynamics, 2002. — 105 p.

5. Gyselinck J., Dular P., Geuzaine C., Legros W. Harmonic-Balance Finite-Element Modeling of Electromagnetic Devices: A Novel
Approach // IEEE Trans. on Magnetics. — 2002. — Vol. 38. — No 2. — Pp. 521-524.

6. Lu J., Yamada S., Harrison B. Application of Harmonic Balance-Finite Element Method (HBFEM) in the Design of Switching Power
Supplies // IEEE Transactions on Power Electronics. — 1996. — Vol. 11. — No 2. — Pp. 347-355.

7. Lu J., Zhao X., Yamada S. Harmonic Balance Finite Element Method: Applications in Nonlinear Electromagnetics and Power Sys-
tems. — Wiley-IEEE Press, 2016. — 304 p.

8. Petukhov I.S. Simulation of alternating electromagnetic field in a conducting ferromagnetic medium by finite element method //
Tekhnichna Elektrodynamika. — 2008. — No 4. — Pp. 18-26. (Rus)

9. Petukhov I.S. Simulation of alternating electromagnetic field in a conducting ferromagnetic medium // Pratsi Instytutu Elektrody-
namiky Natsionalnoi Akademii nauk Ukrainy. — 2004. — No 2(8). — Pp. 15-16. (Rus)

10. Reklaitis G.V., Ravindran A., Ragsdell K. M. Engineering Optimization: Methods and Applications. — New York: Wiley, 1983. —
667 p.

11. Silvester P.P., Ferrary R.L. Finite Elements for Electrical Engineers. — Cambridge: Cambridge University press, 1983. — 494 p.
12. Stefan Ausserhofer, Biro O., Preis K. An Efficient Harmonic Balance Method for Nonlinear Eddy-Current Problems // IEEE
Trans. on Magnetics. — 2007. — Vol. 43. — No 4. — Pp. 1229-1232.

13. Zhao X., Li L., Lu J., Cheng Z., Lu T., Huang H., Liu G. An Efficient Fixed-Point Harmonic-Balanced Method Taking Account of
Hysteresis Effect Based on the Consuming Function // ICCP Proceedings. — 2010. — Pp. 179-181.

14. Yamada S., Bessho K. Harmonic field calculation by the combination of finite element analysis and harmonic balance method //
IEEE Trans. on Magnetics. — 1988. — Vol. 24. — No 6. — Pp. 2588-2590.

YK 621.3.01

PO3PAXYHOK INEPIOJUYHOI'O MATHITHOI'O IOJIAA Y ®PEPOMATHITHOMY EJIEKTPO-ITPOBIJHOMY CE-
PEJOBUIII TA TAPMOHIK Y CTPYMI )KUBJIEHHA METOJOM 'APMOHIYHOI'O BAJIAHCY CYMICHO 3 ME-
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IIpedcmasneno memoo 2apMoHiuHo20 OanaHcy cymMicHO 3 MemoOOM CKIHUEeHHUX eleMeHmi8 O 0BOBUMIDHO20 MACHIMHO20 NOJIA 8 eleK-
mponpogionomy gepomaznimuomy cepedosuwyi. /s nepemeopents oupepenyianbroo PieHAHHA 8 YACHMKOBUX NOXIOHUX 00 cucmemu
HenHIHUX aneeOpaiyHux pigHAHb BUKOPUCIOBYBABCS Memoo I anbopkina 6 crabkomy gopmynioeanti. Jocaiodncyeanucs KOHCMpYKYitina
ma 1€208aHa CMAb I3 PIsHUMU MASHIMHUMU 61ACIUSOCIIAMU MA PI3HOIO eleKmponpogionicmio. Onucano 8paxyeansi HeHIUHUX 6/1a-
cmugocmetl y Mamemamudniti mooeni. Pospaxoeano cnexmpu cmpymy dcuelieHHs ma MacHimuol tHOYKyii Ha noeepxHi ma 8cepeouti
cepeoosuya 3a yMog JiCUGNIeHHA CUHYCOi0anbHolo Hanpyzoto. IIpedcmasneno 3anedicHocmi amnainyo eUWUx 2apMoHiK 6i0 61acmueoc-
meti cmani ma amnaimyou nepuioi 2apMoniKu Maznimuol inoyKkyii Ha nogepxni cepedosuwa. bion. 14, puc. 5.

Kniouogi cnosa: meron rapMOHIYHOTO OanaHCy, METOJ| CKIHYCHHHX EJIEMEHTIB, ()epOMAarHiTHE CepeOBHIIE, CIEKTP MAarHiTHOrO
TIOJISA, CHIEKTP CTPyMYy.
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