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Abstract. We study a Fefferman-type construction based on the inclusion of Lie groups
SL(n + 1) into Spin(n 4+ 1,n 4+ 1). The construction associates a split-signature (n,n)-
conformal spin structure to a projective structure of dimension n. We prove the existence
of a canonical pure twistor spinor and a light-like conformal Killing field on the constructed
conformal space. We obtain a complete characterisation of the constructed conformal spaces
in terms of these solutions to overdetermined equations and an integrability condition on the
Weyl curvature. The Fefferman-type construction presented here can be understood as an
alternative approach to study a conformal version of classical Patterson—Walker metrics as
discussed in recent works by Dunajski-Tod and by the authors. The present work therefore
gives a complete exposition of conformal Patterson-Walker metrics from the viewpoint of
parabolic geometry.
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1 Introduction

In conformal geometry the geometric structure is given by an equivalence class of pseudo-
Riemannian metrics: two metrics g and g are considered to be equivalent if they differ by
a positive smooth rescaling, § = e*/¢. In projective geometry the geometric structure is given by
an equivalence class of torsion-free affine connections: two connections D and D are considered
as equivalent if they share the same geodesics (as unparametrised curves). While conformal and
projective structures both determine a corresponding class of affine connections, neither of them
induces a single distinguished connection on the tangent bundle. Instead, both structures have
canonically associated Cartan connections that govern the respective geometries and encode
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prolonged geometric data of the respective structures. It is therefore often useful when studying
projective and conformal structures to work in the framework of Cartan geometries.

The present paper investigates a geometric construction that produces a conformal class of
split-signature metrics on a 2n-dimensional manifold arising naturally from a projective class
of connections on an n-dimensional manifold. Split-signature conformal structures of this type
have appeared in several places in the literature before. The projective-to-conformal construc-
tion studied in this paper should be understood as a generalisation of the classical Riemann
extensions of affine spaces by E.M. Patterson and A.G. Walker [26]. One of the main authors
motivations for the present study was the article [15] by M. Dunajski and P. Tod, where the
Patterson—-Walker construction was generalised to a projectively invariant setting in dimension
n = 2. On the other hand, in [25] conformal structures of signature (2,2) were constructed
using Cartan connections that contain the conformal structures arising from 2-dimensional pro-
jective structures as a special case. A generalisation of this Cartan-geometric approach to higher
dimensions can be found in [24].

In this paper the construction is studied as an instance of a Fefferman-type construction, as
formalised in [6, 11], based on an inclusion of the respective Cartan structure groups SL(n+1) <
Spin(n 4+ 1,n + 1). We show that in the general situation n > 3 the induced conformal Cartan
geometry is non-normal. To obtain information on the conformal structure it is thus important
to understand how the normal conformal Cartan connection differs from the induced one, and
the main part of the paper concerns the study of this modification. We may summarise the
main contributions of the paper as follows:

e A comprehensive treatment of the projective-to-conformal Fefferman-type construction
including a discussion of the intermediate Lagrangean contact structure (Section 3) and
a comparison with Patterson-Walker metrics (Section 6.1).

e A thorough study of the normalisation process (Section 4) and an explicit formula for the
modification needed to obtain the normal conformal Cartan connection (Section 5.2).

e The characterisation of the conformal structures obtained via our Fefferman-type con-
struction (culminating in Theorem 4.14).

Let us comment upon the characterisation in more detail. This is formulated in terms of
a conformal Killing field & and a twistor spinor x on the conformal space together with a (con-
formally invariant) integrability curvature condition. In Theorem 4.14 the properties of k and x
are specified in terms of corresponding conformal tractors, which nicely reflects the algebraic
setup of the Fefferman-type construction in geometric terms.

An alternative equivalent characterisation theorem was obtained by the authors in [20, Theo-
rem 1] by different means, namely, by direct computations based on spin calculus in the spirit
of [28, 29]. The conformal properties are given purely in underlying terms and do not refer to
tractors. In Section 6.2 (Theorem 6.3) we indicate how this alternative characterisation can be
obtained in the current framework.

We remark that, to our knowledge, the present work is the first comprehensive treatment of
a non-normal Fefferman-type construction and we expect that the techniques developed should
have considerable scope for applications to other similar constructions. A particularly interes-
ting case of this sort is the Fefferman construction for (non-integrable) almost CR-structures.
Possible further applications concern relations between solutions of so-called BGG-equations and
special properties of the induced conformal structures. Several such relationships were already
obtained by the authors in [20]. For instance, we can give a full description of Einstein metrics
contained in the resulting conformal class in terms of the initial projective structure. Moreover,
in [21] we were able to show that the obstruction tensor of the induced conformal structure
vanishes.
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2 Projective and conformal parabolic geometries

The standard reference for the background material on Cartan and parabolic geometries pre-
sented here is [11].

2.1 Cartan and parabolic geometries

Let G be a Lie group with Lie algebra g and P C G a closed subgroup with Lie algebra p.
A Cartan geometry (G,w) of type (G, P) over a smooth manifold M consists of a P-principal
bundle G — M together with a Cartan connection w € Q*(G, g). The canonical principal bundle
G — G/ P endowed with the Maurer—Cartan form constitutes the homogeneous model for Cartan
geometries of type (G, P).

The curvature of a Cartan connection w is the 2-form

KeQ(G,g), K(&n):=dw(&n)+wE),wmn)],  foralfneX(G),

which is equivalently encoded in the P-equivariant curvature function
R G A2g/p) @ KX P, Y +p) = K@ W)(X),0 @), (21)

The curvature is a complete obstruction to a local equivalence with the homogeneous model. If
the image of & is contained in A?(g/p)* ® p the Cartan geometry is called torsion-free.

A parabolic geometry is a Cartan geometry of type (G, P), where G is a semi-simple Lie group
and P C G is a parabolic subgroup. A subalgebra p C g is parabolic if and only if its maximal
nilpotent ideal, called nilradical p., coincides with the orthogonal complement p+ of p C g with
respect to the Killing form. In particular, this yields an isomorphism (g/p)* = p4 of P-modules.
The quotient go = p/p4 is called the Levi factor; it is reductive and decomposes into a semi-
simple part gi° = [go, go] and the center 3(go). The respective Lie groups are G§°* C Gy C P and
P, C P so that P = Gy x Py and Py = exp(p+). An identification of gg with a subalgebra in
p yields a grading g =g, ®--- g1 P go D g1 D --- D gk, where pL = g1 D --- D gr. We set
g- =g kD -Dg_1. If k is the depth of the grading the parabolic geometry is called |k|-graded.

The grading of g induces a grading on A?p ®g = A%(g/p)*®g. A parabolic geometry is called
reqular if the curvature function x takes values only in the components of positive homogeneity.
In particular, any torsion-free or |1|-graded parabolic geometry is regular.

Given a g-module V, there is a natural p-equivariant map, the Kostant co-differential,

o A*g/p) oV = A (g/p) oV, (2.2)

defining the Lie algebra homology of p4 with values in V; see, e.g., [11, Section 3.3.1] for
the explicit form. For V = g, this gives rise to a natural normalisation condition: parabolic
geometries satisfying 0*(k) = 0 are called normal. The harmonic curvature kg of a normal
parabolic geometry is the image of x under the projection ker 9* — ker 9*/im 0*. For regular
and normal parabolic geometries, the entire curvature s is completely determined just by k.

A Weyl structure j: Go—G of a parabolic geometry (G,w) over M is a reduction of the P-
principal bundle G — M to the Levi subgroup Gy C P. The class of all Weyl structures, which
are parametrised by one-forms on M, includes a particularly important subclass of exact Weyl
structures, which are parametrised by functions on M: For |1|-graded parabolic geometries,
these correspond to further reductions of Gy — M just to the semi-simple part G§° of Gy or,
equivalently, to sections of the principal Ri-bundle Gyo/G§* — M. The latter bundle is called
the bundle of scales and its sections are the scales.

For a Weyl structure j: Gg < G, the pullback j*w = j*w_ + j*wg + j*wy of the Cartan
connection may be decomposed according to g = g_— & gg ® p+. The go-part j*wp is a principal
connection on the Gg-bundle Gy — M it induces connections on all associated bundles, which
are called (exact) Weyl connections. The pi-part j*w, is the so-called Schouten tensor.
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2.2 Tractor bundles and BGG operators

Every Cartan connection w on G — M naturally extends to a principal connection @ on the
G-principal bundle G =GxpG—> M , which further induces a linear connection V¥ on any
associated vector bundle V = g xp V = G Xq V for a G-representation V. Bundles and
connections arising in this way are called tractor bundles and tractor connections. The tractor
connections induced by normal Cartan connections are called normal tractor connections.

In particular, for the adjoint representation we obtain the adjoint tractor bundle AM :=
G xp g. The canonical projection g — g/p and the identification TM = G xp (g/p) yield
a bundle projection II: AM — TM; the inclusion p;4 C g and the identification p4 = (g/p)*
yield a bundle inclusion T*M < AM. This allows us to interpret the Cartan curvature
from (2.1) as a 2-form ©Q on M with values in AM.

The holonomy group of the principal connection w is by definition the holonomy of the Cartan
connection w, i.e., Hol(w) := Hol(®) C G. By the holonomy of a geometric structure we mean
the holonomy of the corresponding normal Cartan connection.

In [12], and later in a simplified manner in [4], it was shown that for a tractor bundle
Y = G xp V one can associate a sequence of differential operators, which are intrinsic to the
given parabolic geometry (G,w),

NG 6—‘5 (1) %V 95;1 ().

The operators @}j are the BGG-operators and they operate between the sections of subquotients
Hy, = ker % /im 9* of the bundles of V-valued k-forms, where *: A¥T*M @V — AF'T*M @V
denotes the bundle map induced by the Kostant co-differential (2.2).

The first BGG-operator ©Y: T'(Hy) — T'(Hi) is constructed as follows. The bundle H
is simply the quotient V/V', where V' C V is the subbundle corresponding to the largest P-
invariant filtration component in the G-representation V. It turns out, there is a distinguished
differential operator that splits the projection Ily: V — Hg, namely, the splitting operator, which
is the unique map LY : T'(Ho) — ['(V) satisfying

Mo(LY (o)) =0,  0%(dY LY(c)) =0, forall o € T(H).

The latter condition allows to define the first BGG-operator by O} := II; o dv” o LY, where
I1;: ker 0" — I'(H1). The first BGG-operator defines an overdetermined system of differential
equations on o € I'(Hy), OF (¢) = 0, which is termed the first BGG-equation.

2.3 Further notations and conventions

In order to distinguish various objects related to projective and conformal structures, the symbols
referring to conformal data will always be endowed with tildes. To write down explicit formulae,
we employ abstract index notation, cf., e.g., [27]. Furthermore, we will use different types
of indices for projective and conformal manifolds. E.g., on a projective manifold M we write
E4 :=T*M, EA := TM, and multiple indices denote tensor products, as in EAB =T"M®TM.
Indices between squared brackets are skew, as in Ej4p) := A?T*M, and indices between round
brackets are symmetric, as in EAB) .= S2TM. Analogously, on a conformal manifold M we write
E, := T*M, E* := TM etc. By E(w) and E[w] we denote the density bundle over M and M,
respectively. Tensor products with other natural bundles are denoted as E4(w) := E4 ® E(w),
E[ab] [w] == E[ab] ® E[w], and the like.

2.4 Projective structures

Let M be a smooth manifold of dimension n > 2. A projective structure on M is given by
a class, p, of torsion-free projectively equivalent affine connections: two connections D and D
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are projectively equivalent if they have the same geodesics as unparametrised curves. This is
the case if and only if there is a one-form Y4 € T'(E,4) such that, for all €4 € F(EA),

DatB = Da€® + Y468 + 1pefs 5.

An oriented projective structure (M,p), which is a projective structure p on an oriented
manifold M, is equivalently encoded as a normal parabolic geometry of type (G, P), where
G = SL(n+ 1) and P = GL4(n) x R™ is the stabiliser of a ray in the standard representa-
tion R,

Affine connections from the projective class p are precisely the Weyl connections of the
corresponding parabolic geometry. Exact Weyl connections are those D € p which preserve
a volume form — these are also known as special affine connections. In particular, a choice
of D € p reduces the structure group to Go = GLy(n), if D is special, the structure group is
further reduced to G§* = SL(n).

For later purposes we now give explicit expressions of the main curvature quantities, cf., e.g.,
[2, 17]. For D € p, the Schouten tensor is determined by the Ricci curvature of D; if D is special,
then the Schouten tensor is P4p = #RPAPB, in particular, it is symmetric. The projective

n—1
Weyl curvature and the Cotton tensor are

Wap%p = Rap’p +Papd®p —Pppd©s,  Yoap =2DPpc.

Henceforth, we use a suitable normalisation of densities so that the line bundle associated to
the canonical one-dimensional representation of P has projective weight —1. Hence, comparing
with the usual notation, the density bundle of projective weight w, denoted by E(w), is just the
bundle of ordinary (T:fl)—densities. As an associated bundle to G — M, E(w) corresponds to
the 1-dimensional representation of P given by

GLi(n) x R™ SRy, (A, X) > det(A)". (2.3)

The projective standard tractor bundle is the tractor bundle associated to the standard rep-
resentation of G = SL(n + 1). The projective dual standard tractor bundle is denoted by T*,
ie., T*:= G xp R With respect to a choice of D € p, we write

T — Ea(1) 7 (pa) = (Pcpat Pcao
~ \E(1) )’ C\No )\ Doo—pc |-
2.5 Conformal spin structures and tractor formulas

Let M be a smooth manifold of dimension 2n > 4. A conformal structure of signature (n,n)
on M is given by a class, ¢, of conformally equivalent pseudo-Riemannian metrics of signa-
ture (n,n): two metrics g and § are conformally equivalent if g = f2g for a nowhere-vanishing
smooth function f on M. It may be equivalently described as a reduction of the frame bundle
of M to the structure group CO(n,n) = Ry x SO(n,n). An oriented conformal structure of
signature (n,n) is a conformal structure of signature (n,n) together with fixed orientations both
in time-like and space-like directions, equivalently, a reduction of the frame bundle to the group
COo(n,n) = Ry x SOy (n,n), the connected component of the identity. An equivariant lift of
such a reduction with respect to the 2-fold covering CSpin(n,n) = R4 x Spin(n,n) — COq(n,n)
is referred to as a conformal spin structure (M, c) of signature (n,n).

A conformal spin structure of signature (n,n) is equivalently encoded as a normal parabolic
geometry of type (é,ﬁ), where G = Spin(n + 1,n + 1) and P = CSpin(n,n) x R™"* is the
stabiliser of an isotropic ray in the standard representation R™+17+1,
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A general Weyl connection is a torsion-free affine connection D such that 159 € c for any
gec. If 159 =0, i.e., D is the Levi-Civita connection of a metric g € c, it is an exact Weyl
connection. A choice of Weyl connection reduces the structure group to é() = CSpin(n,n). If
the Weyl connection is exact the structure group is further reduced to Nés = Spin(n, n).

Now we briefly introduce the main curvature quantities of conformal structures, cf., e.g., [16].
For g € ¢, the Schouten tensor,

P=P(g) = 5 (ﬁTc@)—SC(g) g>,

is a trace modification of the Ricci curvature f{}z(g) by a multiple of the scalar curvature Sc(g);
its trace is denoted J = g??P,,. The conformal Weyl curvature and the Cotton tensors are

Wap'a = Roy'a — 25[an]d + 2gd[an] Yeab = 2D, Py

As for projective structures, we will employ a suitable parametrisation of densities so that
the canonical 1-dimensional representation of P has conformal weight —1. Hence, the density
bundle of conformal weight w, denoted as E[w], is Just the bundle of ordinary ( ) densities.

As an associated bundle to the Cartan bundle g — M it corresponds to the 1-dimensional
representation of P given by

(R4 x Spin(n,n)) x R?"" = R, (a, A, Z) — a™". (2.4)

In particular, the conformal structure may be seen as a section of ]E(ab) [2], which is called the
conformal metric and denoted by g,p-

The spin bundles corresponding to the irreducible spin representations of Spin(n,n) are de-
noted by Z+ and Z_, and ¥ = ¥, @ Y. We employ the weighted conformal gamma matrix
v € F(IE ® (EndZ)[ ]) such that 7,7, —i—wq’yp = —2g,,. For ¢ € %( ) and y € I‘(Z), the
Clifford multiplication of £ on x is then written as § - x = {Pypx.

The conformal standard tractor bundle is the associated bundle ’7' = QV X5 RHLr+L with
respect to the standard representation. It carries the canonical tractor metric h and the con-
formal standard tractor connection 6T, which preserves h. With respect to a metric g € ¢, we
have

(B[] 00 1 (0 Dep — Pc ©b
T=|E[1] |, h=(0 g 0], VI || =|Deua +0Pea+ Pgen | - (2.5)
E[1] 100 o D.o — e

The BGG-splitting operator is given by
F ~ ~ % (_DiDp - J)U
Ly: T(E[1]) - T(T), o~ Doo : (2.6)

g

The spin tractor bundle is the associated bundle S:=¢ X5 ALt where AT+ s the
spin representation of G = Spin(n 4+ 1,n + 1). Since we work in even signature, it decomposes
into irreducibles A7tLntl — Aiﬂ’nﬂ AL the corresponding bundles are denoted by

S, =G X5 A?EH’RH. Under a choice of g € ¢, these decompose as Sy = <E§ [[_f]] >, where 3
+[3
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are the natural spin bundles as before. For later use we record the formulas for the Clifford
action of 7 on S and for the spin tractor connections on S = S+ @ S,

p _ a o~ DCT + C p
()=o), ()P E) e
X PaY'X — V20T X D.x + I5eT

g

cf. [19]. The BGG-splitting operator of S, is
- _1
I§: TE) - 7). xm (ﬂgjpx) , 29

where $~ F(ii) — F(i;), D = vpﬁp, is the Dirac operator. The first BGG-operator associ-

ated to St is the twistor operator
05 : T(Ex[3]) > T(E.®S[d]), x> Dax+ £bx,

cf., e.g., [3]. Elements in the kernel of 65 are called twistor spinors. It is well known that HS
induces an isomorphism between VS parallel sections of S with ker @S

The adjoint tractor bundle is the associated bundle AM =G X 5@ with respect to the adjoint
representation of G on § = so(n+1,n+1) = A2R"1n+1 The standard pairing on AM induced
by the Killing form on g is denoted as (:,-): AM x AM — R. Henceforth we identify AM
with A%7. With respect to a metric g € c,

AM: E[aoaﬂp] ’ ]E[l]

The standard representation of g on R+ gives rise to the map

__ - - Pa v pTwr —pv
o: AMT —> T, Hapa, ‘ olelw | =1 wwr—0opy—vBy | . (2.9)
Ba g B wr + @o

The normal tractor connection is given by
~ ~p ~
Depa — P pipa — Peap

— Pa N

~ D + 2 ~ ~

VfM lagay ‘ 0| = ( CM:O_;S iC[aopm] ‘ (de _ Pcpk‘p +pc) ' (2.10)
ka o

a1]

Dcko — prea + Geatp

clao

Written as a two-form € with values in A27~', the curvature of V7 is

_Yacocl

Qeger = 10| € T(Egyey ® AM). (2.11)

Wcoc1 apal

0

The BGG-splitting operator

L N - Pa
LitM: T(E?) = D(E,[2]) = D(AM), ko> | Hagar | 9 ]
ka
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is determined by

~ 1 ~

tagar = Diagka,)s ¢ = —%g”qukq, (2.12)
1 ~ = 1 ~ = 1 ~ = 1~p 1~

Pa = =7~ D"Dyka + - D" Daky + 5 Do Dk + Py — o= Tk,

and the corresponding first BGG-operator of AM is computed as
oM : T(Ea2]) = T (Ewp2))s = Dickaro,

where the subscript 0 denotes the trace-free part. Thus @64]‘7 is the conformal Killing operator
and solutions to the first BGG-equation are conformal Killing fields. In a prolonged form, the
conformal Killing equation is equivalent to

VAM s = gaQyy, (2.13)

where s = LOAM(@, see [7, 18].

3 The Fefferman-type construction

The construction of split-signature conformal structures from projective structures discussed in
this section fits into a general scheme relating parabolic geometries of different types. Namely, it
is an instance of the so-called Fefferman-type construction, whose name and general procedure
is motivated by Fefferman’s construction of a canonical conformal structure induced by a CR
structure, see [6] and [11] for a detailed discussion.

3.1 General procedure

Suppose we have two pairs of semi—simple Lie groups and parabolic subgroups, (G, P) and (é , ﬁ),
and a Lie group homomorphism i: G — G such that the derivative 7': g — @ is injective. Assume
further that the G-orbit of the origin in G / P is open and that the parabolic P C G contains
Q:=i" (P) the preimage of PCQG.

Given a parabolic geometry (G — M, w) of type (G, P), one first forms the Fefferman space

M:=G/Q =G xpP/Q. (3.1)

Then (g — M w) is automatlcally a Cartan geometry of type (G,Q). As a next step, one
considers the extended bundle Q =G Xxg P with respect to the homomorphlsm Q — P. This is
a principal bundle over M with structure group P and j: G — G denotes the natural inclusion.
The equivariant extension of w € Q!(G, g) yields a unique Cartan connection @™ € Q! (Q, g)
of type (é, ]5) such that j*@™! = ¢/ o w. Altogether, one obtains a functor from parabolic
geometries (G — M,w) of type (G, P) to parabolic geometries (§ — M, @ind) of type (é, ﬁ)

The relation between the corresponding curvatures is as follows: The previous assumptions
yield a linear isomorphism g/p 2 g/q and an obvious projection g/q — g/p, where q C p is the
Lie algebra of @ C P. Composing these two maps one obtains a linear projection g/p — g/p,
whose dual map is denoted as ¢: (g/p)* — (g/p)*. Since i': g — g is a homomorphism of Lie
algebras, the curvature function #"d: G — A2%(§/p)* ® g is related to k: G — A2(g/p)* ® g by
ko j = (A2p ® ') o k. We note that ™9 is fully determined by this formula.

Since i’ is an embedding, the notation is in most cases simplified such that we write g C §,
q=gnNp, etc.
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3.2 Algebraic setup and the homogeneous model

Here we specify the general setup for Fefferman-type constructions from Section 3.1 according
to the description of oriented projective and conformal spin structures given in Sections 2.4
and 2.5, respectively. Let R+ *1 be the real vector space R?"*2 with an inner product, h, of
split-signature. Let Arfrﬂ’"ﬂ and A" he the irreducible spin representations of

G :=Spin(n+1,n+1)

as in Section 2.5. We fix two pure spinors sp € A" and sp e AT with non-trivial
pairing, which is assigned for later use to be (sg, sp) = —%. Note that sg lies in ATFl’nH if n
is even or in A"V if 1 is odd.

Let us denote by E,F C R*"17+1 the kernels of sg, sp with respect to the Clifford multi-
plication, i.e.,

B o= {X e RV X g = 0}7 F = {X e RFbrtl: X Lgp = 0}-

The purity of sg and sp means that F and F are maximally isotropic subspaces in R+
The other assumptions guarantee that £ and F' are complementary and dual each other via the
inner product h. Hence we use the decomposition

R — B P xRV g RV (3.2)

to identify the spinor representation A7tLntl — Aﬁ“’nﬂ @ A" with the exterior power

algebra A°E = A°R" whose irreducible subrepresentations are A" 171 o pevengntl 514

AL o poddRntl - When n is even, respectively, odd, we can identify (AT“L”H)* o

(An+1,n+1)* o An—i—l,n—&-l'

n+1n+1 .
AL , respectively

Now, let us consider the subgroup in G defined by
G:={geSpin(n+1,n+1):g-sg=5sg, g-SF = Sr}.

This subgroup preserves the decomposition (3.2) so that the restriction of the action to F' is dual
to the restriction to F. It further preserves the volume form on FE, respectively F' = E*, which
is determined by sg and sp according to the previous identifications. Hence G = SL(n+ 1) and
this defines an embedding i: SL(n + 1) < Spin(n + 1,n + 1).!

The G-invariant decomposition (3.2) determines a G-invariant skew-symmetric involution
K € so(n+1,n+ 1) acting by the identity on E and minus the identity on F'. The relationship
among K, sp and s may be expressed as

WX, K(Y)) = —h(K(X),Y) = 2(sp, (X AY) - sp), (3.3)

where

1
(X/\Y)SF:§(XYSF—YX8F>:XY8F+h<X,Y)$F

The spin action of g is denoted by e, and thus Aes = —%A -5, forany A € gand s € A. In
particular, K esp = —2(n+1)sp and K esg = (n+1)sg. Here we identify g = so(n+1,n+1)
with A2R™TLn+1 Tt is convenient to split g in terms of irreducible g-modules as

g=AN(FaF)=(EQF)®(E®F)r, ® A\’ E ® A*F, (3.4)
— ~~
g=sl(n+1) gt

Tnstead of the embedding SL(n + 1) < Spin(n -+ 1,n+ 1) we could also consider the embedding SL(n + 1) <
SO(n+1,n+1). The advantage of employing the embedding into the spin group is two-fold: on the one hand, it
is then seen directly that the induced conformal structure has a canonical spin structure, and, on the other hand,
we can then use convenient spinorial objects for its characterisation.
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where (E ® F)r, = RK, and K acts as [K, ¢] = 2¢, [K,¥] = —2¢, [K,\] = 0, for any ¢ € A’E
¢ € A°F and A\ € E ® F. Further, the annihilators of sg and sp in g are the subalgebras
ker sp = sl(n + 1) @ A’E and ker sy = sl(n + 1) @ AF.

The homogeneous model for conformal spin structures of signature (n,n) is the space of
isotropic rays in R*thntl G / P~ 8" x S The subgroup G C G does not act transitively on
that space. According to the decomposition (3.2), there are three orbits: the set of rays contained
in E, the set of rays contained in F', and the set of isotropic rays that are neither contained in £
nor in F'. Note that only the last orbit is open in G / P which is one of the requirements from
Section 3.1. Therefore, we define P C G to be the stabiliser of a ray through a light-like vector
& € RtLnt1\ (EUF). Denoting by Q = i~*(P) the stabiliser of the ray R0 in G, we have the
identification of G/Q with the open orbit of the origin in G/P. The subgroup @, which is not
parabolic, is contained in the parabolic subgroup P C G defined as the stabiliser in G of the
ray through the projection of ¥ to E. In particular, G/P is the standard projective sphere S,
the homogeneous model of oriented projective structures of dimension n, and G/Q — G/P is
the canonical fibration with the standard fibre P/Q, whose total space is the model Fefferman
space.

Let us denote by L = R the line spanned by the light-like vector & and let LT be the
orthogonal complement in R"*1"*+1 with respect to h. The tangent space of G/Q at the origin
can be seen in three different ways, namely,

(L*/L)[1] = g/qa = a/p.

The latter isomorphism is induced by the embedding g C g, the former one by the standard
action of g C g on the vector & € R +1 Both these identifications are Q-equivariant.

There are several natural (J-invariant objects that in turn yield distinguished geometric ob-
jects on the general Fefferman space. The n-dimensional Q-invariant subspace

f=((F+L)/L)[1] C (LL/L)[l], where F:=FnL*,

which is isomorphic to p/q C g/q, the kernel of the projection g/q — g/p. Another n-dimensional
Q-invariant subspace is

e:=((E+L)/L)[1] C (L*/L)[1),  where E:=FEnL".

The intersection e N f is 1-dimensional with a distinguished @-invariant generator that corre-
sponds to the G-invariant involution K € g,

kE:=K+peg/p.

Note that all these objects are isotropic with respect to the natural conformal class induced
by the restriction of h to L+ C R*+17+1 1In particular, both e and f are maximally isotropic
subspaces such that

kcenfCkt=e+f. (3.5)

In Section 3.1 we introduced a map ¢: (g/p)* — (8/p)*, the dual map to the projection
d/p = g/q — g/p. The kernel of this projection is just f and the image of ¢ is identified with its
annihilator, which will be denoted by f°. Since f is a maximally isotropic subspace in g/p = g/q,

o o2,
Since (g/p)* = py, we may conclude with the help of explicit matrix realisations from Ap-
pendix A that f° = p, Nker sp. Moreover, we note that
(ﬁ+ﬂkersF)E®F:p+, (ﬁﬂkersF)E®F:p, (3.6)
NFAF=A2F Cgo.  [paA2F] = £, [f°,A%F] =0, (3.7
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3.3 The Fefferman space and induced structure

The pairs of Lie groups (G, P) and (é , ﬁ) from the previous subsection satisfy all the properties
to launch the Fefferman-type construction.

Proposition 3.1. The Fefferman-type construction for the pairs of Lie groups (G, P) and
(G,P) yields a matural construction of conformal spin structures (M,c) of signature (n,n)

from n-dimensional oriented projective structures (M,p). The Fefferman space M is identified
with the total space of the weighted cotangent bundle without the zero section T*M (2)\{0}.

Proof. The first part of the statement is obvious from the general setting for Fefferman-type
constructions and the Cartan-geometric description of oriented projective and conformal spin
structures.

The second part is shown due to two natural identifications: On the one hand, the Fefferman
space is by (3.1) equal to the total space of the associated bundle M = G xp P/Q over M. On
the other hand, the weighted cotangent bundle to M is identified with the associated bundle
T*M(2) =2 G xp (g/p)*(2) with respect to action of P induced by the adjoint action and the
representation (2.3) for w = 2. Hence it remains to verify that the action of P on (g/p)*(2)\ {0}
is transitive and @ is a stabiliser of a non-zero element. But this is a purely algebraic task,
which may be easily checked in a concrete matrix realisation. |

From the algebraic setup in Section 3.2 we easily conclude number of specific features of the
induced conformal structure on M:

Proposition 3.2. The conformal spin structure (M, c) induced from an oriented projective
structure (M, p) by the Fefferman-type construction admits the following tractorial objects that
are all parallel with respect to the induced tractor connection:

(a) pure tractor spinors sg € F(gi) and sp € F(g‘_) with non-trivial pairing,

(b) a tractor endomorphism K € I‘(AM) which is an involution, i.e., K? = idz, and which
acts by the identity, respectively minus the identity on the maximally isotropic complemen-
tary subbundles € := ker sg, respectively F := kersp of T.

The corresponding underlying objects n = Hog(sE), X = Hog(sF) and k = H()“M(K) satisfy:
(c) ne F(ii [3]) and x € F(i,
have 1-dimensional intersection and f coincides with the vertical subbundle of M — M,

[%]) are pure spinors, whose kernels € := kern and ]7:: ker x

(d) ke F(T]Tj) is a nowhere-vanishing light-like vector field generating the intersection €N ]?

Proof. The G-invariant spinor sg € A4 gives rise to the tractor spinor sg € F(gi =G Xq
Ai) such that it corresponds to the constant (Q-equivariant) map G — A4. Hence sg is
automatically parallel with respect to the induced tractor connection on gi. Similar reasoning
for other G-invariant objects and their compatibility described above yield the first part of
the statement. In particular, E=¢G xg I, F=g¢ xq F' and the decomposition T=EaF
corresponds to the decomposition (3.2).

The filtration L C L+ C R+ gives rise to the filtration of the standard tractor bundle,
which can be written as
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In particular, the subbundles associated to E, F' C L+ are distinguished by the middle slot. The
corresponding Q-invariant maximally isotropic subspaces e, f C g/q determine the distributions
G xgeand G xg f in TM =G xq 8/9. According to the tractor Clifford action (2.7) it
follows that these are precisely the kernels of the spinors 1 and . Since these subspaces are
maximally isotropic, the corresponding spinors are pure. Since f = p/q is the kernel of the
projection g/q — g/p, the corresponding subbundle fis identified with the vertical subbundle
of the projection M — M. The intersection e N f is 1-dimensional and it is generated by the
projection of K € g to g/p. Indeed, K cannot be contained in p, since K acts by the identity
on E and minus the identity on F" and p is the stabiliser of a line that is neither contained in E
nor in F'. Altogether, the corresponding vector field k on M is a nowhere-vanishing generator
of eN f, in particular, it is light-like. |

3.4 Relating tractors, Weyl structures and scales

As a technical preliminary for further study we now relate natural objects associated to the
original projective Cartan geometry (G,w) on M and the induced conformal geometry (5 ,wind)
on the Fefferman space M.

Since G C é, any é-represgltation V is also a G-representation, which yields compatible
tractor bundles over M and M with compatible tractor connections: = g X P V - M
with the tractor connection V induced by w and V=g¢ XpV =G ><Q V — M with the
tractor connection V"4 induced by (I)ind Sections of V bljectlvely correspond to P-equivariant
functions ¢: G — V, while sections of % correspond to (-equivariant functions ¢: G — V. Since
@ C P, every section of V gives rise to a section of V, and we can view I'(V) C F(V). Now,
Proposition 3.2 in [8] admits a straightforward generalisation to Fefferman-type constructions
for which P/@ is connected and thus, in particular, to the one studied in this article:

Proposition 3.3.

(a) A section s € F(ﬁ) is contained in I'(V) (i.e., the corresponding Q-equivariant function ¢
is indeed P-equivariant) if and only if Virds s strictly horizontal (i.e., v®*Vi*s = 0 for all
v € T'(f)).

(b) The restriction of vind o rw)c F(f)) coincides with the tractor connection V.

Remark 3.4. Another instance of compatible bundles over M and M is provided by the density
bundles E(w) and E[w], which are defined via the representation of P and P as in (2.3) and (2.4),
respectively. Restricting these representations to @), it easily follows that the notation is indeed
compatible so that we can view I'(E(w)) C T'(E[w]).

Both projective and conformal density bundles can be described as associated bundles to
the respective bundles of scales. Hence everywhere positive sections of density bundles are
considered as scales. In particular, the inclusion I'(E4 (1)) € T'(E4[1]) may be interpreted so
that any projective scale induces a conformal one. Such conformal scales will be called reduced
scales. An intrinsic characterisation of reduced scales among all conformal ones is formulated in
Proposition 5.2.

The previous remark yields that any projective exact Weyl structure on M induces a confor-
mal exact Weyl structure on M. This fact can be generalised as follows:

Proposition 3.5. Any projective (exact) Weyl structure on M induces a conformal (ezact)
Weyl structure on the Fefferman space M .

Proof. A version of this result in a more general context was proved in 1, Proposition 6. 1]: any
Weyl structure for w induces a Weyl structure for @4 if P, C P and (GO N P) - GO But both
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these conditions are satisfied as follows from the setup in Section 3.2 and explicit realisations in
Appendix A. |

Conformal Weyl structures induced by projective ones as above will be called reduced Weyl
structures.

3.5 Normality

Here we show that our Fefferman-type construction does not preserve the normality in general,
see Proposition 3.8. This can be shown directly as we did in a previous version of the article,
see arXiv:1510.03337v2. Alternatively, we can treat the construction as the composition of two
other constructions via a natural intermediate Lagrangean contact structure.

A Lagrangean contact structure on M’ consists of a contact distribution H C T'M’ together
with a decomposition H = €’ & f’ into two subbundles that are maximally isotropic with respect
to the Levi form H x H — TM’'/H. Such structure on a manifold M’ of dimension 2n — 1 is
equivalently encoded as a normal parabolic geometry of type (G, P'), where G = SL(n + 1) and
P’ C G is the stabiliser of a flag of type line-hyperplane in the standard representation R™*!.
For n > 2 there are three harmonic curvatures, two of which are torsions whose vanishing is
equivalent to the integrability of the respective subbundles €', f* C H. For n = 2 there are two
harmonic curvatures of homogeneity 4, hence the Cartan connection is torsion-free. In that case
both ¢’ and f’ are 1-dimensional and thus automatically integrable.

On the one hand, P’ is contained in P, where P C G is the stabiliser of a ray in R**'. For
suitable choices as in Appendix A, the Lie algebra to P’ consists of matrices of the form

t

a U w
p=(0 B V
0 0 ¢

Given a projective Cartan geometry (G — M,w) of type (G, P), it turns out that the correspon-
dence space M’ := G/P’ can be identified with the projectivised cotangent bundle P(T*M).
The Cartan geometry (G — M’ w) of type (G, P’) is regular and thus it covers a natural La-
grangean contact structure on M’. In particular, the canonical contact distribution on P (7% M)
coincides with H and the vertical subbundle of the projection M’ — M coincides with one of the
two distinguished subbundles, say f’ C H. As in general, this construction preserves normality.
In accord with [5], respectively [11, Section 4.4.2] we may state:

Proposition 3.6. Let (G — M,w) be a normal projective parabolic geometry and let (G —
M’ ,w) be the corresponding normal Lagrangean contact parabolic geometry. The latter geometry
is torsion-free if and only if n =2 or it is flat, i.e., the initial projective structure is flat.

On the other hand, P’ contains @, where Q = G N P as before. This allows us to consider
the Fefferman-type construction for the pairs (G, P’') and (G, P). Given a Lagrangean contact
structure on M’, it induces a conformal spin structure on M = G/Q. This construction is indeed
very similar to the original Fefferman construction; one deals with different real forms of the
same complex Lie groups in the two cases. That is why the following statement and its proof
is analogous to the one for the CR case. Following [8], respectively [11, Section 4.5.2] we may

state:

Proposition 3.7. Let (G — M’ ,w) be the normal Lagrangean contact parabolic geometry and let

(é — ]\7, (Dind) be the conformal parabolic geometry obtained by the Fefferman-type construction.
Then @™ is normal if and only if w is torsion-free.
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Altogether, composing the two previous steps we obtain our projective-to-conformal Feffer-
man-type construction with the desired control of the normality. Note that from (3.5) and the
respective matrix realisations it follows that the induced objects on M = T*M(2) \ {0} from
Proposition 3.2 correspond to the induced objects on M’ = P(T*M). In particular, the vertical
subbundle of the projection M — M’ is spanned by k and the decomposition k- = €@ fg ™
descends to the decomposition H =€’ & f' C TM’

g
P
g
Q
P’ —~
M
P
/
MI
/
M.

Proposition 3.8. Let (G — M,w) be a normal projective parabolic geometry and let (§ —

M, (,Nuind) be the conformal parabolic geometry obtained by the Fefferman-type construction.

(a) If dim M =2 then ™ is normal.

(b) If dim M > 2 then ™9 is normal if and only if w is flat.

Moreover, independently of the dimension of M, @™ is flat if and only if w is flat.

3.6 Remarks on torsion-free Lagrangean contact structures

At this stage it is easy to formulate a local characterisation of split-signature conformal structures
arising from torsion-free Lagrangean contact structures, see Proposition 3.10. As before, the
results and their proofs are very analogous to those in the CR case, therefore we just quickly
indicate the reasoning and point to differences.

As in Proposition 3.2, the G-invariant algebraic objects induce the tractor fields sg, sp and K
on the conformal Fefferman space that are parallel with respect to the induced tractor connection
and have the required compatibility properties. But, starting with a torsion-free Lagrangean
contact structure, the induced connection is already normal. In particular, the corresponding
underlying objects x, n and k are pure twistor spinors and a light-like conformal Killing field,
respectively.

The existence of parallel tractors sg, sp and K with the algebraic properties as in Proposi-
tion 3.2 are by no means independent conditions:

Proposition 3.9. Let (M,c) be a conformal spin structure of split-signature (n,n). Then the
following conditions are locally equivalent:

(a) The spin tractor bundle admits two pure parallel tractor spinors sg € F(g’i) and sp €
F(S,) with non-trivial pairing.

(b) The conformal holonomy Hol(c) reduces to SL(n + 1) C Spin(n + 1,n 4+ 1) preserving
a decomposition into maximally isotropic subspaces E @ F = RPThntl

(¢) The adjoint tractor bundle admits a parallel involution K € F(AM), ie., K2 = idz.
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The only subtle point within the proof concerns the consequences of property (c). The
existence of a parallel skew-symmetric involution K on the standard tractor bundle immediately
implies that the conformal holonomy Hol(c) is reduced to GL(n + 1). But, analogously to the
corresponding discussion for the CR case in [9] or [23], one can show that Hol(c) is actually
contained in SL(n + 1). The rest follows easily.

It turns out that conformal spin structures induced by torsion-free Lagrangean contact struc-
tures are locally characterised by any of the three equivalent conditions above. Indeed, according
to results from [10], the holonomy reduction of the conformal structure to G = SL(n + 1) C
Spin(n+1,n+1) = G yields the so-called curved orbit decomposition of M , which corresponds
to the decomposition of the homogeneous model G / P with respect to the action of G. Each
subset from the decomposition of M , provided it is non-empty, further carries a geometry of
the same type as its counterpart in the homogeneous model. From Section 3.2 we know there
is one open and two closed n-dimensional orbits. The closed n-dimensional orbits carry Cartan
geometries of type (G, P), and thus inherit projective structures, the open orbit carries a Cartan
geometry of type (G, Q). Note that the two closed orbits coincide with the zero sets of x and 7,
the open subset is the one where both spinors, and thus k, are non-vanishing. Since k is the
conformal Killing field corresponding to the parallel adjoint tractor K, it inserts trivially into
the curvature of the normal Cartan connection, cf. (2.13). Hence, according to [5], the Cartan
geometry of type (G, Q) on the open orbit of M descends to a Cartan geometry of type (G, P')
on the local leaf space M’ determined by k. It follows that this Cartan geometry is torsion-free
and thus determines a torsion-free Lagrangean contact structure. Altogether, following [9] we
may state the following characterisation:

Proposition 3.10. A split-signature conformal spin structure is locally induced by a torsion-
free Lagrangean contact structure via the Fefferman-type construction if and only if any of the
equivalent conditions from Proposition 3.9 holds and the underlying twistor spinors x and n and
the conformal Killing field k are nowhere-vanishing.

3.7 The exceptional case: dimension n = 2

From Section 3.5 we know that the intermediate 3-dimensional Lagrangean contact structure
on M’ induced by a 2-dimensional projective structure on M is torsion-free. Hence the induced
conformal Cartan geometry on M is normal and thus all the equivalent conditions from Propo-
sition 3.9 are satisfied. Moreover, the fact that it comes from a projective structure implies that
any vertical vector of the projection M — M inserts trivially into the Cartan curvature, i.e.,

ixf(u)=0, forall X e f ueg. (3.8)
Analogously to the discussion before Proposition 3.10 we may conclude:

Proposition 3.11. A conformal spin structure of signature (2,2) is locally induced by a 2-
dimensional projective structure via the Fefferman-type construction if and only if any of the
equivalent conditions from Proposition 3.9 holds, the underlying twistor spinors x and n and
the conformal Killing field k are nowhere-vanishing and the curvature of the normal conformal
Cartan connection satisfies (3.8).

Remark 3.12. Conformal structures induced from 2-dimensional projective structures are well-
studied, see, e.g., [14, 15, 25]. Notably, the intermediate 3-dimensional Lagrangean contact
structure can be equivalently viewed as a path geometry (or the geometry associated to second
order ODEs modulo point transformations). Such structure is induced by a projective structure
(i.e., the paths are the unparametrised geodesics of the projective class of connections) if and
only if one of the two harmonic curvatures vanishes. It follows from [25] that this is equivalent to
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vanishing of the self-dual, respectively anti-self-dual part of the Weyl curvature of the induced
conformal structure. In particular, the condition (3.8) in the previous proposition can be replaced
by the condition that the conformal structure is half-flat.

4 Normalisation and characterisation

By Proposition 3.8, for n > 3, the induced conformal Cartan connection associated to a non-flat
n-dimensional projective structure differs from the normal conformal Cartan connection for the
induced conformal structure. In this section we will analyse the form of the difference and
thus derive properties of the induced conformal structures. Furthermore, we will show that any
split-signature conformal manifold having these properties is locally equivalent to the conformal
structure on the Fefferman space over a projective manifold.

4.1 The normalisation process

We are going to normalise the conformal Cartan connection @™ € Q! (5 , Q) that is induced by
a normal projective Cartan connection w € Q'(G, g) Any other conformal Cartan connection @’
differs from @4 by some ¥ € Q! (Q g) so that &' = @™ + ¥. This ¥ must vanish on vertical

fields and be P—equlvarlant. The condition on &’ to induce the same conformal structure on M
as @™ is that ¥ has values in p € §. One can therefore regard ¥ as a P-equivariant function
U: G — (§/p)* ® . According to the general theory as outlined in [11, Section 3.1.13] there is
a unique such ¥ such that the curvature function &’ of &' satisfies 9*&’ = 0, and then &' is the
normal conformal Cartan connection w™°* B B

The failure of &9 to be normal is given by 9*%": G — (§/p)*@p. The normalisation of @4
proceeds by homogeneity of (g/p)* ® p, which decomposes into two homogeneous components
according to the decomp081t10n p = g0 @ py+. In the first step of normalisation one looks for
a Ul such that &' = & + U! has 9*F! taking values in the highest homogeneity, i.e., PR G —
(8/p)" @ b4 I

To write down this first normalisation we employ Weyl structures Go—G. By Proposition 3.5
we can take a reduced Weyl structure, i.e., one that is induced by a reductlon g0<—>g — g with
respect to the structure group Qo := QOGO This allows us to project 9*wind ¢ (8*~md) Go —

(g/p) " ® go and to employ the Go-equivariant Kostant Laplacian O: (§/p)* ® do — (8/p)* ® go,
= §0d* +0*0d. For the first normalisation step we need to form a map ¥': G — (§/p)* ®p
that agrees with —[~! (G*Eind) o In the go-component. If we have formed any such Ul along

QQ<—>§ we can just equivariantly extend this to all of C7 .

To proceed with the analysis of the normalisation we need to establish a couple of technical
lemmas. As before, we denote by f° C py = (g/p)* the annihilator of f = p/q C g/q = g/p.
Recall that f° = p(py) = f[—2].

Lemma 4.1. Let V be a g-representation contained in a g-representation 1% and denote by
¢ — gb the inclusion AFp, @ V — AFp, ® V induced by p:pyr — py and V — V. Then, for
any ¢ € A*py @V,

Fp—pe N e (N2FeV) CAh, @V,
In particular, for the adjoint representations, 0*¢ = 0 if and only if 5*5 c AF1fo @ A2F.

Proof. For the sake of presentation, assume that ¢ is decomposable, i.e., of the form ¢ =
Zy N+ NZk®v, where Z; € py and v € V. Let us denote by the same symbols also the images
of these elements under the inclusion g — g and V <= V, ie., Z; € p and v € V, respectively.
Let Z; € f° be the images of Z; under the inclusion ¢: p; — p+. Now, by definition of the
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Kostant co-differential, the difference % — 5*(75 evaluated on any k — 1 elements from g/p is
a linear combination of terms of the form

(Zi — Z;) o v. (4.1)

However, the differences Z; — Z; € p are represented by the matrices as in (A.1) in the Appendix
where only the Z-entries are non-vanishing and hence contained in A2F Np = A%2F. Thus (4.1)
belong to the image of e: A2F x V — V and the first claim follows. -

For the second claim we use that A2F e g = [AQF,g] C A’F and A’F N g = 0: since 9*¢
(evaluated on any k — 1 elements from g/p) has values in g C g, vanishing of 9*¢ is equivalent
to 8*¢ having values in A2F. But 0*¢ has generally values in p and A2F Np = A2F, hence the
claim follows. |

Lemma 4.2. If 1) € i A fCROAN2F C A%, @p then 0" € fo® f° Cpy @ P

Proof. 1 is a sum of terms of the form Z; A Zo ® A, where Z; € p,, Zo € f° and A € A?F.
Applying the Kostant co-differential gives

3*(Z1 N Zo ®A) =1 ® [ZQ,A] —Zo® [Zl,A]

Now [Z, A] belongs to [f°,A*F] = 0 and [Z1, A] belongs to [p4, A?’F| = f°, hence the claim
follows. |

The following lemma contains the crucial information which is necessary to perform our
normalisation. We are going to specify the curvature function #"¢ (later also #"°") by describing
its values along the natural Q-reduction G — G over M. Recall from Section 3.2 that A2F is

a Q-invariant subspace in g, which can be identified with (A2f)[—2].
Lemma 4.3. For any u € G, we have
IR (u) € f° @ A*F C i @ do.

Identifying A*F = (A*f)[—2] and f° = f[—2], we have in fact 5*Eind(u) € (fOAf)[-4], ie.,
O*k"d(u) is contained in the kernel of the alternation map

alt: (f @ A2f)[—4] — (A%f)[-4].

Proof. It is a general assumption that &4 is induced by a normal projective Cartan connection
on G, i.e., 0*k(u) = 0, for any u € G. Hence it follows from Lemma 4.1 that 0*%™4(u) belongs
to f°@A’F = (f @ A*f)[—4].

Further we need a finer discussion involving the properties of k: G — A%p, ® g to show
that (u) belongs to the kernel of the Q-equivariant map A%p, ® g — (A3 f ) [—4] given by

¢+ alt (97 9). (4.2)

Note that any element ¢ € A%p, ® p,. for which 0*¢ = 0 is mapped to zero: since <$ €A%pL®p
and [p4,p] = p4+, the co-differential 9*¢ has values in f° ® p... But, by Lemma 4.1, it also has
values in f°® A2F and p, NA%2F = 0.

Thus it suffices to consider the harmonic elements from A?p, ®go, i.e., the ones corresponding
to the projective Weyl tensor. For that purpose we consider the simple part of Qg = QNGo which
is isomorphic to SL(n — 1), cf. the matrix realisation (A.2) in the Appendix where it corresponds
to the A-block. Considering both A%p; ® go = A*R™ @ R™* @ R™ and (A3f)[—4] = APR"™ as
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representations of SL(n—1), the map (4.2) is either trivial or an isomorphism on each SL(n —1)-
irreducible component.

One can check that there is only one SL(n — 1)-irreducible component that occurs in both
spaces, and it is isomorphic to A2R™ 1. Hence it suffices to compute (4.2) on one element
contained in such component. Let X,, € g_ and Z,, € p; be the two dual basis vectors stabilised
by SL(n — 1) and consider an element

V=1 NLRX,RZpy—Z1NZaR@X1 QL1+ Zny N2 @ Xy, ® Z.

Indeed ¢ is completely trace-free, satisfies the algebraic Bianchi identity and the SL(n — 1)-orbit
of ¢ is isomorphic to A2R"~1*. Now,

5*;5: _Zl®2n/\22_2n®21/\227
which indeed lies in the kernel of the alternation map. Hence the statement follows. |

We can now determine the form of the normal conformal Cartan connection:

Proposition 4.4. The normal conformal Cartan connection is of the form

ohor — aind + \I’l + \1127

hor

G — G we have U' € QL (G, A’F), W2 € O} (G, f°).

where U1 = f%g*k/ind el (é,ﬁ) and V? ¢ Qior(g,@r). Furthermore, along the reduction

Remark 4.5. Since ¥! and ¥? are horizontal, they may equivalently be regarded as bundle-
valued 1-forms on M. Denoting by A%F the associated bundle G xg A%F over M and by
f© € T*M the annihilator of f = ker x C T M, Proposition 4.4 says

vl e QN (M, AF),  wreQY(M,f), Ulv)=¥3(w)=0, forallveI'(kery).

Below we also use the corresponding frame forms, i.e., the ﬁ;equivariant functions ¢': G —
(g/p)* ®p and ¢?: G — (g/p)* ® py such that, for any u € G, ¥! = ¢'(u) o &iid and W2 =
#?(u) o™, In these terms, the proposition means that along the reduction G < G these maps
restrict to QQ-equivariant functions

Pl G— fERNAF, »: G — oo fe.
Further we put ¥ = W' + U2 and ¢ = ¢! + ¢°.

Proof. The Kostant Laplacian [ restricts to an invertible endomorphism of ((§/p)*®do)Nim 9*
that acts by scalar multiplication on each of the éo—irreducible components. Now, restricting to
G < G and suppressing all arguments v € G, it was shown in Lemma 4.3 that 9*%™! is contained
in one of the irreducible components, namely in ( FOA? f) [—4]. On this component O acts by
multiplication by 2. Thus, the modification map accomplishing the first normalisation step is

¢': G — o A*F, ol = _%5*gind — [ ly*gind.

Now, let @' := @™ 4 ¢! o @™ be the modified Cartan connection. The corresponding
curvature function &' can be expressed in terms of ", ¢! and its differential d¢' so that

FHX,Y) = "™(X,Y) + [X, 0" (V)] - [V, 0" (X)]
+dg' ()(Y) — do' (n)(X) — ¢ ([X,Y]) + [¢(X), 0" (YV)], (4.3)
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where X,Y € gand £ = (Z}ind)_l(X), n= ((Tjind)_l(Y), cf. [11, formula (3.1)]. For the last term
we have [¢!(X), ¢! (Y)] = 0 since ¢*(X) has values in A*F. The first three terms are

RMO0Y) 4 [X, 61 ()] = [V.0! (0] = B, Y) + 301 (X, V),

which by construction vanishes upon application of the Kostant co-differential, i.e., o (%ind +
aqbl) = 0. The remaining terms in (4.3) can be combined into a map A?g — A2F,

(X,Y) = do'(€)(Y) — do' (n)(X) — 6" ([X, Y]),

which vanishes upon insertion of two elements X,Y € p. Therefore, applying Lemma 4.2, we
conclude that 0*k! has values in f° ® f°. Thus the second modification map is

$*: G fPef,  ¢r=-0"'0F" n

4.2 Properties

The information provided in the previous proposition allows us to determine the properties
satisfied by the normal conformal Cartan curvature:

T

Proposition 4.6. The normal conformal Cartan curvature K"°" restricts to a map

T G — A%(§/p) @ (5[(n +1) o A2F). (4.4)
Moreover, the following integrability condition holds:
ixk"(u) € f°® (A’F @ f°),  forall X € f,ueg. (4.5)

Proof. Let " be the curvature function of the normal Cartan connection @"* = @™ + ¢ o
@ where ¢ = ¢! + ¢?. With the same conventions as in the proof of Proposition 4.4, [11,
formula (3.1)] yields

RYN(X,Y) = RM(XLY) + [X,6(Y)] - Y, (X))
+dp(§)(Y) — de(n)(X) — o([X, Y]) + [¢(X), o(Y)].

Clearly, #"4(X,Y) has values in sl(n + 1) and vanishes upon insertion of X € p. A term of
the form [X,$(Y)] vanishes if Y € p and has values in [p, A2F @ f°] C A?F @ f° for X € p.
A term of the form d¢(£)(Y) has values in A2F @ f° and vanishes for Y € p. The term ¢([X,Y])
has values in A2F @ f° and vanishes for X,Y € p. The last term [¢p(X), #(Y)] vanishes for all
X,Y € g since ¢(X) has values in A2F @ f°. Altogether, we obtain (4.4) and (4.5). [

We observe here that it follows directly from (4.4) that the pairing of k"°" with the involu-
tion K vanishes, (k"", K) = 0.

To derive properties of induced tractorial and underlying objects on the conformal structure
we will need the following preparatory lemma.

Lemma 4.7. Let V be a é—representation and v € V' an element which is stabilised under
G CG@G. Letv e F(V) be the section of the associated tractor bundle G X 5 V' corresponding to

the constant function G — V, u— v, along G. Then the covariant derivative vnory corresponds
to the Q-equivariant function

GV, u»—>¢)1(u)ov+¢2(u)ov,
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Proof. The covariant derivative Vv corresponds to the map
Xegm (@) H(X) v+ Xeu, (4.6)

The first term in (4.6) vanishes since it is the directional derivative of the constant function v.
Now @™ = o™ + ¢l + ¢2, and since X o v = 0 the claim follows. [ |

We now show that the distinguished tractors sg, sp and K on the Fefferman space are all
given as BGG-splittings from their underlying objects. Moreover, several stronger properties
hold:

Proposition 4.8. Let sp € F(gi), SF € F(S_) and K € F(AM) be the tractor spinors and

the adjoint tractor, respectively, and let n = 115 (sg), x = HS(SF) and k = HAM( ) be the
corresponding underlying objects as in Proposition 3.2.

(a) The tractor spinor Sp s parallel, i.e., %norsF = 0. In particular, x is a pure twistor
spinor, sSp = Lg’ (x) and Hol(c) C SL(n + 1) x A2(R"*1)" C Spin(n + 1,n + 1).

(b) The tractor spinor sg is a BGG-splitting, i.e., O* (%norsE) =0 and sp = L‘gi (n).

(¢) The adjoint tractor K is a BGG-splitting and k is a conformal Killing field, i.e., J*VIorK
=0, K = L§M (k) and V*'K = iz Q"°". Moreover, we have

KRR = 2 p2 . (4.7)

Proof. (a) Since ¢!, $? have values in ker sy we have ¢! ® sp + ¢? @ sy = 0. Thus, according
to Lemma 4.7, we have Vnorg r = 0 and the rest is obvious.

(b) The spinor sg is of the form sg = (}). According to Lemmas 4.3 and 4.7, ¢! has values
in (f ®A?f)[-4] and o (6“‘”5]3) corresponds to

7o) - (7 7)00).

The projection (qSl . 7]) can be realised as the full (triple) Clifford action on ¢!(u) €

Sx[-3]
(®3 f)[—4], where u € G. Now it is easy to see that this action must vanish for a ¢'(u) €
( FOAf ) [—4]: We realise ¢!(u) equivalently in (S2 feof ) [—4] by symmetrisation in the first
two slots, then the complete Clifford action on n vanishes because the action of the first two
slots is just a (trivial) trace multiplication.

(¢) According to Lemma 4.7, ViorK corresponds to ¢l o K + ¢? @ K. Since K/p =k € f,
the previous element lies in p. In particular, V*°'K has trivial projecting slot, and thus k =
IIo(K) is a conformal Killing field. Since ¢ « K € p, we have that 0* (V“OTK) corresponds to
d* (¢' @ K). Now ¢' @ K = —K e ¢! = 2¢', since K acts by multiplication with —2 on A%F.
But ¢! € im d* C ker 5*, and the expression d* ((;51 o K ) therefore vanishes. The equality
VIOrK = Q00T s just (2.13) for the conformal Killing field & with its BGG-splitting K. In
terms of the Q-equivariant functions ¢ = ¢! + ¢? and &"°" along G — G , this can be expressed
as ¢ ¢ K = iprk"°", which yields (4.7). |

We now collect the essential information about the induced conformal structure (M ,¢) which
we derived:

Proposition 4.9. Let (]\7, c) be the conformal spin structure induced from an oriented projective
structure (M, p) via the Fefferman-type construction. Then the following properties are satisfied:
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(a) (M, c) admits a nowhere-vanishing light-like conformal Killing field k such that the corre-
sponding tractor endomorphism K = L(]“M(k) is an involution, i.e., K*> = id7~..

(b) (M, c) admits a pure twistor spinor x € I‘(i, [%]) with k € T'(ker x) such that the corre-
sponding parallel tractor spinor sp = L‘gf (x) is pure.

(c) K acts by minus the identity on kersp.

(d) The following integrability condition holds:

vawCWabcd =0, for all v,w € I'(ker x). (W)

The only thing left to show for Proposition 4.9 is that the integrability condition (4.5) is
equivalent to the condition (W) on the Weyl tensor:

Lemma 4.10. Let (J\7, c) be a split-signature conformal spin structure endowed with trac-
tors sg, sp and K satisfying conditions (a) and (b) from Proposition 4.9. Then condition (4.5)
is equivalent to (W).

Proof. The implication (4.5) = (W) is obvious. It remains to prove the converse implica-
tion (W) = (4.5).
By (W), one has that (iX%nor)go(u) € (f®A2f) [—4] C f°® A?F for X € f, u € G. Since sp

is parallel with respect to VT, we have R"T(u) € A%(§/p)* @ (p Nkersp). The projection of
pNkersyg to py is precisely f°, hence it follows that (ixﬁnor)m(u) € (g/p)* ® f°, and we obtain

ixE(u) € (§/p) @ (A’F @ [°).
We now prove that ix,ix,x"" = 0 for all Xy, Xy € f. For this purpose it will be useful

to work with the curvature form "°", which we can represent as in (2.11). By (W) and the

algebraic Bianchi identity, W,p.q vanishes upon insertion of v, w € I'(ker x) into any two slots,
and in particular v*w®Wypy = 0. Thus, it remains to check that v*wbYy,, = 0. As in the

proof of Proposition 3.2, a vector field w € T'(ker x) corresponds to a section (u;;d> el (f)
According to (2.9),

N * —v“f/}abwT _ B
Ve 2lc;r o | wl| = e abcdwd c P(Eb ® 7')
0 0
Since ivﬁrj’r annihilates F, it follows that v®w" ~mb = 0. Using ?}ab = —%m — ?abr, we obtain
also Vw4 = 0. |

4.3 Characterisation
We are now going to characterise the induced conformal structures. For this purpose we will

introduce the following ('intermediate’) Cartan connection form:

IS 1
& =™t — iikﬁ;nor. (4.8)

The following observation then follows immediately from Proposition 4.4 and formula (4.7):

Lemma 4.11. The pullbacks of the Cartan connection forms &' € QU (QN, 9), @™ € O, (g~, 9)
and &4 e Q}llor (g,g) to G < G agree modulo forms with values in p;4 C sl(n+1) Cg.
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For the rest of this section, we will start with a given split-signature conformal spin struc-
ture (M ,c) satisfying all the properties of Proposition 4.9. In particular, M is endowed with
a conformal Killing field k € F(TM ), and we can still use formula (4.8) to define a Cartan
connection w'. The corresponding tractor connection will be denoted by V' and the curvature

by € or ¥’. The following proposition now shows that the so constructed Cartan connection @’
is in fact an SL(n + 1)-connection.

Proposition 4.12. Let (]T/f ) be a split-signature conformal (spin) structure satisfying all the
properties of Proposition 4.9. Then the sections sp and K are parallel with respect to the tractor
connection V', i.e., V'sp = 0 and V'K = 0.

In particular, Hol( 'Y € SL(n 4+ 1) C Spin(n + 1,n + 1) and & pulls back to a Cartan
connection of type (SL(n + 1), Q) with respect to the Q-reduction G — G. Along that reduction,
the curvature functions &' and £"" are related according to k' = (%nor)s[(nﬂ) and K satisfies
the following integrability condition:

ixf (u) € fCRpy, forall X € f, ueg. (4.9)

Proof. A tractor connection induced by &’ can be written as V/ = V2 + ¥ with ¥ = —%ikﬁl.
That V'sp = 0 follows immediately from the fact that V/ — V7" = —%ianor has values in A2 F.
Since k is a conformal Killing field we have V'K = ;,Q2"°". By definition

VK = V'K — %ikﬁnor oK,

which vanishes, since Q" has values in A2F and therefore zianor e K = Q" Asin

Proposition 4.9, we write the decomposition of T into maximally isotropic eigenspaces of K
with eigenvalues +1 as Ed F. Since K is V’—parallel it follows that this decomposition is
preserved by v Moreover, since F is the kernel of the pure tractor spinor sp it follows that
Hol(&') € SL(n+1). In particular, @’ reduces to a Cartan connection of type (SL(n+1),Q) on
a Q-principal bundle G C G.

We further compute that

1 T/nor =~
- dV nor e
5 \Y

(nor 1~nr (nor 1 nor (nor
:QO —590 .K:QO +§KOQO :(QO)(§®]?)07

~ -~ 1 </nor ~ ~
Ql — Quor _ §dV ianor — Quor _

where we are again using VIorK = zkﬁnor for the conformal Killing field £ and that ﬁnor has
values in € ® F @& A2F. Stated for the corresponding curvature functions, this yields s/ =
(mnor)sl(n 1y Moreover, since k"' has values in ker sy N p, it follows from (3.6) that (p N
ker sp)g((n41) = b, thus &’ has values in p.

We know from (4.5) that ix&"" has values in A2F @ f° for X € f. But since (AQF‘)S[(HH) =
0 and (]3+ N ker sp)sin1) = P+, we obtain that (ixK")s 1) has values in py. Finally,
(i X, ix, R ) sl(nt1) = = 0 for X, Xo € f follows immediately from (4.5), and altogether we ob-

tain (4.9). [

Next, before proving the main characterisation Theorem 4.14, we will show the following
proposition on factorisations of particular Cartan geometries. This proposition can be under-
stood as an adapted variant of [5, Theorem 2.7].

Proposition 4.13. Let (g — M,w) be a Cartan geometry of type (SL(n+1),Q) with curvature
k: G — A% (g/q)* @ g and let the following conditions be satisfied:

ix,ix,k(u) €p, for all X1,X2 €g/q, ueg,
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ix,ix,k(u) € py, forall X1 €p/q, Xa€g/q, ueg,
ix,ix,k(u) =0, for all X1,X2 €p/q, ueg.

Then G is locally a P-bundle over M = G/P and w defines a canonical projective structure
on M.

Proof. The third of the above listed conditions implies that G is locally a P-bundle G — M
by [5]. We will restrict G to assume this globally. We define M = G/P and Gy = G/Py.

Let 0: Go — G be a Gy-equivariant splitting. It follows from the second of the above listed
conditions that

Leyw = —ad(X)ow mod py, for all X € p.

Now define 6 € Q(Go,g-), v € Q1(Go,g0) and p € Q1(Go,p+) via the decomposition o*w =
0B~y @p. Since o is Gp-equivariant and the Lie derivative is compatible with pullbacks it follows
that

Lz (0®7)=—ad(X)o (0d7), for all X € go.

In particular, # and v are Gg-equivariant and define a (reductive) Cartan geometry (Gy —
M,0 @) of type (R™ x SL(n),SL(n)), i.e., an affine connection on M. Since by assumption 2
has values in p, 6 @ -y is torsion-free and so is the affine connection.

Now take another splitting 0/ = o -exp Y, for some Y: G — p;. Since Ad(exp T) acts by the
identity on g_ = g/p, one has (r*PT)*w = w mod p, and thus 6 is independent of the choice of
splitting. Then o"*w = 0@~ ®p’ and &~ = Ad(exp T)o(6d~), projected to g_ Bgo. But since
expY € Py, this shows that v/ is projectively equivalent to v. We thus obtain a well-defined
projective structure on M.

Since w is P-torsion-free and P-equivariant modulo p,, it can be (uniquely) modified to
a normal Cartan connection w™* € Q(G,g) with W™ —w € QY(G,p.). In particular, each
splitting o: Go — G is in fact a Weyl structure of the projective structure on M. |

Theorem 4.14. A split-signature (n,n) conformal spin structure ¢ on a manifold M is (locally)
induced by an n-dimensional projective structure via the Fefferman-type construction if and only
if the following properties are satisfied:

(a) (M, c) admits a nowhere-vanishing light-like conformal Killing field k such that the corre-

sponding tractor endomorphism K = L()“M(kz) is an involution, i.e., K?> = id7~_.

(b) (]Tj, c) admits a pure twistor spinor x € I‘(i, [%]) with k € T'(ker x) such that the corre-

sponding parallel tractor spinor sp = L‘g* (x) is pure.
(¢) K acts by minus the identity on kersp.

(d) The following integrability condition holds:
VW W gped = 0, for all v,w € T'(ker x).

Proof. Starting with a projective structure (M, p), it follows from Proposition 4.9 that the
induced conformal structure (M , c) has all the stated properties. On the other hand, let (M , c)
be a conformal structure with the stated properties. Then, by Proposition 4.12, &’ restricts
to a @Q-equivariant Cartan connection form with values in sl(n + 1) on the reduction G — G.
The corresponding curvature &’ takes values in p and for X € f we have that ixx’ takes values
in po. It follows from Proposition 4.13 that &’ factorises to a projective structure p on the leaf

space M.
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Let us now show that the two constructions are inverse to each other. Assume first that
a conformal structure (M, c) is induced by a projective structure (M, p). Then according to
Lemma 4.11 &' and &4 agree modulo p,. This implies that the projective structure defined
by &' is equal to the original projective structure. Conversely, assume now that (M,p) is
a projective structure with associated Cartan geometry (G, w’) that is induced from a conformal
structure (M , c) with associated Cartan geometry (5 , @nor). Since @’ is not normal, but torsion-
free, there is p € Q. (G, p+) such that w’+ ¢ is the normal projective Cartan connection. Since
p. C p the induced conformal structure on M agrees with the original conformal structure.
Thus, the Fefferman-type construction (with normalisation) and the described factorisation are
(locally) inverse to each other. |

For a reformulation of the characterisation theorem in terms of underlying objects, see Sec-
tion 6.2.

5 Reduced scales and explicit normalisation

Although we obtained the desired characterisation in Theorem 4.14, we do not yet know the
explicit relationship between the induced Cartan connection form &4 and the normal conformal
Cartan connection form w™°. One of the aims of the present section is to obtain a formula for
this difference, which is achieved in Theorem 5.7. As a consequence, we also obtain an explicit
formula for the curvature Q¢ in terms of the normal conformal Cartan curvature Q" in

Corollary 5.8. In this more refined analysis, reduced scales will play an important role.

5.1 Characterisation of reduced scales

The notion of reduced Weyl structures and reduced scales is introduced in Section 3.4. Here
we shall find an intrinsic characterisation (i.e., using the conformal structure only) of reduced
scales and discuss their properties.

As the scale bundle on the projective manifold M we may consider the positive elements in
the density bundle E(1), which is the projecting part of the dual standard tractor bundle 7%,
see Section 2.4. Similarly, on the Fefferman space M we take the positive elements in the
density bundle INE(l), the projecting part of the conformal standard tractor bundle 7. Hence for
a projective scale p € T'(E (1)) we have the tractor L] (p) € T'(T*); similarly, for a conformal
scale o € F(]E+(1)) we have the tractor L] (o) € I‘(%) These will be termed scale tractors.

On the one hand, reduced scales correspond to the sections of E; (1) — M seen as a subset
of all sections of E (1) — M, see Remark 3.4. On the other hand, sections of 7* — M are
understood as specific sections of the bundle F—>M , which is a subbundle in T M , see the
generalities in Section 3.4 and the setup of our construction in Section 3.2. It follows that these
two natural inclusions commute with the BGG-splitting operators.

Lemma 5.1. The full arrows in the following diagram commute:

D(T*) ————TI(T)

LOT*< Mo Ty >Lg
¥ v

D(E- (1)) — D(E.1]).

Proof. Consider a projective density p € T'(E4 (1)) on M, the corresponding tractor L] (p) €
['(T*), and its extension to F C 7, which is denoted by s’. The extension of p € I'(E,(1))
to E4[1] obviously coincides with the projection Iy(s’), and it is denoted by o. We need to show
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that s = Lo:f(a), i.e., that 0*V"rs’ = 0. According to Proposition 4.4, @™ = @ind 4 ¢! 4 @2
with ¥ € Q! (M, A%f), U2 el (M, fo), hence we have

6norsl _ %inds/ + \I’l o5 + \1}2 o5,
Since AQ% acts trivially on FCT, we have Ules = 0._Since fo C T*M , it follows that
9*(¥? @ s') = 0. It thus follows that 9*(V"'s') = 9*(V™s'). Let ¢ be the frame form
of VLI (p). Then, according to Lemma 4.1, we have that 9*¢ = 0 since A2F o F' = 0, and in
particular 9* (V"°rs’) = 0. [

We can now characterise reduced scales in terms of the corresponding scale tractors:

Proposition 5.2. Let (M, c) be a conformal spin structure associated to an oriented projective
structure (M, p) via the Fefferman-type construction. Let o € I‘(INEJF[I]) be a conformal scale
and let s := Lg(a) € F(%) be the corresponding scale tractor. Then the following statements
are equivalent:

(a) The scale o is reduced.
(b) The tractor s is a section of F C T.

(¢) The twistor spinor x is parallel with respect to the Levi-Civita connection D of the metric
corresponding to the scale o.

Furthermore, in a reduced scale, the Schouten tensor is strictly horizontal, i.e., it satisfies

v*Py, = 0, for all v* € T'(ker y), (5.1)

and the scalar curvature J vanishes.

Proof. (a) = (b): This follows from definitions and Lemma 5.1.
(b) = (c): The condition (b) means that s-sp = 0. According to (2.6), (2.8) and (2.7),
this condition expanded in slots yields

—ija 1 V27
7 S 2n —=PX —3=Jxo 0
S.sF:Lg(a).LOS(X): 0 (n\/ﬁp ):( 2171 X )Z(())’
o X —nPxo

where we use the Levi-Civita connection D corresponding to o. In particular, Px = 0 and,
since y is a twistor spinor, the condition (c) follows.

(¢c) = (b): The condition (c) yields sp = ({) according to (2.8). The fact that Vs = 0
yields 5QCWCX = 0 according to (2.7). Hence (5.1) holds, which in particular means J =0.

Summarising, we have

0

s=II(0)= |0 and  sp=LS(y) = (2) . (5.2)

Hence s - sp = 0 and the condition (b) follows.
(b) and (c) = (a): According to the previous reasoning and (2.5), we have

0
Vs = [ P
0
Hence V™s is strictly horizontal, i.e., v*V2s = 0 for every v* € I'(kery). Since V™F =

Vind4 ¥ and ¥ is horizontal, the horizontality of Viors is equivalent to the horizontality of vindg,
Altogether, the condition (a) follows from Proposition 3.3 and Lemma 5.1. [
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We will need some finer discussion on the slots of the distinguished tractor

Pa N
K= pwle]| e (AM) (5.3)
kq

in reduced scales. From Proposition 4.8 we know that K is the BGG-splitting L64M (k), which
in particular means that pg, = IN?[ak:b} and ¢ = —ﬁﬁrkr according to (2.12). However, in the
following statement we only exploit the algebraic properties of K, namely, that it acts by minus
and plus the identity on F and & , respectively.

Lemma 5.3. Let us fix a reduced scale. Then the expression of K as in (5.3) satisfy p, =0, ¢ =
=1, pa"vr = —vy for every v* € I'(ker x) and " pirp = Gab- Further we have piay = (475X, 1)
for some 1 € I’(i; [—%D

Proof. Firstly, we use Kes = —s for any s € F(]?) The scale tractor s = LO%(J) of a reduced
scale o is a section of F and it has the form as in (5.2). Thus it follows from (2.9) that p, = 0
and ¢ = —1. Next, for every v* € I'(ker x), the tractor s = ('Uéz is clearly a section of f, since
s-sp = 0. Thus it follows from (2.9) that u,"v, = —v,.

Secondly, we use Kes = s for any s € I‘(g' ) Considering the tractor s = (L‘ga ) with arbitrary

w® € F(TM), the tractor 5 := s + K e s is a section of g, whose middle slot is wg + pg" wy. It
follows again from (2.9) that ug" trp = gab-

Thirdly, we use (3.3) which shows how K is built from sg and sp. Since the top slot of sp
vanishes, middle slots of K are given by a suitable tensor product of x and the top slot of sp. W

We will also need more properties of conformal curvature quantities in reduced scales.

Lemma 5.4. In a reduced scale,

Wapeapt™ = 0, where fiqy = ﬁ[d%p (5.4)
0 Yope = 0, for all v* € T'(ker x). (5.5)

Proof. In slots, the condition ﬁggr e sy = 0 implies that Wabcd’yc'ydx = 0. Pairing both sides
of the latter equality with a spinor 7 from Lemma 5.3 yields (5.4).

Con31der two arbitrary sections v%,w® of ]? kery. Conditions (W) and (5.1) imply
Rabcdv w? = 0. Now, inserting v* and w® into the Bianchi identity D, Rpjqe = 0, we ob—

tain v weDaRbcd6 = 0, where we used the fact that f is parallel. Since we can always regard g™

as a section of f@ f* this implies 0 = gecvaf) Rbcde = 2D, aRicpe where Ricy. is the Ricci
tensor of 15 Since J = 0, we have that Py, is proportional to RICab by a constant factor.
Thus v D Pbc = 0. From (5.1) and since f is parallel we also have v D Py = 0. Altogether,
(5.5) follows by the definition of the Cotton tensor. [

5.2 Explicit normalisation formula

So far we discussed three Cartan connections on the Fefferman space M: the induced one &™d

(Section 3.3), the corresponding normal one @™ (Section 4.1) and the modified auxiliary one @’
(Section 4.3). Various properties of these and derived objects are enumerated in Propositions 4.9
and 4.12. The following proposition refines the integrability conditions included there.
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Proposition 5.5. Let (M, c) be the conformal spin structure induced from an oriented projective

structure (M, p) via the Fefferman-type construction. Then, along the reduction G < g~,

ixR(u) € f° @ A%F, forall X € f, ueg, (5.6)
ixk (u) =0, forall X € f, ueg. (5.7)

Proof. From (4.5) we already know that i x K"" has values in f°®@ (A?F® f°). We note that the

top slot of sections of Af.f vanishes in reduced scales, cf. (3.7). Thus the part in f° corresponds
to v" Y for a v € I'(f), which however has to vanish by (5.5). Hence (5.6) follows. The last

condition (5.7) follows from &' = (K" cf. Proposition 4.12. [

)5[(n+1)’

Since &' is an SL(n + 1)-connection on G — M, it is the extension of a Cartan connection w’,
on G — M. Now, due to (5.7), any section v € T'(ker x) inserts trivially into its curvature.
But this is the standard condition on the connection w’ to be a Cartan connection also on the
bundle G — M, i.e., to be a projective Cartan connection, cf. [5].

Furthermore, we will show that the descended Cartan connection is normal, i.e., W' =w. To
do this, we first compute O0*r’ and then use the relation between the co-differentials 9* on M
and 9* on M discussed in Lemma 4.1.

Proposition 5.6. The curvature k' satisfies

'R (u) = ik (u) € f° @ A*F, forallu e G. (5.8)

Proof. We shall compute oY directly. First observe that using Proposition 4.12 we have
Q = (Qnor) = Q"r + %K e 0" Hence 0*QY = %8* (K ° Qnor), since 9*Q"°" = 0.

sl(n+1) N
Using (5.3) and (2.11), we compute K o Q27" as
Pe N—?dab /\/prﬁ//ubrc - Ncrf/vrabfj_ (p{/cab B
feoer [ | Wabdod, 10| = _2Wabr[colucl]7” +,gk[00Y01]ab ’ E"Yrab
ke 0 K" Wapre

In a reduced scale, from the previous display together with Lemmas 5.3 and 5.4 we compute

0
0" (K e ™) = | 26" Wiaeoe, |0 | = 2670,
0
which yields (5.8). [ |

Theorem 5.7. Let (G,w) be a projective normal Cartan geometry over M and let (é, J)ind) be
the conformal Cartan geometry over M induced via the Fefferman-type construction. Then

(a) (:Dlnd = o = (ohor _ %ik%nor’

(b) @ = o 4 Wl where Ul = —%6*%““1 = %ik%nor.

Proof. (a) We use that ixx’ = 0 for all X € f according to (5.7). Then Proposition 5.6
together with Lemma 4.1 imply that 9*x’ = 0. Thus ' is projectively normal, and therefore we
obtain @' = &"d,

(b) The normalisation process of Proposition 4.4 provides ¥ = W' 4 W2 such that @"" =
o + U, where W', U2 are the first and second normalisation steps. However since &’ = @9,
it follows from Proposition 5.6 and (4.8) that IR = o*rind s, up to a constant multiple, the
difference between @™ and @™, Therefore already the first normalisation step completes the

normalisation, i.e., ¥2 = 0. |
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Using the explicit relationship provided in Theorem 5.7 we can also obtain a detailed descrip-
tion of the difference between the induced and the normal Cartan curvatures:

Corollary 5.8. In a reduced scale, we have the following relation between the curvatures of the
induced and the normal conformal Cartan connection:

. _ 1 " _ N —Lcab »
d
Q:zr;) = (Ill(gl' + §K d (rzlgr = Wabcoc1 - Wabr[coﬁ_c,l]r + k[coyvcl]ab ‘ of- (59)
%krWabrc
In particular, %sz is the torsion of the induced Cartan connection @™,

Proof. We obtained the concrete expression of K e QR in the proof of Proposition 5.6. Now
Lemmas 5.3 and 5.4, and a short computation yields (5.9). |

6 Comparison with Patterson—Walker metrics
and alternative characterisation

In this section we will show that the Fefferman-type construction studied in this article is closely
related to the construction of so-called Patterson—Walker metrics. These are the Riemann
extensions of affine connected spaces, firstly described in [26]. A conformal version of this
construction was obtained by [15] for dimension n = 2, and was treated by the authors of the
present article in general dimension in [20].

6.1 Comparison

Let M be a smooth manifold and p: T*M — M its cotangent bundle. The vertical subbundle
V C T(T*M) of this projection is canonically isomorphic to T*M. An affine connection D
on M determines a complementary horizontal distribution H C T'(T*M) that is isomorphic
to T'M via the tangent map of p.

Definition 6.1. The Riemann extension or the Patterson—Walker metric associated to a tor-
sion-free affine connection D on M is the pseudo-Riemannian metric g on T* M fully determined
by the following conditions:

(a) both V and H are isotropic with respect to g,

(b) the value of g with one entry from V and another entry from H is given by the natural
pairing between V =2 T*M and H =2 TM.

It follows that V' is parallel with respect to the Levi-Civita connection of the just constructed
metric. Hence Patterson—Walker metrics are special cases of Walker metrics, i.e., metrics ad-
mitting a parallel isotropic distribution. The explicit description of the metric ¢ in terms of the
Christoffel symbols of D can be found in [20, 26].

The previous definition can be adapted to weighted cotangent bundles T*M (w) = T*M ®
E(w), provided that M is oriented and D is special, i.e., preserving a volume form on M,
which allows a trivialisation of E(w). It turns out that Patterson-Walker metrics induced by
projectively equivalent connections are conformally equivalent if and only if w = 2 (interpreted
as a projective weight according to the conventions from Section 2.4). Altogether, we have
a natural split-signature conformal structure on 7*M(2) induced by an oriented projective
structure (M, p).

From Section 3.3 we know that M = T*M(2) \ {0} is the Fefferman space. Special affine
connections from p are just the exact Weyl connections of the corresponding parabolic geometry.



A Projective-to-Conformal Fefferman-Type Construction 29

The corresponding objects on M are the reduced Weyl connections, respectively reduced scales,
which correspond to distinguished metrics in the conformal class, see Section 3.4. We are going
to show that these metrics are just the Patterson—Walker metrics.

Proposition 6.2. Let (M, c) be the conformal structure of signature (n,n) associated to an n-
dimensional projective structure (M,p) via the Fefferman-type construction. Then any metric
in ¢ corresponding to a reduced scale is a Patterson—Walker metric.

Proof. Within the proof we refer to the notation and explicit matrix realisations from Ap-
pendix A. By definition, the Fefferman space is M = G/Q, which yields TM = G xq g/q.
Conformally invariant objects on M , respectively objects related to a choice of reduced scale,
correspond to data on g/q = g/p that are invariant under the action of @, respectively G§* N Q.
Elements in g/q will be represented by matrices of the form

4
—5 k%
X % x|,
t _z
w Y z

where z,w € R and X,Y € R"!. Firstly, one verifies that
YiX — Zw, (6.1)

is the only quadratic form that is invariant under G§j* N ). Hence any reduced-scale metric in ¢
corresponds to the quadratic form (6.1) in a suitable frame. Secondly, the vertical subbundle
V C ™ corresponds to the @Q-invariant subspace f = p/q C g/q given by X = 0 and w = 0.
The horizontal distribution H C TM induced by a linear connection from p corresponds to the
unique (G§° N Q)-invariant subspace h C g/q complementary to f, which is given by ¥ = 0 and
z = 0. Obviously, both f and h are isotropic with respect to (6.1). Hence any reduced-scale
metric in ¢ satisfies the condition (a) from Definition 6.1. Thirdly, the canonical identification
V = T*M(2) corresponds to an isomorphism f = (g/p)*(2) of @Q-modules. Identifying (g/p)*(2)
with p4(2), it turns out to be given by

- % % 0 Yt —z
0 * * —~ [0 O 0
0 Y! -3 0O 0 0

Now, the inner product of any v € f and u € h coincides with the pairing of the correspond-
ing elements v € p;(2) and u € g/p. Hence any reduced-scale metric in c satisfies also the
condition (b) from Definition 6.1 and so it is a Patterson—Walker metric. [

6.2 Alternative characterisation

We have characterised split-signature (n,n) conformal structures ¢ on M induced by an n-
dimensional projective structure via the Fefferman-type construction in Theorem 4.14. Now
we know these structures correspond to conformal Patterson—Walker metrics discussed in [20].
There we found the following characterisation in terms of underlying objects by direct computa-
tions and spin calculus. Our aim here is to indicate how to reach the same result in the current
framework.

Theorem 6.3. A split-signature (n,n) conformal spin structure ¢ on a manifold M is (locally)
induced by an n-dimensional projective structure via the Fefferman-type construction if and only
if the following properties are satisfied:

(a) (M, c) admits a nowhere-vanishing light-like conformal Killing field k.
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(b) (M, c) admits a pure twistor spinor x such that f: ker x s integrable and k € F(f)
(¢) The Lie derivative of x with respect to the conformal Killing field k is Lxx = —%(n+ 1)x.
(d) The following integrability condition holds:

vrwSWarbS =0, for all v",w® € T'(ker x). (W)

We now express the conditions from Proposition 4.9 in underlying terms:
(i) For a conformal Killing field k£ with the splitting K as in (5.3), a straightforward compu-
tation shows that the condition K? = id7 is equivalent to

kkq =0, ppa =0,
ok = ok, o = —pp,
Kpa=¢" =1, 1 teb = Gab + 2k (app)- (6.2)

(ii) For a twistor spinor x, the corresponding tractor spinor sp = (§) € I'(S-) is parallel with

respect to Vior In particular, purity of sp can be checked at one point. If xy = 0, respectively
X = 0, this tractor spinor is pure whenever y, respectively Y, is pure. If xy # 0 and x # 0, the
purity of (%) is equivalent to x and x being pure and their kernels having (n — 1)-dimensional
intersection, cf. [13, Proposition III-1.12] or [22, 30].

(iii) Let k be a conformal Killing field which splits to K and x a twistor spinor which splits
to sp. Then the condition Ly = —3(n + 1)y is equivalent to K e sp = —3(n + 1)sp. If the
tractor spinor sp is pure it has an (n + 1)-dimensional maximally isotropic kernel ker sp. Then
Kesp = —%(TH— 1)sr is equivalent to K acting by minus the identity on ker s, which therefore
coincides with the eigenspace of K corresponding to —1.

The assumption on the pure twistor spinor y in Theorem 6.3 guarantees the existence of a
suitable compatible metric for which x is parallel. This result is proved in [20, Proposition 4.2].

Henceforth we shall assume Dx = 0 where D is the corresponding Levi-Civita connection.
In particular, we have sp = Lg’(x) = (2), which is pure and parallel by observation (ii).

Expanding the latter condition according to (2.7) yields

v*Pg, = 0, for all v* € T'(ker x), (6.3)

For K = Lf)‘u‘?(k), we know from observation (iii) that K acts by —id on kersp. By the very
same reasoning as in the first part of the proof of Lemma 5.3 it follows that

pa =0, p=-1, o Vp = —Uq, for all v* € T'(ker ). (6.4)
Now we are prepared to prove the theorem:

Proof of Theorem 6.3. If (Mv ,c¢) is induced by a projective structure, the stated properties
hold according to Proposition 4.9 and previous observations. For the converse direction, it
remains to show that K? = id=, which is equivalently characterised by the identities (6.2).
Then the properties (a)—(d) of Proposition 4.9 will be satisfied and the result will follow from
the characterisation Theorem 4.14.

The expansion of the prolonged conformal Killing equation (2.13) for k gives

-5akb = Uab + Gab, (65)
Daprr = —2P 4] — Wirashk®, (6.6)
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according to (2.10) and (2.11). Next, from (6.4) we especially have "k, = —ky. Applying D,
to both sides of this equality and using (6.5) we obtain

(ﬁaﬂbr)kr + ,Ufbr,uar + Hba = _(Mab + gab)~
From (6.6), (W) and (6.3) we have (f?a,ubr) k™ = 0, hence the previous display shows (," ttrp = Gab-
This together with (6.4) implies that all identities from (6.2) are satisfied, hence K* = id~. W
A Explicit matrix realisations
Here we provide explicit realisations of the Lie algebras introduced in Section 3.2 in terms of

matrices. We will consider the inner product h and the involution K on R*t1n+1 given by the
block matrices

. 0 In—f—l
hi= <In+1 0 >

with respect to the standard basis (eq, ..., e2,+2). Then E = (eq, ..
ean+2) and the decomposition (3.4) can be written as

and K = <I”+1 0 )
0 —in+41

ent1) and F = (epy9,...,

E®F A%’E

~_ 2 _
g_A(E@F)_<A2F E®F>‘

For v := ey + eg,12, the Lie algebra p of the parabolic subgroup P C G is of the following form

a Ut w 0o Wt —bp
X B \% wW Cc -X
- 0 Y! c b Xt 0
P= o= —a | =« =x* o0 |’ (A1)
Y D —Z -U -B' -Y
d 7t 0 —w =Vt —c

where a,b,c,d,w € R witha—b=d—c, U V,W,X,Y,Z € R" ! Becgln-1)and C,D €
so(n —1). The nilradical p, = p~ is then of the form

Ut w 0

a —a
0 O Vv Vv 0 0
-~ 10 0 a a 0 0
=00 =« [ =« 0 0
0o 0 -U -U 0 0
a Ut 0 —w =Vt —a

A choice of Levi subalgebra gy C p determines a grading g = g— @ go © p+. We shall choose
g0 = P N Pop, where pop, C g is the stabiliser of the light-like vector e, 2. Explicitly,

a 0 0 0o 0 0
X B 1% 0 C -X
. | o v c 0o Xt 0
0= 170 vt —a—¢ | —a —X' 0
Y D —Z 0 —-Bt —-Y
a+c 7t 0 0 -Vt —c¢
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The embedding i': g < g of Lie algebras has the form A — (6‘ 7%). The subgroup Q) =

i~1(P) is contained in P, the stabiliser in G of v = (¢)g = ey; the inclusion of corresponding
Lie algebras is

w
VI]1Cl0 B V|=p,
—a 0 Xt ¢

q=gnNp=

coe
ox S

where tr(A) = 0 and a + tr(B) + ¢ = 0. The standard projective grading g = g— @ go @ p+,

0 0 a 0 O 0 Ut
0 0], goo=(0 B V|, b+ = 0
00 0 Xt ¢

)

g_:

SN -
o
o
o o g

is compatible with the previous conformal grading so that the reduced Lie subalgebra qo := qNgo
coincides with the intersection of gg N gg. Explicitly,

a 0 0
=0 A V[, (A.2)
0 0 —a
where tr(A) = 0.
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