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Aim. To study the dynamics of auto-oscillations arising at the level of enzyme-substrate interaction in a cell and

to find the conditions for the self-organization and the formation of chaos in the metabolic process. Methods. A

mathematical model of the metabolic process of steroids transformation in Arthrobacter globiformis. The mathe-

matical apparatus of nonlinear dynamics. Results. The bifurcations resulting in the appearance of strange at-

tractors in the metabolic process are determined. The projections of the phase portraits of attractors are con-

structed for some chosen modes. The total spectra of Lyapunov's indices are calculated. The structural stability

of the attractors obtained is studied. By the general scenario of formation of regular and strange attractors, the

structural-functional connections in the metabolic process in the cell are found. Their physical nature is investi-

gated. Conclusions. The presented model explains the mechanism of formation of auto-oscillations observed in

the A. globiformis cells and demonstrates a possibility of the mathematical modeling of metabolic processes for

the physical explanation of the self-organization of a cell and its vital activity.

Keywords: metabolic process, mathematical model, self-organization, bifurcation, strange attractor, Lyapunov

indices.

Introduction. One of the basic problems of natural sci-
ence is the development of a unified theory of the self-
organization of the matter. The idea of a cell as a nonli-
near open biochemical system is a basis of this trend in
the research. It can help to study physical laws of the
formation and life activity of cells.

It is impossible to consider the biochemical evo-
lution realized in the Nature on the whole. Therefore,
the following assertion is taken as a basis of our study:
«During the biochemical evolution including the self-
organization from a primary «broth» on the Earth, only
those biochemical processes have been conserved and
evolved, which are the predecessors of contemporary
metabolic processes running in cells». Thus, it is of pri-
mary importance to study the internal dynamics of a vi-
tal cell itself. This will allow clarification of the laws of
biochemical evolution on the Earth and the laws of self-
organization of a cell as an open nonlinear system.

For this aim, the authors investigated a biochemical
process of steroids transformation in the Arthrobacter

globiformis cell [1]. Earlier, together with the experi-
menters, the mathematical model of this process has be-
en constructed. Within this model, various biotechno-
logical modes arising in a bioreactor at the transforma-
tion of steroids were described [2–15]. The mathemati-
cal model demonstrated a possibility of the appearance
of various auto-oscillatory modes in this biotechnolo-
gical process. In experiments, this phenomenon of oscil-
latory dynamics was revealed later for the cells that con-
sume other substrata as well [16, 17].

Analogous oscillatory modes were observed in the
processes of photosynthesis, glycolysis, variations of the
concentration of calcium in cells, oscillations in heart
muscle, and other biochemical processes [18–23].
Though the reasons for the appearance of such auto-
oscillations can be different, their study allows the step-
by-step investigation of the laws of self-organization in
biosystems.
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In the present work, we state that the reason for the
external auto-oscillations observed in the biosystems
containing the A. globiformis cells is the internal auto-
oscillations in the cells. Depending on the external con-
ditions, diffusion, etc., the auto-oscillations can change
and appear as either auto-oscillations, or as chaos in the
biochemical process in the bioreactor. We will consider
the auto-oscillations arising at the level of enzyme-sub-
strate interactions and in the respiratory chain. The para-
meters of such auto-oscillations can hardly be measu-
red in experiments. The auto-oscillations organize them-
selves in the total metabolic process of cells at auto-
catalysis.

It is clear that the creation of the most general uni-
versal mathematical model of the cell, which would de-
scribe a maximally possible number of metabolic pro-
cesses running in it, is a problem of great importance.
However, since it is very difficult to attain the full cor-
respondence of the results obtained from the model to
the experimental data, we will restrict ourselves to mo-
deling the most significant experimentally measurable
parts of the metabolic process, which were obtained in
the experiments. Though we consider the specific meta-
bolic process, its basic elements, such as the consump-
tion of a substrate, respiratory chain, and positive feed-
back, reflect the general mechanisms guiding any meta-
bolic process in any cell. The development of such mo-
dels for other metabolic processes in a cell will allow
the step-by-step study of the process of self-organiza-
tion on the whole. Additionally, the metabolic proces-
ses are described as various nonlinear interactions,
which gives a possibility to investigate a lot of nonli-
nearities that are inherent in open systems of any nature
and eventually form the universal types of self-or-
ganization observed in the Nature [24–27].

Mathematical model. The general scheme of meta-
bolic processes running in the A. globiformis cells un-
der the transformation of steroids is presented in Fig. 1.
In the article, the part of the metabolic process [3, 4] is
discussed, where the autocatalysis regime appears.

The mathematical model of the metabolic process
in the cell is constructed in accordance with the given
general scheme:
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Fig. 1. General scheme of the metabolic process in the A. globiformis cells
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where V(X) = X/(1 + X); V(1)(�) = 1/(1 + �2); V(X) is a

function describing the adsorption of the enzyme in the
region of its local interaction with the substrate; and
V(1)(�) is a function characterizing the influence of the
kinetic membrane potential on the respiratory chain.

Equations (1)–(9) describe a change in the concen-
trations of (1) – hydrocortisone (G); (2) – prednisolone
(P); (3) – 20�-oxyderivative of prednisolone (B); (4) –
oxidized form of 3-ketosteroid-�-dehydrogenase (E1);
(5) – reduced form of 3-ketosteroid-�'-dehydrogenase
(e1); (6) – oxidized form of respiratory chain (Q); (7) –
oxygen (O2); (8) – 20�-oxysteroid-dehydrogenase (E2);
(9) – NADH (reduced form of nicotinamideadeninedi-
nucleotide) (N). Equation (10) describes a change in
the kinetic membrane potential (�).

The main parameters of the system (1)–(10) were
defined from stationary regimes, with appropriate expe-
rimental characteristics [3, 4]. Using dimensionless pa-
rameters:
l = l1 = k1 = 0.2; l2 = l10 = 0.27; l5 = 0.6; l4 = l6 = 0.5; l7 =
= 1.2; l8 = 2.4; k2 = 1.5; E10 = 3;�1 = 2; N1 = 0.03; m = 2.5;
� = 0.033; �1 = 0.007; �1 = 0.0068; E20 = 1.2; � = 0.01;
�2 = 1; N2 = 0.03; �2 = 0.002; G0 = 0.019; N3 = 2; �2 =
= 0.02; �5 = 0.014; �3 = �4 = �6 = �7 = 0.001; O20 =
= 0.015; N5 = 0.1; N0 = 0.003; N4 = 1; K10 = 0.7.

Solutions of the mathematical model were investi-
gated using the nonlinear differential equations theory
[28–30].

The solutions of the system (1)–(10) were obtained,
using Runge-Kutta-Merson. The precision of calculati-
ons is 10–8. The time of the entrance on the attractor is 106.

The bifurcation diagrams were built on the plane
G(�), using the method of sections. In the phase space
the attractor was crossed with the plane of section P =
= 0.2. The parameter G(t) was a constant for this inter-
section of phase trajectory. For the regular attractor, the
dots on the plane of section coincide in each of period
of the attractor. For the chaotic attractor, the dots on the
plane do not coincide and are chaotic.

The full spectrum of Lyapunov indices was obtai-
ned, using Benettine algorithm, with Gram-Schmidt
orthogonalization [28]. The types of the attractors were
defined, using the first and the second Lyapunov in-

dices. For the regular attractor �1 = 0 and �2 < 0. Then,
if | �i| < 0.0001, �i � 0.

Results and discussion. Here, we continue to study
the dynamics of modes of the mathematical model (1)–
(10) at a variation of the dissipation of the kinetic mem-
brane potential �. We analyze the various types of au-
to-oscillatory modes, as well as the scenarios of the ap-
pearance of bifurcations under the transition of the dy-
namical process from one type of attractors to another,
with the help of the construction of bifurcation dia-
grams. As a result of the numerical experiment, we ob-
tained the bifurcation diagrams and calculated the total
spectra of Lyapunov indices for the most typical modes
(see Table).

For the parameter � = 0.032180 (Table) we can see
the transition from the strange attractor 14 � 2x to the
strange attractor 13 �2x (Fig. 2, a). The transition was due
to the intermittence. This can be determined by the la-
minar part of the kinetic curves of attractors. In the
system, the transition «chaos-chaos» arises. Up to � =
0.03222, only the strange attractor appeared (Fig. 2, b).

Let us consider the following part of the bifurcation
diagram: �� (0.03227, 0.03234) (Fig. 3, a). Looking at
the figure from the right to the left we observe that at� =
= 0.03234, there exists a 12-fold limiting cycle on the
torus (Fig. 3, c) in the system. A decrease of � causes
the appearance of two bifurcations with the doubling of
the 12-fold period. Further due to the intermittence, the
strange attractor 12 � 2x (� = 0.03229, Table) arises. It
smoothly transits via the intermittence into the strange
attractor 13 � 2x (� = 0.03227575, Fig. 3, b, Table).

In Fig. 4, we present the kinetics of the variable P(t)
at � = 0.03229. We see a 12-fold cycle on the interval t

� (45,303) and a 13-fold one on the following interval t

�(303,579). Then the unstable 12-fold cycle is restored
again and is replaced even by a 7-fold cycle on the in-
terval t � (1579,1743), etc. As a result of the self-orga-
nization of the system, we see a gradual transition of the
«chaos-chaos» type: from the strange attractor 12 �2x to
the strange attractor 13 � 2x.

The transition arose due to the intermittence at the
destruction of the laminar part of a trajectory of the 12-
fold limiting cycle by the turbulence. In this case, the
self-organization of the laminar part into a 13-fold cycle
occurs. As � decreases further, we observe the sudden
self-organization of the system and the formation of the
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regular attractor 13 �20 on the torus (� = 0.032275, Table)
from the strange attractor 13 �2x (� = 0.03227575, Table).
The «chaos-order» transition arises.

Below, we consider the parts of the bifurcation dia-
gram with � � (0.03238, 0.03245) (Fig. 5, a) and � �
(0.032540, 0.032554) (Fig. 5, b).

As � increases from 0.03234 to 0.032386, the re-
gular attractor 12 �20 transits from a toroidal surface on-
to a simple 12-fold periodic cycle as a result of the bifur-
cation accompanied by the disappearance of the torus
(Fig. 5, a). On the right end of this part of the bifurca-

tion diagram at � = 0.03245, the regular attractor 12 �20

is present on the torus.
Let us consider the figure from the right to the left.

It is very similar to Fig. 3, a. As earlier, a strange attrac-
tor is formed via the intermittence from the regular
attractor through two bifurcations with the doubling of
a period and the intermittence. The «order-chaos» tran-
sition 11 � 20 � 11 � 2x arises. The further decrease of �
from 0.0324 down to 0.032387 causes the smooth tran-
sition 11 �2x � 12 �2x of the «chaos-chaos» type via the
intermittence. The decrease of � to 0.032386 leads to
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� Attractor �1 �2 �3 �4–�9 �10 �

0.032180 ( )14 13 2� � x .000928 –000023 –.003588 – –.503950 –.902093

0.03222 13 � 2x .000382 .000016 –.003923 – –.499280 –.901762

0.032275 13 � 20 .000028 –.000150 –.003782 – –.500737 –.904611

0.03227575 13 � 2x .000575 –.000013 –.004226 – –.502724 –.905510

0.03229 12 � 2x .000692 .000061 –.004093 – –.504396 –.906552

0.03234 12 � 20 (t) .000003 –.000075 –.004099 – –.502140 –.907722

0.032386 12 � 20 .000051 –.000257 –.003959 – –.503432 –.908803

0.032387 12 � 2x .000601 –.000069 –.004380 – –.507443 –.911089

0.0324 11 � 2x .000627 –.000006 –.004408 – –.507082 –.911393

0.03244 11 � 20 (t) –.000021 –.000030 –.004336 – –.505113 –.912083

0.03245 11 � 20 (t) –.000021 –.000082 –.004343 – –.505161 –.912279

0.0325 11 � 20 .000019 –.000669 –.003864 – –.506524 –.913908

0.032516 11 � 20 .000059 –.000125 –.004406 – –.507891 –.914720

0.0.032517 11 � 2x .000366 –.000036 –.004753 – –.509680 –.916429

0.03254 10 � 2x .000274 –.000016 –.004579 – –.510670 –.918002

0.032544 10 � 2x .000324 .000015 –.004567 – –.511698 –.918904

Total spectra of Lyapunov exponents for attractors of the system under study (�4–�9 are not important for our investigation)

Fig. 2. Projections of the pha-
se portraits: a – the strange
attractor at the point of the
mutual transition 14 � 2x �
13 � 2x at � = 0.032180; b –
the strange attractor 13 � 2x at
� = 0.03222



the self-organization and the formation of the regular
attractor 12 � 20.

The further increase of� from 0.03245 to 0.032516
does not affect the configuration of the regular attractor
11 �20. At� = 0.032517, the strange attractor 11 �2x sud-
denly arises as a result of the intermittence (Table). We
observe the transition «order-chaos». As � increases to
0.03254 and more (Fig. 5, b), the laminar part of the tra-
jectory of the attractor 11 � 2x shrinks to 10 � 2x , which
corresponds to the transition «chaos-chaos».

Considering Fig. 5, b, from the right to the left, we
see the regularity observed earlier: the regular attractor
10 �20 on the torus (� = 0.032554) transits into the stran-
ge attractor 10 �2x (� = 0.032544) due to the period doub-
ling bifurcation and the intermittence.

Analyzing Table, we can formulate a general scena-
rio of the formation of attractors in the given open nonli-
near system. As the dissipation of a kinetic membrane po-
tential decreases from � = 0.032554 to � = 0.0321596,
there occurs the self-organization of the metabolic pro-
cess in a cell in the following sequence. After the appea-
rance of a definite simple regular attractor, the regular
attractor with the same periodicity is formed in the sys-

tem on the torus after the Neimark bifurcation. Then it
is transformed to a strange attractor with the same perio-
dicity as a result of the intermittence. If the dissipation
decreases further, the given attractor transits smoothly
due to the intermittence into a strange attractor, whose
periodicity is greater by 1. The further decrease in the
dissipation leads to the self-organization of a regular at-
tractor with the same periodicity from this chaotic attrac-
tor. (For example: 11 �20 (� = 0.032516)� 11 �20 (t) (� =
= 0.03245)� 11 �2x (� = 0.0324)� 12 �2x (� = 0.032387)
� 12 �20 (� = 0.032386)) (Table). Then the scenario re-
peats up to the appearance of a 14-fold strange attractor.
Then the behavior of the system becomes somewhat dif-
ferent: there appear additional regular attractors with va-
rious periodicities on the torus.

Analyzing the mathematical model, we can deter-
mine the structural-functional connections, which ma-
kes it possible to explain the appearance of periodic and
chaotic oscillations in the metabolic process in a cell.
The auto-oscillations arise in the given metabolic pro-
cess due to the presence of the autocatalytic loop in the
system by the accumulation of NADH (see (3) and (9))
in the nutrient chain. This yields the desynchronization
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Fig. 3. a – bifurcation dia-
gram of the system for � �
(0.03227, 0.03234); b – pro-
jections of the phase portraits
for the strange attractor 13 �
2x (� = 0.03227575); c – the
regular attractor 12 � 20 (� =
= 0.03234)

Fig. 4. Kinetic curve for the variable P(t) at � = 0.03229



of the processes: G � P and P � B, and some periodic
cycles are formed. Depending the kinetic membrane po-
tential�, the multiplicity of cycles varies from 1-fold to
14-fold. In addition, the variation of � affects the acti-
vity of the respiratory chain Q � q, and, thus, the se-
cond source of bifurcations and auto-oscillations is crea-
ted. Under the action of the mentioned auto-oscillations,
the phase trajectory rotates on the toroidal surface. As a
result of the intermittence of the given cycles, a varia-
tion of� leads to the formation of quasiperiodic or chao-
tic modes from a regular attractor.

The further decrease in the dissipation due to the self-
organization forms a strange attractor with multiplicity,
which is larger than the previous value by 1. The sub-
sequent decrease of� causes the destruction of auto-os-
cillations arising in the respiratory chain. As a result,
only the laminar part of oscillations in the nutrient
chain is conserved in the metabolic process, and a new
regular attractor arises.

In the subsequent work, we will present the results of
the further study of the dynamics of the given meta-
bolic process. We will construct the scenario of the for-
mation of other types of regular and strange attractors,
calculate the Lyapunov dimensions of their fractality
and KS-entropies, and discuss the «predictability hori-
zons». We will carry out the spectral analysis of the ob-
tained attractors and will study the structure of the chaos
of attractors, the hierarchy of its forms, and the influen-
ce of the chaos on the stability of the metabolic process
and the adaptation and the functioning of a cell.

Conclusions. With the help of a mathematical mo-
del based on the experimental data, we have studied the
process of self-organization in a cell as an open nonli-
near system. We have analyzed the auto-oscillatory me-
tabolic processes that are not measurable in experiments
and appear on the level of substrate-enzyme interac-

tions. We have determined the parts of bifurcation diag-
rams with the self-organization and the appearance of
chaos. The projections of strange attractors characteris-
tic of the studied metabolic process in a cell are const-
ructed. For the found attractors, the total spectra of Lya-
punov indices and the divergences are calculated. The
stability of auto-oscillatory processes is studied. The
structural-functional connections and the physical natu-
re of instabilities in the metabolic process, which cause
the self-organization of the metabolic process, its per-
turbation, and the adaptation to the change in external
conditions, are studied. The auto-oscillations arise due
to the autocatalytic loop under the consumption of a
substrate by a cell. The quasiperiodic and chaotic types
of dynamics appear due to the desynchronization of au-
to-oscillatory processes with enzyme-substrate interac-
tions and in the respiratory chain. The desynchroniza-
tion arises under the action of variations of the kinetic
membrane potential involved in the metabolic process.
The developed model demonstrates the possibility of
mathematical modeling of other metabolic processes in
cells aimed at the physical explanation of the phenome-
non of self-organization observed in a cell in the course
of its vital activity.

Funding. The work is supported by the project N
0112U000056 of the National Academy of Scienses of
Ukraine.

Ñàìîîðãàí³çàö³ÿ ³ õàîñ ó ìåòàáîë³çì³ êë³òèíè

Â. É. Ãðèöàé, ². Â. Ìóñàòåíêî

Ðåçþìå

Ìåòà. Äîñë³äèòè äèíàì³êó àâòîêîëèâàíü, ùî âèíèêàþòü íà ð³âí³

ôåðìåíòíî-ñóáñòðàòíèõ âçàºìîä³é ó êë³òèí³, âèçíà÷èòè óìîâè

ñàìîîðãàí³çàö³¿ òà óòâîðåííÿ õàîñó ó ìåòàáîë³÷íîìó ïðîöåñ³. Ìå-

òîäè. Ìàòåìàòè÷íà ìîäåëü ìåòàáîë³÷íîãî ïðîöåñó òðàíñôîð-

ìàö³¿ ñòåðî¿ä³â êë³òèíîþ Arthrobacter globiformis, ïîáóäîâàíà çà

åêñïåðèìåíòàëüíèìè äàíèìè. Ìàòåìàòè÷íèé àïàðàò íåë³í³éíî¿
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Fig. 5. a – bifurcation diag-
ram of the system on the in-
tervals � � (0.03238,
0.03245); b – bifurcation
diagram of the system on
the intervals � �(0.032540,
0.032554)



äèíàì³êè. Ðåçóëüòàòè. Çíàéäåíî á³ôóðêàö³¿, âíàñë³äîê ÿêèõ ó ìå-

òàáîë³÷íîìó ïðîöåñ³ âèíèêàþòü äèâí³ àòðàêòîðè. Äëÿ âèáðàíèõ

ðåæèì³â ïîáóäîâàíî ïðîåêö³¿ ôàçîâèõ ïîðòðåò³â àòðàêòîð³â.

Ðîçðàõîâàíî ïîâí³ ñïåêòðè ïîêàçíèê³â Ëÿïóíîâà. Îòðèìàí³ àò-

ðàêòîðè äîñë³äæåíî íà ñòðóêòóðîâó ñò³éê³ñòü. Â³äïîâ³äíî äî âè-

çíà÷åíîãî çàãàëüíîãî ñöåíàð³þ ôîðìóâàííÿ ðåãóëÿðíèõ ³ äèâíèõ

àòðàêòîð³â âñòàíîâëåíî ñòðóêòóðíî-ôóíêö³îíàëüí³ çâ’ÿçêè ó ìå-

òàáîë³÷íîìó ïðîöåñ³ êë³òèíè. Äîñë³äæåíî ¿õíþ ô³çè÷íó ïðèðîäó.

Âèñíîâêè. Äàíà ìîäåëü ïîÿñíþº ìåõàí³çì ôîðìóâàííÿ àâòîêîëè-

âàíü, çàðåºñòðîâàíèõ ó êë³òèíàõ A. globiformis ³ äåìîíñòðóº ìî-

æëèâ³ñòü ìàòåìàòè÷íîãî ìîäåëþâàííÿ ìåòàáîë³÷íèõ ïðîöåñ³â

äëÿ ô³çè÷íîãî ïîÿñíåííÿ ñàìîîðãàí³çàö³¿ êë³òèíè òà ¿¿ æèòòº-

ä³ÿëüíîñò³.

Êëþ÷îâ³ ñëîâà: ìåòàáîë³÷íèé ïðîöåñ, ìàòåìàòè÷íà ìîäåëü,

ñàìîîðãàí³çàö³ÿ, á³ôóðêàö³ÿ, äèâíèé àòðàêòîð, ïîêàçíèêè Ëÿïó-

íîâà.

Ñàìîîðãàíèçàöèÿ è õàîñ â ìåòàáîëèçìå êëåòêè

Â. È. Ãðèöàé, È. Â. Ìóñàòåíêî

Ðåçþìå

Öåëü. Èññëåäîâàòü äèíàìèêó àâòîêîëåáàíèé, âîçíèêàþùèõ íà

óðîâíå ôåðìåíòíî-ñóáñòðàòíûõ âçàèìîäåéñòâèé â êëåòêå, îïðå-

äåëèòü óñëîâèÿ ñàìîîðãàíèçàöèè è îáðàçîâàíèÿ õàîñà â ìåòàáîëè-

÷åñêîì ïðîöåññå. Ìåòîäû. Ìàòåìàòè÷åñêàÿ ìîäåëü ìåòàáîëè-

÷åñêîãî ïðîöåññà òðàíñôîðìàöèè ñòåðîèäîâ êëåòêîé Arthrobac-

ter globiformis, ïîñòðîåííàÿ ïî ýêñïåðèìåíòàëüíûì äàííûì. Ìà-

òåìàòè÷åñêèé àïïàðàò íåëèíåéíîé äèíàìèêè. Ðåçóëüòàòû. Íàé-

äåíû áèôóðêàöèè, âñëåäñòâèå êîòîðûõ â ìåòàáîëè÷åñêîì ïðî-

öåññå âîçíèêàþò ñòðàííûå àòòðàêòîðû. Äëÿ âûáðàííûõ ðåæè-

ìîâ ïîñòðîåíû ïðîåêöèè ôàçîâûõ ïîðòðåòîâ àòòðàêòîðîâ.

Ðàññ÷èòàíû ïîëíûå ñïåêòðû ïîêàçàòåëåé Ëÿïóíîâà. Ïîëó÷åííûå

àòòðàêòîðû èññëåäîâàíû íà ñòðóêòóðíóþ óñòîé÷èâîñòü. Ñî-

ãëàñíî ñ îïðåäåëåííûì îáùèì ñöåíàðèåì ôîðìèðîâàíèÿ ðåãóëÿð-

íûõ è ñòðàííûõ àòòðàêòîðîâ óñòàíîâëåíû ñòðóêòóðíî-ôóíê-

öèîíàëüíûå ñâÿçè â ìåòàáîëè÷åñêîì ïðîöåññå êëåòêè. Èññëåäî-

âàíà èõ ôèçè÷åñêàÿ ïðèðîäà. Âûâîäû. Äàííàÿ ìîäåëü îáúÿñíÿåò

ìåõàíèçì ôîðìèðîâàíèÿ àâòîêîëåáàíèé, íàáëþäàåìûõ â êëåòêàõ

A. globiformis è äåìîíñòðèðóåò âîçìîæíîñòü ìàòåìàòè÷åñêîãî

ìîäåëèðîâàíèÿ ìåòàáîëè÷åñêèõ ïðîöåññîâ äëÿ ôèçè÷åñêîãî îáú-

ÿñíåíèÿ ñàìîîðãàíèçàöèè êëåòêè è åå æèçíåäåÿòåëüíîñòè.

Êëþ÷åâûå ñëîâà: ìåòàáîëè÷åñêèé ïðîöåññ, ìàòåìàòè÷åñêàÿ

ìîäåëü, ñàìîîðãàíèçàöèÿ, áèôóðêàöèÿ, ñòðàííûé àòòðàêòîð,

ïîêàçàòåëè Ëÿïóíîâà.
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