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A UNIFIED APPROACH FOR UNIVALENT FUNCTIONS
WITH NEGATIVE COEFFICIENTS
USING HADAMARD PRODUCT

For given analytic functions @(9 = z+ X _, A, 2", ¥(d = z+ X, _, 1,2 in U={z: |z]<1}
with 2,20, 1,20, and A, =2}, andfor o, B (0S<1, 0<B<1), let E(p,y¥;c,B) bethe
class of analytic functions f(z2) = z+ 2., @,z in U such that f(2) * y(2) # 0 and |(f(2) *

*Q(/((f(A*y @) - 1] < BIF@ * 9(@)/((f(D * ¥(Q) + (1 -2a)| forz e U, where *
denotes the Hadamard product. Let T be the class of functions f(2) = z— X,.., la,|z" thatare
analytic and univalent in U, and let Ef{@,Vy; «,B) = E(p,y; o, B) T. Coefficient estimates,
extreme points, distortion properties, etc. are determined for the class Er(@,y; o, f) when the second

coefficient is kept fixed. The results thus obtained, for particular choices of @ (z) and w(z), not only
generalize various known results but also give rise to several new results.

Hexait 3 U ={z: |z| < 1} sapani avamitauni dpynkuii ¢(d = z+ 3., 1,2 Ta y (3 =
=2+ Yoy BpZ's BE 420, 1,200 Ay2p,, i E(9,y;0,B), 0Sa<1, 0<P <1, —kmac
ananiTHIHBX OYHKUIH f(2) = z+ 2, _, a,z° B U Takux, mwo f(2) * y(2 #0 i |(f(2 *
*Q()/((f(Q*v¥(2) - 1] <Bl(f(D* v@)/(f(@*e (@) + (1 -20)| npuz e U, pe uepes
noaHavero po6yTok Afamapa. Hexatt T — knac ynkuift f(z) = z— E:.;z la,| z" asamiTHuHMEX i
yuipanenTHux B U, i nexa#t Er(@,y;o,B)= E(¢,y; o, B)N T. KoediuienTui ouinky, exerpe-
ManLHi TOYKH, BJIaCTHBOCT gucTopcii Tolo BeTaHoBaeHi ans Kiacy Ex(o,y; o, B) npu dikcosa-

HOMY [pYroMy Koécpiuierrri. IMpu cneuiansiomy Bubopi ¢(2 i y(z) onepxkani pesyJsILTaTH HE TiJb-
KH y3araJibHIOIOTDh SaI"ﬂJ'ibI-IOBi,U,OMi, ai JalioTh MOMJTHBICTD [J151 BCTAHOBJIEHIIA HOBHX pﬁB}'JIhTa‘['iB.

Introduction. Let A denote the class of functions of the form f(z) = z + 2:::2 2.2

that are analytic in the unitdisc U ={z: |z| <1}. Denote by S(c, ) the class of
functions fe A that satisfy the condition

() f'(z)
z=—= -1l < Blz¥=—+1- 20

f(@) f(2)
forsome o, p (0<a<1, 0<P<1) andforall ze U andlet C(c,[3) be the
class of functions f(z) for which z f'(z) € S(«, ). The functions in S(o:, f) and
C(a, B) are called, respectively, starlike of order o and type B and convex of order

o and type B in U.
Let R(c, B) be the class of functions fe A that satisfy the condition

[f@D-11 <BIf(2) + 1 - 2a]

forsome o, p (0Lax<1, 0<B<1) andall ze U.

The classes S(ct,B), C (o, B), and R (o, ) were introduced and studied
in [1, 2]. .

Given two functions f,ge A, f(z) = z+2:=2anz", g(z) =z + z‘::zbﬂz",
their Hadamard product is defined by

fRQ*g@@) = z+ Y, a,b,7".
n=2

A function fe A is said to be prestarlike of order o« (0<c<1) andtype B (0<
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A UNIFIED APPROACH FOR UNIVALENT FUNCTIONS ... - 1163

< B <£1) and denoted by D(a, B) if f(2) * z (1 — z)zuuz € S(a,P). The class
D(o, 1)=D (o) was studied by Ruscheweyh [3], Al-Amiri [4], and others.

Let T denote the class of functions of the form z — z” 2

Iytic and univalentin U, and let Sp(o, ) = S(o, B)NT, Cr(e, B) = C(o, BYN T,
Ry(a,B) = R(a,B)N T, and Dy(a,B) = D(a,B)N T. Several properties of
Sp(a, B), Cp(o, B), Rp(o, B) and allied classes were obtained by Gupta and Jain [5

6], Jain and Ahuja [7], and Bhoosnurmath and Swamy [8].

Silverman and Silvia [9] investigated several properties of the classes Sp(ct, 1)
and Cp(ce, 1) with fixed second coefficient. To determine properties analogous to
those obtained by Silverman and Silvia [9] and in [10] for the above-mentioned sub-
classes of T, we introduce the following new class:

Definition. Given the functions ¢ (z) = z+2:_,) A 2" v (2) =

|a,|z" that are ana-

o

oo HnZ' analytic in U and such that X,20, W,20, and A,2W, for

n=23,..., wesay that fe A isin E(p,y;0c,B) if f(2)* v(zg) 20 and the
inequality '

f@)xe(z) f@)*9@
F @) *y(2) F (@) *y(z)
holds for some o, B (0Sa<1, 0<B<1) andforall ze U.

We shall denote by Ef{¢,y;o,B) the subclass of functions in E (¢, y; c, B)
that have their nonzero coefficients, from second onwards, all negative. Thus,
Er(@,v;0.B) = E(0,y; 0 B)NT.

It is easy to check that various subclasses of T referred to above can be represented
as Ep(¢,y; o, B) forsuitable choices of ¢ and . For example,

- 20 (1)

ET((I o BJ i
z+z 2 = _
gt )TW’M} - e

By g zi0B) = Rele,B)

e
(A ) - pr

etc. In fact, many new subclasses of 7 can be defined by suitably choosing ¢ (z) and
Y (z). It may by noted that fe Er(¢, y¥; o, B) if and only if

zf'(z) € Er {j #dr, _[ H—{?)dr; o, BJ
0 0
or

jf“)dr € Erz¢', 2¥; . B).

‘We shall now make a systematic study of the class Ep(@, Wy ; o, B). It will be as-
sumed throughout that ¢ and  satisfy the conditions stated in the definition and that
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1164 E. Q. ASSIRI, M. L. MOGRA

f(2)*y(z) #0 for ze U. The results thus obtained not only generalize the cor-
responding results of Silverman and Silvia [9] and those obtained in [10] but also give
an analogous study for the classes Sy(a, B), CH, B), Ry, B), and Dy(c, B).

1. Coefficient estimates. In this section, we find a necessary and sufficient
condition for a function to be in Er{(@, y; o, B).

Theorem 1. Let f(z) = z + Zm
<o<l, 0<B<1)

wed a,z" bein A. If for some oo, B (0 <

i o, la,l < 2B(1-a), )
n=2

where 6, = (1+B)A, — (1-PB+20P)W,, then fe E(9,y;a,P).

Proof. Suppose that (2) holds for all admissible values of o and . Then for z €
e U,

|f(@)*9(2) - f@D*y(@)| - B|f(2)*0() + (1—23)]’(3*‘#(2” =

e

z ay O"n i Mn) Zﬂ

n=2

2BA-a)z + i {BA, +(1—20) B, } a, 2"

n=2

<

n=12

< [2 A =) la,l = 2B(1—0) + {Bx,,+(1—2a)ﬁu,,}fa,,|J lz] =
n=2

= !:i Gy |£‘£_..,| = ZB(I_U-)] lz] <0,

n=2
in view of (2). Thus, it follows that
F@*e@ _ ll . plf@re@ , , _,
f@*y(z) F@)*y(2)
and, hence, fe E(¢, v;a, ).

Theorem 2. If f(2) = z — 2:;2 la,|z" is in A, then fe Er(¢,vy;a,B)
if and only if (2) is satisfied.
Proof. In view of Theorem 1, it is sufficient to show the “only if” part. Thus, let

f@) =2-Y_, |a,lz" bein Er(9,y;a,B). Then

(f@*0@)/(fR)*y () -1
(F@Q*e@)/ (f@*v(2) +1- 20

2:22 O‘n - IJ'H) |a" | z
2{l —~oiy g ~ z:::g A +(1-20) p,}la, 12"
for all ze U. Using the fact that Rez< |z]| forall z, it follows that

E:;z (A‘n s “-n) Ia-‘l | zn—l
. Re — - e
20-0) - 3~ {Ay +(1-20) p, Ha, | 2"

al

]<B, zeU. (3

Now consider the values of ze U on the real axis such that ( f(z) * @(2))/(f(2) *
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*(z)) isreal. Upon clearing the denominator in (3) and letting z — 1 through posi-
tive values, we obtain

oa oo

> M —pa)lal < Bl2(-a) = 3 {A, +1-2004,} ay|

n=2 n=2

or

oo

Y, oala,l < 2B(1-c)

n=2
and, hence, the result follows. )
Corollary 1. I f(z) = z = 3, _, la,|2" isin Ex(o,y; 0, B), then

o < OB gy,

The result being sharp, with equality for each n, for functions of the form
_2BA-0)

/3
Remark 1. Taking different choices of ¢(z), y(z) as stated in Sec. 1, the above
theorem leads to necessary and sufficient conditions for a function f to be in
ST(U': B)’ CT(O:: B)’ RT(CL’ B)i DT(G'! B) efc.
2. Extreme points. Since by Theorem 2 for fe Ep(@, v; o, B),

PR i

Gil

fa(@) = z

e a

we may write
lap] = M, sothat 0<p<1.
O2

We denote by EF (@, V; o, B) functions in Er(@, y; o, B) of the form

2B(1— o -

z- uz2 - > la,1 2",
) O3 n=3

where p satisfying 0<p <1 is kept fixed. From Theorem 2, it is easily seen that the
family E{@, V; ¢, B) is closed under convex linear combinations and, hence, the
family EF (@, y;c,B) and, consequently, the closed convex hull of Ef-’((p, v; o, B)
is Eﬁ (¢, y; a,B) itself. We now determine the extreme points of Ejf (o, v;a,B).

Theorem 3. Let
f2(2) = z—-[2B(1-a)p/cy] 2°

and

ZB(l_a)pZZ _ 2,3(1—00(1—.9)2;1 (3)
) O ’

Jn(2) = 2~
n=3,4,.... Then fe Eﬁ((p,\p;o:,ﬁ) if and only if it can be expressed in the form

F@ = Y pufu@, where p,20 and Y p, =1

n=2 n=2
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1166 E. Q. ASSIRI, M. L. MOGRA

Proof. Suppose that

f(Z) s i pnf;t(z) = 7 — 2'[3(1 Ct)p 2 i ?'B(I'__'a)(l“p)pn ZH‘

n=2 Oz n=3 On

Then one can easily verify, by using Theorem 2, that fe E:,‘?(tp,qf;a, B).
Conversely, suppose that

f@) = z 3'3(10—“’-)‘” Zra,tlz"e (tp\lfaB)

Since, by (2), we get

BA-0)1-p) ,_5,
G.ﬂ , Y

la,| <

by setting p, = [o,la,l]/{2B(1 -a)(1~-p)}, n =3,4,..., and py = 1 -
- Z:=3 P, wehave f(z) = Z;z pnJo(z). This implies the statement of the
theorem.

Corollary 2. The extreme pomts of ET (9, y;0,B) are the functions f,(z),

w2,

The same procedure as in the last theorem leads to the following characterization
for extreme points of the class Ex(@, y; o, B):

Theorem 4. - Let

gl =2, D=2~ [2Pl-a)lols" n=23...
Then fe Er(@,y; o, B) ifand only if it can be expressed in the form

f(z) = Z Pn8n(2),
n=|
where p,=0 and Z:;l pp =1
It may be noted that whereas the function g; (z) = z is an extreme point of
Er(@,W;a, B), itis noteven a member of EF (@, y;c,B) unless p=0.
3. Distortion and covering theorems. The extreme points found in Theorem 4
immediately yield the following distortion theorems for functions in Er(¢, v; o, B):
Theorem 5. Let fe Er(o,v;0,B). If {6,} =2 is a nondecreasing se-
quence, then
_BU=®) 2 ity < gy 2BA=D) @
Sk G2
Further, if {n/ .U,,}:zz Jforms a nondecreasing sequence, then

BL-D, < (e < 1+ 80D, )
09 0-‘)

1-—

The equality holds at both extremes in (4) and (S) for g5 (z).
The sharp upper and lower bounds for |f| as well as |f’| for a function fe

€ E{f (¢, y;c,B) will occur at one of the extreme points of E-‘f(cp. y;o,B). The
bounds, however, are not straight forward. We need the following lemmas, which can

ISSN 0041-6053. Y&p. smam. sxypii., 1997, m. 49, N2 9



A UNIFIED APPROACH FOR UNIVALENT FUNCTIONS ... 1167
be proved by using arguments similar to those of Silverman and Silvia [9] and, hence,
their proofs are omitted:

Lemma 1. Let

~{o3 +40, —2B(1~ )} + [{o3 + 40, — 2B(1— )} + 32B(1—- ) 5,

Po = 4B —a)
__ =2(-p) oy + [4(-p)*03 +2p*BU-0)1~p) 53]
£ 2B(1—0)(1—p) p

and

_20-wp > 280-0)1-p) 3
o, o3 '

f3(2) = z

Then for 05:-4‘.1, 0<p=<1,

2B(l-) p B 21 -0 —p) 3
Ts O3

|f2(re™®| = r -

with equality for 0 =0. Foreither 0Sp<py and 0<r=<ry or pp<p<1,

BU-0)p > 2p0-0)1-p) 3
O O3

|f3(re’.a)| < r+

with equality for 8 =n. For 0<p<pg and ro<r<1,

2(1-p)o3 +B-0) p’c;
2(1- p) o3

L 282(1-0)’p’0s + 4B(-)(1-p)o3

| £3(ref®)| < r[

+
0203
+ s p)B2(1—0)* {4(1— p) 0% + 2B(1— ) pPo3} 4 } /2
0303

with equality for

6 = cos-! [ 2BU=0)U—p) pr’ — pc3]
4(1—-p)o,r )

Lemma?2. If o,= (1 +P)A,—-(1-B + 20B) 1, is a nondecreasing function of
n, thenfor n>4, |f,(re!®|<|fa(=1)|.
Lemma 1 and Lemma 2 lead to the following statement:

Theorem 6. If fE Er (p,v;,B) and o, is a nondecreasing funcrzan of n,

then
If(refﬂ)l B5: s ZB(]_a)prZ - ZB(]_U')(I_P)?_3, 05?’<1,

O G3

with equality for f3(z) at z=r and
£ < max{ max [ (e, 4 r)},

where max | f ('rem)I is given by Lemma 1.
2]

ISSN 0041-6053. Y&p. sam. sypi., 1997, m. 49, N° 9



1168 E. Q. ASSIRI, M. L. MOGRA

Remarks. 2. For p=0, the sharp upper bound for |f| always occurs for
|f3(re™| = —f36).
3. For '
>' —(Ag +4hy —1) + [(As + 4N, —1)% + 161,]"/2
p 2 3
the sharp upper bound for |f| always occurs for

| falre™| = ~fo=r),

since

o =(hg + 4% = 1) + [(Ag + 4y - 1% + 163,]'/2 ’

Po )

forall (o, B).
In view of the fact that fe Er(o, v; c, B) if and only if

2f'(2) ET{_[(p—?th.y—erf;aa B}
0 0

Lemma 3 and Theorem 7 for f'(z) below easily follow from Lemma 1 and Theorem 6,

respectively.

Lemma 3. Let

_ —(03+60, —6B(1— ) + [{o3 + 60, — 6B(1—)}* + 144B(1 - ) 5,]"/?

= 12B(1— ) ’

let :
_ =3(-p) o, +[{901 - p)* 03 + 6B(1— )1~ p) p? 53)]'/
' 6B(1—a)(1-p) p

and let

__213(1“0€)Pz2 _Zﬁﬂ-a)ﬂ—P)ZJ
O ¢ O3 '

f3(2) = z

Thenfor 0<r<l1, 0<p<1,

Pl-0)p s 6B(1l-a)(1-p) 2
Gy O3

PG
with equality for 0 =0. Foreither 0<p<p; and 0<r<r; or pysp=1,

150 < 1+ 413(1—00Pr _6Bd-o)(-p) >
o, o3

with equality for 6 =n. For 0<p<p, and r|<r<1,

3(-p)oj + 2B(1- ) p*oy
3(1- p) o3
, 4Ba-0){2B(1-0) p’cs +30-p)o3} 2 ,

U% O3

1282 (1- 0)* (1 - p){3(1 - p) 03 + 2B(1— ) p*c,} 4}” 2
-+ 7
G, 03

-+

1550 < [
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s
[N

with equality for

R {6{3(1—@(1—,0) pr’ - pc3]_
6(1-p)oyr
Theorem 7. If fe Ef (¢, V;o,pB), then

Pl-op, BA-0A=p) 2 (.,
) C3 C ,

[f/(re®®] 2 1~
with equality for f3(z) at z=r and
| £ (re'®] < max{maxlfj(rem)],—ﬁ(—r)}.

where max | f3 (re®)| is given by Lemma 3.
Corollary 3. If fe ET (¢, vy;c, B) then f(U) contamsad:sc ofrad:us

- BA-)p 2BA-0f1-p) c,<1, 0ga<l, 0<B<1.

»

T4 [oF! -

Remark 4. For suitable choices of @(z) and y(z) as mentioned in Sec. 1, the
results of this section lead to distortion and covering theorems for functions in
Sr(ot, B), Cr(at, B), Rp(ct, B), Dr(ct, B), etc. when their second coefficient is kept
fixed.

Finally, we prove

Theorem 8. Let fe Ef (¢, W;o,B) and let g(z) = z + Z:z A2, h(2) =
=2z+ 21 , MnZ", where A, 20, W), 20, and A}, 2 pj,. Let

0,03 — (1= )[(1 +B){pA503 + (1 - p) M40,} — (1 - B){ppsos + (1 - p) 1305}]
0,03 —2B(1 + a)[ppso3 +(1— p) p303]
If op=10-B)A,—(1-B+28B)u, and w(n) = o,/c, for n 23 is a
decreasing function of n, then fe Er(g, h; 8, B). The result is sharp with

_2B0-0)p > _2B0-0)A-p) 3

o =

(2 =z
02 (53
Proof. Since
oy 20-)p o3 2B(-0)(-p) _
281-8) o, 2(1-9) O3
_ O3l-oa (1-0)d-p)os _ :
R TR il ©)

we have f* e Ep(g, h; 8, B). To show that an arbitrary

280 — o -
f(Z) = 7 — B(] )PZZZ e E I(IHIZ”,
O2 =
. n=3
isin EF (g, h;8,B), we mustshow that

oo ,

01(1 a)p
g, 1-8 z"2{3(] 8)'”

ISSN 0041-6053. Yip. smam. skypu., 1997, m. 49, N¢ 9



1170 E. Q. ASSIRI, M. L. MOGRA

By Theorem 3, we may set, for n23, |a,|={2B(1 - a)(1 =p)p,}/0, Where
> Py < 1. Thus,

oy(l-)p , 5 _op 2B0-o)1-p)p
= —= — 4 z 1 n
=32B(I_5) On

oy (1—o)p  (1- Ot)(l pl< . o4
— -+ <
o, 1-8 2 Pns

n=3

IA

oy(l-a)p  (1-o)(1-p)os <
g + =2
o, 1-8 1-8 GLZ" P

9% 1-0p (-0)1-p)0}

< =40
G, 1-90 1-8 04

since o}, /0, isadecreasing function of n, and by (6) the result follows.
Remark 5. Choosing ¢ (z) = (z+2z2)/(-2)°, v(z) = z/( -2z)% and

g(2) = 2/(1-2)% h(z) = z/(1 -2) sothat A,=n? w,=n, A, =n, and p, = |
with B=1, we get the corresponding result due to Silverman and Silvia [9]. The cor-
responding result for the classes Sp(c, B), Cr(o, B), Rp(c,B), Dy(a, B), etc,
when their second coefficient is kept fixed, can be obtained for suitable choices of the
functions ¢@(z), y(z), g(z), and h(z).
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