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On the Tate pairing associated to an isogeny

between abelian varieties over pseudofinite field
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Abstract. In this note, we consider the Tate pairing as-
sociated to an isogeny between abelian varieties over pseudofinite
field. P. Bruin [1] defined this pairing over finite field k: ker φ̂(k) ×
coker (φ(k)) −→ k∗, and proved its perfectness over finite field.
We prove perfectness of the Tate pairing associated to an isogeny
between abelian varieties over pseudofinite field, with help of the
method, used by P. Bruin in the case of finite ground field [1].

Introduction

P. Bruin [1] and E. Schaefer [7] shoved that the perfectness of the
Tate pairing and of the Frey-Rück pairing follows from that of the Tate
pairing associated to an isogeny between abelian varieties. The Tate
pairing may be defined over pseudofinite fields [5]. Recall that a field k is
called pseudofinite [2], if k is perfect, k has the unique extension of degree
n for each natural number n and every nonempty absolutely irreducible
variety over k, has a k-rational point.

The aim of this work is to prove that the Tate pairing ker φ̂(k) ×
coker (φ(k)) −→ k∗ associated to an isogeny φ of abelian varieties is
perfect over pseudofinite field k.
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1. Prerequisites

Let C be an absolutely irreducible projective curve defined over pseud-
ofinite field k, and k be algebraic closure of k, k∗ multiplicative group of
k, n is a positive integer, (n, char(k)) = 1 and µn(k) denotes the group of
n-th roots of unity in k

∗

, J(k) is the Jacobian of curve C over k, J[n](k)
denotes the subgroup of elements in J(k) of order dividing n. For divi-
sor classes x ∈ J[n](k) and y ∈ J(k)/nJ(k) there are coprime divisors
D and R such that x = [D] and y = [R] + nJ(k), and there exists a
function f ∈ k(C) such that (f) = nD. The Tate pairing is the pairing
tn(x, y) : J[n](k) × J(k)/nJ(k) −→ k∗, where tn(x, y) = f(R) [3].

Recall the concept of perfect pairing. Let A, B, C be abelian groups. A
pairing A × B → C is called perfect if the induced group homomorphisms
A → Hom(B, C) and B → Hom(A, C) are isomorphisms.

Let A, B be abelian varieties, defined over a field k. A homomor-
phism φ : A → B is called isogeny if it is surjective with finite kernel
ker φ [4, 8]. Recall that the degree degφ of isogeny φ : A → B is the index
[k(A) : φ k(B)], the degree of the corresponding function field extension
k(A)/k(B).

Clearly, the kernel ker φ of an isogeny is a finite abelian group and
satisfies the inequality |ker φ| ≤ deg φ.

Recall some principal properties of isogenies which will be used later.
For a homomorphisms φ : A → B of abelian varieties A, B the following
are equivalent: φ is an isogeny, dim A = dim B and φ is surjective, dim A =
dim B and ker φ is finite, φ is finite, flat, and surjective [4].

For any positive integer n, (n, chark) = 1, we have An(k) = ker (n :
A(k) → A(k)). Then if n = deg φ, so ker φ ⊆ An(k).

2. The Tate pairing associated to an isogeny φ

Let Gk be absolute Galois group of k, and D finite Gk-module. The
Cartier dual of D is the abelian group D∨ = Hom(D, k

∗

) with the Gk-
action given by

(σa)(x) = σ(a(σ−1x)),

where a ∈ D∨, σ ∈ Gk and x ∈ D. Let φ : A → B be an isogeny. Then
there is unique isogeny φ̂ : B → A, φ̂ ◦ φ = deg φ and φ̂ is called the dual

isogeny. Let ǫφ there canonical isomorphism from ker φ̂ to the Cartier
dual (ker φ)∨ of ker φ and φ(k) : A(k) → B(k) is homomorpfism induced
by φ. For x ∈ ker φ̂(k) = {b ∈ B(k)| φ̂(b) = 0}, y ∈ coker (φ(k)) =
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B(k)/φ(A(k)), we have (x, y) 7→ (ǫφx)(σa − a), where σ is the generator
of absolute Galois group Gk and a ∈ A(k), (φ(a) mod φ(A(k))) = y.

The Tate pairing associated to isogeny φ is the pairing

ker φ̂(k) × coker (φ(k)) −→ k∗, (1)

where (x, y) 7→ (ǫφx)(σa − a).

Lemma 1 ([6]). Let D be finite Gk-module. Then

|H0(Gk, D)| = |H1(Gk, D)|.

Applying the method, used by P. Bruin [1] in the case of finite ground
field, we prove the next theorem for pseudofinite field.

Theorem 1. Let φ be an isogeny between abelian varieties A, B over

pseudofinite field k. Let m be order of ker φ. Suppose that k contains m-th

roots of 1. Then the Tate pairing associated to φ is perfect.

Proof. Consider of the exact sequence of Gk-modules

0 → kerφ → A(k) → B(k) → 0.

This exact sequence gives us the following long exact sequence of coho-
mology groups

0 → H0(Gk, kerφ) → H0(Gk, A(k)) → H0(Gk, B(k))

→ H1(Gk, kerφ) → H1(Gk, A(k)) → H1(Gk, B(k)).

Hence,

0 → kerφ(k) → A(k)
φ
→ B(k) → H1(Gk, kerφ) → 0. (2)

It is known that the group H1(Gk, A(k)) = H1(Gk, B(k)) = 0, since k is
a pseudofinite field [5]. From (2) we have that

B(k)/φ(A(k))
∼
→ H1(Gk, kerφ). (3)

Thus (3), gives us the following description of coker (φ(k)),

coker (φ(k))
∼
→ H1(Gk, kerφ).

The exact sequence analogous (2) and the Lemma 1 allow to define the
perfect pairing

(ker φ)∨(k) × coker (φ(k)) → k∗.

Finally, taking into account the canonical isomorphism, ǫφ, we get that
this perfect pairing coincides with (1).
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