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Abstract. Motivated by the ubiquity of control-affine systems in optimal control theory,
we investigate the geometry of point-affine control systems with metric structures in dimen-
sions two and three. We compute local isometric invariants for point-affine distributions of
constant type with metric structures for systems with 2 states and 1 control and systems
with 3 states and 1 control, and use Pontryagin’s maximum principle to find geodesic tra-
jectories for homogeneous examples. Even in these low dimensions, the behavior of these
systems is surprisingly rich and varied.
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1 Introduction

In [1], we investigated the local structure of point-affine distributions. A rank-s point-affine
distribution on an n-dimensional manifold M is a sub-bundle &F of the tangent bundle T'M such
that, for each x € M, the fiber F, = T, M N F is an s-dimensional affine subspace of T, M
that contains a distinguished point. In local coordinates, the points of F are parametrized
by s + 1 pointwise independent smooth vector fields vo(z),vi(x),...,vs(x) for which ¥, =
vo(x) 4 span (vi(z), . ..,vs(z)) and vo(x) is the distinguished point in F,.

Our interest in point-affine distributions is motivated by a family of ordinary differential
equations that occurs in control theory: the control-affine systems. A control system is a system
of underdetermined ODEs

T = f(a:,u),

where € M and u takes values in an s-dimensional manifold U. The system is control-affine if
the right-hand side is affine linear in the control variables u, i.e., if the system locally has the
form

B(t) = vo(z) + Y _viz)u'(t), (1.1)
=1

where the controls u!,... u® appear linearly in the right hand side and wvy,...,vs are s + 1
independent vector fields (see, e.g., [3]). Replacing vy, which is called the drift vector field, with
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a linear combination of vy,...,vs added to vy would yield an equivalent system of differential
equations. In many instances, however, there is a distinguished null value for the controls (for
example, consider turning off all motors on a boat drifting downstream), and this null value
determines a distinguished drift vector field. In these instances, we always choose vy to be the
distinguished drift vector field. Consequently, the null value for the controls will be

u =---=u’=0.

While the control-affine systems (1.1) may appear to be rather special, these systems are
ubiquitous. In fact, any control system whatsoever becomes control-affine after a single pro-
longation, so these systems actually encompass all control systems, at the cost of increasing the
number of state variables.

In [1] we studied local diffeomorphism invariants for these point-affine structures. A local
equivalence for two point-affine structures is a local diffeomorphism of M whose derivative maps
one distinguished drift vector field to the other, and maps one affine sub-bundle to the other
(see [1] for precise definitions). With this notion of local equivalence, we were able to determine
local normal forms for strictly affine, rank-1 point-affine structures of constant type when the
manifold M had dimension 2 or 3. In some cases the normal forms are parametrized by arbitrary
functions.

The current paper seeks to refine the previous results by adding a metric structure to the
point-affine structure. We do so by introducing a positive definite quadratic cost functional
Q@ :F — R. In local coordinates, where

we will define
Qu(w) = 3 gi(ayuind,

where the matrix (g;j(x)) is positive definite and the components are smooth functions of z.
This is a natural extension of the well-studied notion of a sub-Riemannian metric on a linear
distribution, which represents a quadratic cost functional for a driftless system (see, e.g., [4, 5, 6]).

With the added metric structure, we refine our notion of local point-affine equivalence to that
of a local point-affine isometry. A local point-affine isometry is a local point-affine equivalence
that additionally preserves the quadratic cost functional.

Let v(t) = z(t) be a trajectory for (1.1). The added metric structure allows us to assign the
following energy cost functional to ~(t):

B0 =5 [ Quo(i®)r (12)

Naturally associated to (1.2) is the optimal control problem of finding trajectories of (1.1) that
minimize (1.2). We will use Pontryagin’s maximum principle to find an ODE system on T*M
with the property that any minimal cost trajectory for (1.1) must be the projection of some
solution for the ODE system on T*M.

In this paper we shall only consider homogeneous examples, i.e., examples that admit a sym-
metry group which acts transitively on M. We shall use the normal forms from [1] as starting
points, adding a homogeneous metric structure to the point-affine structure in each case. Even in
these low-dimensional cases, the analysis can be quite involved; we will see that these structures
exhibit surprisingly rich and varied behavior.
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2 Normal forms for homogeneous cases

We begin by identifying the homogeneous examples of the point-affine systems described in [1]
where possible, and then we describe the homogeneous metric structures on these systems. In
some cases, the metric structure must be added before the homogeneous examples can be iden-
tified. Recall that the assumption of homogeneity is equivalent to the condition that all structure
functions T]Zk appearing in the structure equations for a canonical coframing are constants (see [2]
for details).

2.1 Two states and one control

In [1], we found two local normal forms under point-affine equivalence.
Case 1.1. F = 8%1 + span (%). The framing

_ 9 _L9
ozl Y27 N oa2

(well-defined up to scaling in v9) has dual coframing

U1

nt = dat, n? = Ada?, (2.1)
with structure equations
dnt =0, dn? =0 mod n°.

Because the method of equivalence does not lead to a completely determined canonical cofra-
ming, it is not clear from these structure equations whether this example is homogeneous as
a point-affine distribution.

Fortunately, this ambiguity is resolved when we add a metric function to the point-affine
structure. This amounts to a choice of function G(x) > 0 for which the quadratic cost functional
is given by

Q (ail 4 uaia) _ %G(:c)uz. (2.2)

For the point-affine structure, the frame vector vy is only well-defined up to a scale factor;
however, when we impose a metric structure (2.2), we can choose vy canonically (up to sign) by
requiring that it be a unit vector for the metric. This choice leads to a canonical framing

o 12
- ozl 27 VG () 0z?’

with corresponding canonical coframing

n' = dzt, n? = +/G(z)dz>.

The structure equations for this refined coframing are

le 1 2
= A
2G 77 77 )

U1

dnt =0, dn?

G 1 . . oy
23&1 is equal to a constant c¢;. This condition

and so the structure is homogeneous if and only if
implies that

G(acl,xQ) — Gy ($2)e201x1

for some function Gy (xQ)
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The local coordinates in the coframing (2.1) are only determined up to transformations of
the form

1

2t =7t

+ a, z? = gb(:f:Q), (2.3)
and under this transformation we have
Go(#®) = 0 (¢ () Go(9(5%)).

Therefore, we can apply a transformation of the form (2.3) to arrange that Go (@2) =1, and
hence G = 21", Moreover, coordinates for which G has this form are uniquely determined up

to a transformation of the form

1

2t =7t

+ a, 22 = e 92 4 p.

To summarize: the homogeneous metrics in this case are given by quadratic functionals of
the form

8 8 _1 2011‘1 2
Q(M+u8:z;2>_2€ u

for some constant c¢;, with corresponding canonical coframings

1
771 — dfll'l, 772 — 12 d$2.

Case 1.2. ¥ = z? <i + J%) + span (%). We found a canonical framing

Ox!
0 0 0
_ 2 9 v _ .29
v =2 (&rl +J3:1:2>’ v2 =5, (2.4)
with dual coframing
1o Ln SR R 2.5
n_ﬁxa 77_?(37_ ZC), ()

and structure equations

dnt =nt An? dn? = Thnt AP,

T2 ooz (2.6)

The structure is homogeneous if and only if T}, is equal to a constant —jo. According to
equation (2.6), this is the case if and only if

J = 22Ty (=) + jo (2.7)

for some function Jy (ml)
The local coordinates in the coframing (2.5) are only determined up to transformations of
the form

o' =¢(zh), 2 =3¢ (3", (2.8)
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and under this transformation we have

@) = s(ole) 20 ) - 22 .

In the homogeneous case (2.7), this implies that

B ¢//(jl) .
¢ (%)

GO RACORACICY)

Therefore, we can apply a transformation of the form (2.8) to arrange that Ji (:ﬁl) = 0, and
hence J = jg. Moreover, coordinates for which J is constant are uniquely determined up to an
affine transformation

' = az' + b, z? = a7’

Now suppose that a metric on the point-affine structure is given by

Q (v +uv) =Q <x2 <8il +j03(z2> +u <x2(£2>> = %G(z)uz. (2.9)

This case differs from the previous case in that the control vector field vs is already canonically
defined by the point-affine structure prior to the introduction of a metric. Therefore, in order
that the metric (2.9) be homogeneous, the unit control vector field

G(x)

must be a constant scalar multiple of vy. Thus we must have G(z) = go for some positive
constant gg, and the homogeneous metrics in this case are given by quadratic functionals of the
form

1

Q(v1 + uvy) = §QOU2

for some positive constant gg, where vy, vy are the canonical frame vectors (2.4).

2.2 Three states and one control

In [1], we found three nontrivial local normal forms under point-affine equivalence.

Remark 2.1. This classification assumes that the point-affine distribution is either bracket-
generating or almost bracket-generating; otherwise the 3-manifold M can locally be foliated by
a l-parameter family of 2-dimensional submanifolds such that every trajectory of F is contained
in a single leaf of the foliation.

Case 2.1. = (% +x3% + J%) + span (%). The framing

0 0 0 0 0 0
+1‘37+J 1)3:—['01,'1)2]: 2—|—J

v] = — — vy = —— — 35—
ozl 0x2 oz’ 0x3’ or 03

(well-defined up to dilation in the (ve,v3)-plane) has dual coframing

771 = dat, n? =da® — Jda' — J 3 (dx2 — a3 dxl), n® = da? — 2% dat,
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with structure equations

dn' =0,

dn? = Tiyn' A’ mod 77,

dn* =nt An? mod .
As in Case 1.1, the method of equivalence does not lead to a completely determined coframing,
so0 it is not clear from these structure equations whether this example is homogeneous as a point-

affine distribution.
So, suppose that a metric on the point-affine structure is given by

o 40 ) o\ 1., .,
Q <<axl” mz”w) *“w) = 3G (2.10)

The addition of the metric (2.10) allows us to choose a canonical framing (up to sign) by requi-
ring vo to be a unit vector for the metric, i.e.,
1 0

V2 = 7?(%)@’

and setting
V3 = —[1)1,1)2].

The canonical coframing associated to this framing is given by

n' = dat, n? = /G(z)(dz® — Jdz') mod n?, n® = /G(z)(dx® — 2% dz'). (2.11)

In order to identify the homogeneous examples, we consider the structure equations for the
coframing (2.11), taking into account the fact that local coordinates for which the coframing
takes the form (2.11) are determined only up to transformations of the form

+ a, 2? = ¢(3', 7%, 2? = ¢p (,77) + 5 (21, 7°), (2.12)
with ¢z2 # 0. Under such a transformation we have

\/é(:zl,a}2,gz3) = \/G(xl,xQ,x?’)gbjz, (2.13)
~ 1
J(it, 32,5 = i (J(xl, 22, 2%) — po52 (i%)? — 251508 — quljl) , (2.14)
x
with 2!, 22, 23 as in (2.12).
First consider the structure equation for dn®. A computation shows that

Gy3

3_ a3 o9 3 1

dn® = 2G3/277 An® mod n.

Therefore, homogeneity implies that 72295»?;2 must be equal to a constant —c;. The remaining

analysis varies considerably depending on whether ¢; is zero or nonzero.
Case 2.1.1. First suppose that ¢; = 0. Then G,3 = 0, and so

G(acl,a:Q,a:3) =Gy (xl,xz)
for some function Gy (331,.%'2). According to (2.13), by a local change of coordinates of the
form (2.12) with ¢ a solution of the PDE

1
~1 ~2\ __
¢j2(l‘ , L ) = Go(:f17(b(.7~31,.'1~32))’
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we can arrange that Gy (551,562) = 1. This condition is preserved by transformations of the
form (2.12) with
o(71,3%) = % + o (31). (2.15)

With the assumption that G(:z:l, z2, x3) = 1, the equation for dn® reduces to
dn® =nt AP+ Jent And
Therefore, J,3 must be equal to a constant c3, and so
J($1, z2, 1'3) = c32 + Jo (ml, ac2)
for some function Jy (ml, z2). Now the equation for dn? becomes
dn® = (Jo)g2n' A’
Therefore, (Jy),2 must be equal to a constant cz, and so
Jo (ml, x2) = 02:132 + Ji (:L‘l)
for some function Ji (z'). With ¢ as in (2.15) and
J(xl, z2, :c3) = o + ez + Ty (xl),
equation (2.14) reduces to
Ji(2') = L (3 +a) = (65 (2") — 3 (2") — o0 (")) -

Therefore, we can choose local coordinates to arrange that Ji (501) =0.
To summarize, we have constructed local coordinates for which

G(xl,x2,x3) =1, J(:rl,xQ,x?’) = cox? + 3.
These coordinates are determined up to transformations of the form
! =& 4 q, x2:5:2+d>0(i'1), x?’:i?’—i-gbf)(jl),
where ¢ (:131) is a solution of the ODE
8(31) = es0f(7") = ca (1) = 0.
Case 2.1.2. Now suppose that ¢; # 0. Then

1

G(xl,xQ,xg) = 5
(123 + Go (a1, 22))

for some function G (xl,xQ). According to (2.13), by a local change of coordinates of the
form (2.12) with ¢ a solution of the PDE

d)xl (‘%171%2) = ClGO (jlvqb(i‘l;‘%Q)) )
1

we can arrange that Go (501,562) = 0. This condition is preserved by transformations of the
form (2.12) with

o(z',7%) = ¢o(3%). (2.16)
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With the assumption that G(xl, x2, :c3) = w, the equation for dn? reduces to

2J —x3J 3
dn® =n' An? — (xgx)nl AP —cin? AP
_ 3
Therefore, (2‘7;::73]”3) must be equal to a constant c3, and so

J(a:l, z2, a:3) = c32 + Jo (xl, xz) (x3)2

for some function Jy (1:1, x2). Now the equation for dn? becomes
dn* = =2 (Jo)r 0" A,

The quantity —x3(Jp),1 can only be constant if (Jy),1 = 0; therefore, we must have
Jo(azl,x2) =Ji (:1:2)

for some function J; (z%). With ¢ as in (2.16) and
J(a;l, z? m3) =c3z® + Jy (x2) (m3)2,

equation (2.14) reduces to

; 0(2)

(%) = J1(¢o (7)) b (2%) — & (#2)

Therefore, we can choose local coordinates to arrange that Ji (502) = 0.
To summarize, we have constructed local coordinates for which

1

(e

These coordinates are determined up to transformations of the form

G(:Ul,:c2,a;3) = J(:cl,xz,xg) = cq2>.

r = +a, z? = bi? + ¢, 23 = bi + c.

Case 2.2. = (wQ% + a:?’% +J (372 o )) + span (%). We found a canonical framing

ox3
0 0
_ .2 3 2
VL e T g +J(x 8:1:3) ’
0
_ 2
2T e
U3 = —[7)1,1)2] = a:2822 + ((m2)2sz — ;173) (‘;?1:3’ (2,17)
with dual coframing
1
1 1
= —d
77 x2 X )
1 3
= Sde® — = Jdxt — | Jys x 5 da? — Lda? ,
x? 2 (22) x?
1 3
P = —pda® — " da, (2.18)

x? (952)2
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and structure equations

dn' =n' A,
dn? = TEn* An® + Tan® AP,
d773 = 171 A 772 + T1337]1 A 773. (2.19)

The local coordinates in the coframing (2.18) are only determined up to transformations of
the form

2l = ¢(j1), 22 = ¢’(51)52’ i ¢’(f1)i3+¢”(331) (jz)Z’ (2.20)
with ¢/(Z') # 0. Under such a transformation we have

!
(&)

(¢"(3") (@) + 30" (3")7°) (2.21)

with 2!, 22, 23 as in (2.20).
First consider the structure equation for n®. Substituting the expressions (2.18) into the
structure equation (2.19) for dn? shows that

73

2 _ 27 ¥

Homogeneity implies that 7% must be equal to a constant a, from which it follows that

J(:L‘l x? :B3) = § <x3>2+ax3 + J, (xl :1:2)
) ) 2 1’2 .%'2 0 )

for some function Jy (xl, a:2). Now the equation for dn? yields

2 2 a
T13 =X (JO)xQ - 2J0 — CL?,

and homogeneity implies that T123 must be constant. The quantity (a:z(Jo)xz —2Jy — ai—g) can
only be constant if a = 0; therefore, we must have a = 0 and

2%(Jo)z2 — 2Jo = —2¢1
for some constant ¢;. Therefore,
Jo (xl, xz) =c1+J1 (acl) (x2)2
for some function J (wl), and
It ot s =2 @2)2 o+ ai(2Y) ()
With ¢ as in (2.20) and J as above, equation (2.21) reduces to

7({5/”(:2'1) § qb”(fl)
J@) "2 (@)

Ji(@) = ¢/ (@) n(e(a))
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Therefore, we can choose local coordinates to arrange that .J; (5:1) = 0. This condition is pre-
served by transformations of the form (2.20) with

(Zs//l('%l) _§ ¢//(Zf1)
o) 2 (o)

This implies that ¢ is a linear fractional transformation, i.e.,

N ai' +b
o) = Gra

Now suppose that a metric on the point-affine structure is given by
1 2
Q (v1 + uve) = iG(x)u : (2.22)

As in Case 1.2, the control vector field ve is already canonically defined by the point-affine
structure prior to the introduction of a metric. Therefore, in order that the metric (2.22) be
homogeneous, the unit control vector field

1
G(x)

V2

must be a constant scalar multiple of vy. Thus we must have G(x) = go for some positive cons-
tant gg, and the homogeneous metrics in this case are given by quadratic functionals of the form

1
Q(v1 + uvg) = §QOUQ

for some positive constant gg, where v1, vy, v3 are the canonical frame vectors (2.17).
To summarize, we have constructed local coordinates for which

G(x1 z? xg):g J(xl z? $3):§ mi) 2+c
) ) 05 ) ) 2 \ 22 1-

These coordinates are determined up to transformations of the form

et +d’ v (ca~cl+d)2$ ’

. azt+b 9 ad —be _, 3 _ ad — bc jg_QC(ad—bC)d
(cz! +d)? (cz! +d)

= 3ZE.

Case 2.3.

) , 0 ) L0 0 )
— = — H-— g . Y% g2
i (8301 +J <$ oal " o2 T 8:c3>> +span <m ocl "o T 8x3>’

where % # 0. We found a canonical framing

9 L, 0 0 )
vl—aﬁ”@aﬁ*axz*ﬂaﬁ)?
0

SN ozl Ox? ox3 )’

V3 = _[/U17/U2])
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where € = £1 = sgn(H,1), with dual coframing
nt = dz! — 23 da?,
= ev/eHp (d:c2 — J(alac]L — 3 da;Q)) mod 7,
1
3

_ 2 _ .3
7 —m(de dz’) (2.23)

and structure equations

dn' = Tizn' An® + Toz® A,

di? = Tyn* A1 + Togn” A’

i’ =n' An? +Tisn' AP + Togn® A (2.24)
The identification of homogeneous examples is considerably more complicated than in the pre-

vious cases. We refer the reader to Appendix A for the details. We find that the homogeneous
examples in this case are all locally equivalent to one of the following:

° J($1,x2,m3) = cq, H(ml,xz,xS) = e(ml + 02x3)

for some constants ¢1, ¢o;
o J(z' 22, 2%) = ¢; cos (031‘1)/\/603 (cs (:E3)2 +c4),

H(Cﬂl, x2, x3) = (03 (5133)2 + 04) tan (03561) + Fyg (xg) c3 (x3)2 + ¢y

for some constants c¢1, ¢3, ¢4 wWith ¢ # 0, and some arbitrary function Fbq (m2);
. J(xl, x2, m?’) = c1 cosh (03.%‘1)/\/603(03 (:1:3)2 —¢4),

H(azl, z2, x3) = (—03 (x3)2 + 04) tanh (03331) + Fy (:c2) c3 (x3)2 —cCa

for some constants ¢y, c3, ¢4 with ¢g # 0, and some arbitrary function Fhg (952)

Now suppose that a metric on the point-affine structure is given by
1 2
Q (v1 + uvg) = §G(x)u .

As in the previous case, since the control vector field vy is already canonically defined by the
point-affine structure prior to the introduction of a metric, we must have G(z) = go for some
positive constant gg.

The results of this section are encapsulated in the following two theorems:

Theorem 2.2. Let F be a rank 1 strictly affine point-affine distribution of constant type on
a 2-dimensional manifold M, equipped with a positive definite quadratic cost functional Q. If
the structure (F, Q) is homogeneous, then (F, Q) is locally point-affine equivalent to

1
F = vy + span (v2), Q(v1 + uvg) = §G(x)u2,
where the triple (vi,ve, G(x)) is one of the following:

(1.1) v =—=
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Theorem 2.3. Let & be a rank 1, strictly affine, bracket-generating or almost bracket-generating
point-affine distribution of constant type on a 3-dimensional manifold M, equipped with a positive
definite quadratic cost functional Q. If the structure (F,Q) is homogeneous, then (F, Q) is locally
point-affine equivalent to

1
F = v1 + span (v3), Q(v1 +uvg) = iG(x)UQ,

where the triple (v1,v2, G(z)) is one of the following:

(2.1.1) v = ail + x?’a‘; + (coz® + Cg$3)@, vy = 533, G(z)=1;
(2.1.2) v = % +$3822 bert st n= aig, Glz) = (Clig)g,
(22) w= 1:288331 + x?’aiz + (; <i2)2 + Cl> <x2ai3> :

V9 ::czézg, G(x) = 4o;
(2.3.1) v = % +c <:U3a(zl + % +e(z' + 02:):3)(;3:3) )

vy =€ <x3a1+£2+6(x1+62$3)0;> , G(x) = go;

1

232) w=0 @;i:?f}fi — (; T Haa) |

0 0 0
_ 3 _
Vg =€ (x 5 + 522 +H€)x3> , G(z) = go,

where H = <(03 (x3)2 + 04) tan (03x1) + Fyg (xZ)\/c;), (1‘3)2 + C4> ;

0 c1 cosh(cgzt) (a:3 0 0 H(?)’

Ozt \/663(C3({L‘3)2 —cy)
0 0

0
— 3 H —
’U2—G<$ 7)[1;14—731_24‘ ax3>, G(l‘)—go,

(2.3.3) v =

where H — <( ey(6)? + ca) tanh (es) + Fao (+2) 1/ 03 (9)? _04) .

3 Optimal control problem for homogeneous metrics

3.1 Two states and one control

In this section we use Pontryagin’s maximum principle to compute optimal trajectories for each
of the homogeneous metrics of Theorem 2.2.
Case 1.1. This point-affine distribution corresponds to the control system

=1, i?=u, (3.1)
with cost functional

Q) = 5+
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Consider the problem of computing optimal trajectories for (3.1). The Hamiltonian for the
energy functional (1.2) is

1 2c1zt 2

H=p1i1+p25€2—Q(i):p1+p2u—26 u”.

By Pontryagin’s maximum principle, a necessary condition for optimal trajectories is that the
control function wu(t) is chosen so as to maximize H. Since u is unrestricted and %62‘313’ > 0,
max, H occurs when

_ 877'[ _ 201x1

0 — M2 )
ou 2o

that is, when

o 1
u = pge 24T

So along an optimal trajectory, we have

1 1
“(p2)2e X = py o+ S (pa)Pe 2T

H = 2 —2cizt o
p1+ (p2)°e 5 5

Moreover, H is constant along trajectories, and so we have

1

p1+ 5(1)2)

_ 1
26 2ci1x — k.

Hamilton’s equations

. OH ) oH
= ——),
dp b ox
take the form
il =1, p1 = c1(pa)Pe 27,
2 —2¢c12t

T = p2€ y ]52 =0. (32)

The equation for ps in (3.2) implies that po is constant; say, pa = co. Then optimal trajectories
are solutions of the system

gl =1, 32 = cpe 27",
This system can be integrated explicitly:
e If ¢; =0, then the solutions are
P t, 2% = cot + c3.
These solutions correspond to the family of curves

z? = 023:1 + c3

in the (xl,xQ)—plane. Thus, the set of critical curves consists of all non-vertical straight
lines in the (xl, a:2) plane, oriented in the direction of increasing z!.
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e If ¢; # 0, then the solutions are

1 _
L=t 2 = — et

201
These solutions correspond to the family of curves

1
ac2 = ——C(Cg€e
261

—201301

in the (a:l,xz)—plane. Thus, the set of critical curves consists of a family of exponential
curves in the (;Ul, :E2) plane, oriented in the direction of increasing .

Case 1.2. This point-affine distribution corresponds to the control system

A #2 = 2%jo + 22u,

with cost functional

Q&) = 90

Pontryagin’s maximum principle leads to the Hamiltonian

. 1 2
H = p1a” + par’jo + 5 — (paa?)
go

along an optimal trajectory, and Hamilton’s equations take the form

22 2.2
o pa(x . o (p2)?x
:x230+(go), p2:_p1_p2]0_7( i

j;2

It is straightforward to show that the three functions

. 2
L =H=pa® +po’jo+ — (p22*)”, L=p1, I3=pa’ +psa’

240 (
are first integrals for this system. This observation alone would in principle allow us to construct
unparametrized solution curves for the system. But in fact, we can solve this system fully, as
follows.

The equation for p; in (3.3) implies that p; is constant; say, p1 = ¢;. Now it is straightforward
to show that

%(p2x2) +c2® = 0. (3.4)

If ¢; = 0, then (3.4) implies that poz? is equal to a constant ko, and so
k
i? =22 <jo + 2) = oz
g0

There are two subcases, depending on the value of cs.

o If co = 0, then 2?2 = c3, and since #! = 22, we have 2! = c3t + c4. These solutions

correspond to the family of curves 22 = c3 in the (xl,xQ)—plane. These curves are all
horizontal lines, oriented in the direction of increasing z! when 22 > 0 and decreasing !
when 22 < 0.

1
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1 2

o If ¢y # 0, then 22 = c3e®?, and since &' = 22, we have z!

— %’;602t + c4. These solutions
correspond to the family of curves 22 = ¢y (Il — 04) in the (x1,$2)—plane. These curves
are all non-vertical, non-horizontal lines, oriented in the direction of increasing z' when
x2 > 0 and decreasing 2! when 22 < 0.

On the other hand, if ¢; # 0, then it is straightforward to show that

d? d . 2
e [
Integrating this equation once gives
d 2)?
@(Pzﬁﬂz) = Jo (p2x2) + (p;zo) +c2. (3.5)

There are three subcases, depending on the value of k& = go( jggo — 2¢9).

e If k£ = 0, then the solution to (3.5) is

poa® = 902+ jo(t + c3))
2 t+c3 ’

and from equation (3.4),

1d 290
2_ 1@ 2y_ __ 29
T ¢y dt (p2z”) c1(t + ¢3)?
Then since ! = 22 = —é%(pgaﬁ), we have
1 90(2 + jo(t + ¢c3))
1 2
r=——(p2x”) +c4 = cq.
c1 (p227) + 4 c1(t +c3) !

These solutions correspond to the family of curves

1 2
2 1 .
T4 = — c1x” — (Jogo + cic4
2¢190 ( ( )

in the (xl,a:Q)—plane. These curves are all parabolas with vertex lying on the z'-axis.
Since we must have z? # 0, the set of critical curves consists of all branches of parabolas
with vertex on the x?-axis, oriented in the direction of increasing #! when 22 > 0 and
decreasing 2! when 22 < 0.

e If k£ > 0, then the solution to (3.5) is

k
pox? = —+Vktanh (;g[(t + 63)) — Jogo,
0

and from equation (3.4),

k Vk

2 2

—— = he [ — (¢t + .
o cy dt (pgx ) 2c190 nece (290( C3)>

. 21,2 1d
Then since &+ = z° = o di

(p2x2) , we have

. 1 1

k
xl = —;(p2x2) +ey=— (\/%tanh (;gf(t + cg)) +jogo> +c4.
1 0

C1
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These solutions correspond to the family of curves

1
7* =  2¢190 [(c1z' = (jogo + 0104))2 — k]

in the (331, a:2)—plane. These curves are all parabolas opening towards the z'-axis. Thus the
set of critical curves consists of parabolic arcs opening towards the x!'-axis, approaching
the axis as ¢ — 00, and oriented in the direction of increasing 2! when 2z > 0 and
decreasing ! when 22 < 0.

e If £ <0, then the solution to (3.5) is

290

pox? = v/—ktan < (t+ 03)) — 7090,

and from equation (3.4),

1d k v—FkK
2 2 2
=——— = t .

C1 dt (p2 ) 201g0 bee ( 290 ( + Cg))

Then since ! = 22 = —%%(pgaﬁ), we have
1 1 v—k .

T ——(png) +cep=—— <\/—k tan < (t+ 63)> - .7090) + c4.

1 1 290

These solutions correspond to the family of curves

1
2 —
T° = 100 [(clx

1

— (Jogo + 6104))2 — k]

in the (:L'l, x2)-plane. These curves are all parabolas opening away from the 2'-axis. Thus
the set of critical curves consists of parabolic arcs opening away from the z'-axis, becoming
unbounded in finite time, and oriented in the direction of increasing 2! when z? > 0 and
decreasing 2! when 22 < 0.

3.2 Three states and one control

In this section we use Pontryagin’s maximum principle to compute optimal trajectories for each
of the homogeneous metrics of Theorem 2.3.
Case 2.1.1. This point-affine distribution corresponds to the control system

3

il =1, i? = 3, i3

= 02x2 + 03303 + u,

with cost functional

. 1 4
Q(z) = U
The Hamiltonian for the energy functional (1.2) is
. . . . 1
H = prit + poi? + p3i® — Q(&) = p1 + pox® + p3 (62x2 + cs2® + u) — §U2'

Pontryagin’s maximum principle leads to the Hamiltonian

1
H = p1 + paz® + p3 (02352 + 03373) + §(p3)2
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Figure 1.

along an optimal trajectory, and Hamilton’s equations take the form

1

=1, p1 =0,
i? = a°, P2 = —C2p3,
i% = cpx® + 32’ +p3, P = —p2 — c3ps. (3.6)

The equations for py and p3 in (3.6) can be written as

D2 + c3p2 — cap2 = 0,

and the function p3 = —épg satisfies this same ODE. Then the equations for #? and &3 can be
written as
i — c3i? — cox? = p3(t),

where p3(t) is an arbitrary solution of the ODE

D3 + c3p3 — cop3 = 0.

Therefore, x2(t) is an arbitrary solution of the 4th-order ODE

aﬁ—l—c£—c d—2—ci—c 23 (t) =0
ez " Bar - ) \aer Bar 7 o

and for any such z%(t), we have
zH(t) =t+tg,  23(t) = &3(t).

A sample optimal trajectory is shown in Fig. 1.
Case 2.1.2. This point-affine distribution corresponds to the control system

3

=1, 2 =23, 2 = ez’ + u,

with cost functional

T :71 u?
Q) =
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Figure 2. Figure 3.

Pontryagin’s maximum principle leads to the Hamiltonian

1 2
H = p1 + poz® + c3psa® + 3 (c12°ps)

along an optimal trajectory, and Hamilton’s equations take the form

it =1, p1 =0,

iz = x37 p? = 07

. 2 .

it = 631‘3 + (61903) p3, pP3 = —p2 — C3p3 — (61173)2903- (3.7)

The equation for po in (3.7) implies that pa(t) is equal to a constant co. Then (3.7) implies that
(pg.:c?’) = —con®, i = e3a® + a2’ (p3x3). (3.8)
These equations can be solved as follows:
e If ¢y = 0, then the function p3z? is constant, and so the equation for & becomes

-3

% = e

for some constant ¢. If ¢ = 0, then the solution trajectories are given by
Ty 20\ _ 304) —
x (t) =t +to, x*(t) = at + b, z°(t) =a

for some constants a, b. Sample optimal trajectories are shown in Fig. 2.
If ¢ # 0, then the solution trajectories are given by

z(t) =t + to, 2 (t) = Tett 4 b, 23(t) = ae
¢

for some constants a, b. Sample optimal trajectories are shown in Fig. 3.

e If cy # 0, then (3.8) can be written as the 2nd-order ODE for the function z(t) = p3(t)z3(t):

zZ= (63 + C%z)z‘.
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Figure 4.

Integrating once yields

1
Z= 5(612)2 +c3z+ ¢y
for some constant c¢4. Depending on the values of the constants, the solution z(t) has one

of the following forms:

(1) z(t) = atan(bt + c¢) + d, 5 —2cieq < 0;
2) z(t) = atanh(bt + c) + d, 02—2clc4>0;
3
1
(3) =z(t) = pr— +c, 3 —2cieq = 0.

Then we have

by:
z!(t) =t + to, z!(t) = t + to,
(1) 22(t) = atan(bt + c) + d, (2) 22(t) = atanh(bt + ¢) + d,
Lx?}(t) = absec?(bt + c); 23(t) = absech? (bt + ¢);
ri(t) =t +to,
1
204} —
(3) x(t)_at—i—b_‘_c’
3 a
t) =—
w0 =~

Sample optimal trajectories for the first two cases are shown in Fig. 4.
Case 2.2. This point-affine distribution corresponds to the control system

3 (2%)\°
il = 22, i? = 23, i3 = 22 2($2> +c+u|,
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with cost functional

1

Q(l‘) = §g0u2.

Pontryagin’s maximum principle leads to the Hamiltonian

3 (23 2 1 2
H=piz’ +pox’ +p32” | 5 () +er |+ o (ps2?)
2 \z 29

along an optimal trajectory, and Hamilton’s equations take the form

T =x°, p1 =0,
: , 3 p3(z® 1
i? = 373, P2 = —p1+ 2(2 —Cap3 — *(p3)29€2,
(%)
3 3 1 2 . psa®
i = B ( + ez + gpg( 2) ) Py = —p2 — 3?. (3.9)

The system (3.9) has three independent first integrals in addition to the Hamiltonian H
(which is automatically a first integral): it is straightforward to show, using (3.9), that the
functions

2 2
L =p, Ir = p1a’ + poa® + psa?, I3 = pi(z')” + 2poz'a® 4 2psz’a® + 2ps(2?)

are first integrals for this system. We can use these conserved quantities to reduce the sys-
tem (3.9), as follows: on any solution curve of (3.9), we have

for some constants k1, ko, k3. These equations can be solved for pi1, ps, p3 to obtain

p1 = kl?

1 1\2,.3 3 3
b (zh)x 1 ala x
=k |——— ko | = k —
m=in (5= e )+ (5 )+ ()
(x1)? x! 1
=k|-=5 |tk |- + k3| == -
e (2@:2)2 @) T2y
These equations can be substituted into (3.9) to obtain a closed, first-order ODE system for
the functions z!', 22, 23, depending on the parameters ki, ko, k3; moreover, making the same
substitution in the Hamiltonian H yields a conserved quantity for this system. (The precise
expressions for the system and the conserved quantity are complicated and unenlightening,
so we will not write them out explicitly here.) The resulting ODE system cannot be solved
analytically, but numerical integration yields sample trajectories as shown in Fig. 5.

Case 2.3.1. This point-affine distribution corresponds to the control system

it =1+ 23(c; + u), i = +u, i* = e(z' + co2®)(e1 + ),

with cost functional

Q(z) = %90162-
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Figure 5.

Pontryagin’s maximum principle leads to the Hamiltonian

¢l
H =p1 +psz’ + —— (p1a° + p2 + c3psa®)

NG

+ (p12® + p2 + c3psa®) (c2(pra® + p2 + psa’ + c3psa®))

along an optimal trajectory, and Hamilton’s equations take the form

.1 3 C1 3 1 3
T =142 | — + ca(p12” + p2 + p3x” + c3p3x >7
<v62 ( )

. C1
i? = N + c2 (plw‘?’ +po +pax’ + C3p31‘3),

NG

i* = (2! + e32?) (Ci + o (p1a® + po + pazt + 63p3$3)> )
2

NG

. C1
P1 = —p3 (62 +c2 (101963 +p2 +pax’ + C3p3$3)) )

NG

p2:07

. €1
P3=— ((m + c3ps3) <02 + ca(p12® + p2 + paz’ + 03193333))

\/7
+ ((p1 + c3p3)a® + p2) (capr + 0263293))- (3.10)

The system (3.10) has three independent first integrals in addition to the Hamiltonian #: it
is straightforward to show, using (3.10), that the functions

2 2
I = (p1 +r1p3)e™™, Iz = (p1 + rops)e™™, I3 = po,

where 71, ro are as in (A.19), are first integrals for this system. A similar process to that

described in the previous case leads to a closed, first-order system of ODEs for the func-

tions z!, 22, #3; numerical integration of this system yields sample trajectories (with c3 > 0

and c3 < 0) as shown in Fig. 6.

Case 2.3.2. Due to the complexity of the computations, we will restrict our attention to the
simplest case, where e = 1, ¢; = ¢4 = 0, and Fhg (a;z) = 0. (In the interest of brevity, we will
omit Case 2.3.3, which is similar to this case.) With these assumptions, we have

0 3 0 0

e vy =1 7+7+03(x3)2tan(03m1)i.

v =
ozl = Ox2 3
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Figure 6.

This point-affine distribution corresponds to the control system

2 3

=1+ ac3u, 7 = u, T° =c3 (a;3)2 tan (C3x1)u,

with cost functional
) 1
Q(x) = §gou2.
Pontryagin’s maximum principle leads to the Hamiltonian
1
H = % (cg ((x3)2p3)2 tan? (c;z,xl) + 2c3p3 (x3)2(x3p1 + pg) tan (03x1)

+ (2p1 (2P pa + 90) + (1) + p%))

along an optimal trajectory, and Hamilton’s equations take the form

= 910 (cs ) ps tan (esa”) + (2%)°p1 + %P2 + 30

2 = 910 (cs (&%) ?ps tan (es2') ) + 21 + o,

i = gloc?, (2%)? tam (esa”) (e3 (%) ps ban (es0) + ap1 + )

= ey 00 (el i ) + () on ().

p2 =0,

P3 = —glo (2(03p3)2(m3)3 tan® (csz!) + c32%ps (32°p1 + 2p2) tan (czat) + p1 (z3pr +p2)> ~

This ODE system cannot be solved analytically, but numerical integration yields sample trajec-
tories as shown in Fig. 7.

4 Conclusion

What is perhaps most interesting about these results is how the behavior of control-affine
systems in low dimensions varies from that of control-linear (i.e., driftless) systems. As we
observed in [1], functional invariants appear in much lower dimension for affine distributions
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Figure 7.

(beginning with n = 2, s = 1) than for linear distributions, where there are no functional
invariants in dimensions below n =5, s = 2.

With the addition of a quadratic cost functional, we see a similar phenomenon: for linear
distributions with a quadratic cost functional, there are no functional invariants for any n when
s = 1, since local coordinates can always be chosen so that a unit vector field for the cost
functional is represented by the vector field %. But for affine distributions with s = 1, there
are numerous functional invariants, and even the homogeneous examples exhibit a wide variety
of behaviors for the optimal trajectories.

A  Normal forms for Case 2.3

In this appendix, we carry out the analysis to identify examples of normal forms for homogeneous
point-affine structures in Case 2.3.

First consider local coordinate transformations which preserve the expressions (2.23). Let
(3:1, z2, 333) and (Z!, 22, 7%) be two local coordinate systems with respect to which the coframing
(nt,n?, 1) takes the form (2.23). Then we must have

nt =dat — 23 da? = dz' — 78 di?. (A1)
Taking the exterior derivative of (A.1) yields

dn' = da? A da® = di® A d7P. (A.2)
In particular,

span (da:2, dm3) = span (di;?, d:i?’).
Therefore we must have

?=¢(2%,2%), 2 =¢(2%7°) (A.3)

for some functions <z3(§72,3~c3), ¢(£2,£3). Equation (A.2) then implies that the functions ¢, ¢
satisfy the PDE

Pz2z8 — Pgatze = 1. (A.4)
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Unfortunately, equation (A.4) cannot be solved explicitly in terms of arbitrary functions
of #2, #3. However, it can be solved implicitly with a slightly different setup. Instead of (A.3),
suppose that we define our coordinate transformation by

5:2:¢( 27‘%3)7 .’133:’(/1(.'1327573).
Then equation (A.2) is equivalent to the condition
¢x2 = 1%3‘

(In addition, both terms in this equation must be nonzero.) This is equivalent to the condition
that there exists a function <I>(:U2, :%3) such that

p(22,3°) = @35,  Y(2?,3°) = 0.
Then equation (A.1) implies that

o' =31 4+ ©(2%,3%) — BP0z (22, 7%).
The local coordinate transformations which preserve the expression for 7' in (2.23) are defined
implicitly by

ol =3+ (2%, 7%) — PP (2?,7°), B =D (2% 7)), 27 =0,2(2%7%), (A5)

where <I>(:1;2, 5;3) is an arbitrary smooth function of two variables with @253 # 0.

Next we will compute how the function H (acl, z2, m3) transforms under a coordinate trans-
formation of the form (A.5). (When we consider the implications of homogeneity, it will turn
out that J can be expressed in terms of H and its derivatives; thus there is no need to explicitly
compute the effects of the transformation (A.5) on J.) Consider the expression for n? in (2.23).
We must have

= ¥(H(x) da? — da®) = ¥(ﬁ[(§:) di?® — dz%). (A.6)

eHo (2) eH1 (7)
From (A.5), we have
d.’f2 = (I)xzins d$2 + (I)isis d:i‘s, dmg = (I)xzxz dx2 + (I)zzjs di‘?).

Substituting these expressions into (A.6) yields

1
——— ((H(z) — ®y2,2) da? — ®,253 di3
= + (ﬁ(f)q)xzjs dx? + (ﬁ(i‘)@j?)j?) — 1)d:i’3). (A.?)
EHjl (i’)

Equating the ratios of the coefficients of dx? and d#* on both sides of (A.7) yields

(H(:C) — (I):Jc%c?) _ f{(j)q)ﬁi"?’

—® 253 (ﬁ(f&)q)i?,i:a - 1) ’

which implies that

1 9 3) ((¢12i3)2 — (I)xzxzq)fzajzs)ﬁ(fcl, 562, 5?3) + 2,2 .

SO (A.8)
1 — ®za:3H(T1, 22, 73)
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Now suppose that the structure is homogeneous. Unlike the previous cases, the assumption
of homogeneity will imply some relations among the constants appearing in the structure equa-
tions (2.24). In the homogeneous case, the functions T;k are all constant, and differentiating
equations (2.24) implies that

(dﬁl) (T213T133 - T113T233) nt A AD,
d(an) (T223T133 - T123T233) nt AP AT,
= d(dn®) = —(T5 + T5) n' An? An.

The first two equations imply that the vectors

[Tl Tys], [T T3], [T T3]
are all scalar multiples of each other unless T133 = 23 = 0, while the third equation implies that
T223 = *Tlls-

In most of the computations that follow, these relations will be self-evident; however, at one
point they will have implications for the function H.
The structure equation for dn'

nt = —J\/emel A —en® A

Therefore, we must have

for some constant c¢;, so that the equation for dn' becomes
dnt = —cin' An? —en* A
Now the equation for dn? reduces to

i’ =n' An?
1

— m (H:EIZQ =+ .'L'Blewl + HlexB — 2H21H23) (01771 A\ 773 + 6772 A 773) .
x T
Therefore,

Hyio +03Hp,0 + HH s — 2H
H,/eH

for some constant cy. Substituting the derivative of (A.9) with respect to x! into the equation
for dn? yields

3 (Hyun\> 1H 3
dn? = (4( ”1’31) x1x1m1+c€1> 't AnP+en® A,

2 = 2, (A.9)

H, 2 Hp

T

Observe that:

e The coefficient of n? A n? in dn? is equal to minus the coefficient of n' A n? in dn', as we
previously observed that it must be.
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o If ¢y # 0, then the ratio of the n* A n? and 1% A n? coefficients in dn? must be equal to <
(which is the ratio of these coefficients in dn'), and hence the n' A n? coefficient in dn?

2
must be equal to %

Therefore, if ¢ # 0, then H satisfies the PDE

3 (Hpn\> 1Hpii
2 it il gy A.10
4 ( H, ) 2 Hp (4.10)

The solutions of (A.10) are precisely the linear fractional transformations in the z! variable,
and so we must have

Fy (xQ, xS)xl + Fy (xz, 933)
Gy (22, 23)a! + Go(22,23)

(A.11)

for some functions Fj (mz,x3), F (1:2,x3), Gy (:UQ,:BS), G1 (1:2,x3).

By contrast, if co = 0, then the vectors [T Tas], [T% T3] are no longer required to be
linearly independent, and so the Schwarzian derivative of H with respect to z! appearing in
equation (A.10) is only required to be constant, but not necessarily equal to zero. There are
two possibilities, depending on the sign:

o If 2 (%)2 — %H?}zizl = —c3 for c3 > 0, then
H(ﬂ?l, z2, x3) =F (x2, x?’) tan (03331 + Fy (:1:2, 9:3)) + Fy (m2, xg) (A.12)

for some functions Fj (m2, 1:3), " (m2, 1:3), I (mQ, 1:3) with £} (:c2, :U3) #0.

o If % (Lﬁlzl >2 — %Hﬁr?l = ¢} for c3 > 0, then
H(:Ul, z2, x?’) =F (xz, x3) tanh (03x1 + Fy (x2, xg)) + Fy ($2, 1‘3) (A.13)
for some functions Fj (:1:2,:33), F (1‘2,1‘3), Fy (1‘2,1‘3) with Fj (xQ,x?’) #0.

We consider each of these cases separately.

Al C2 # 0

In this case, H (z', 22, 2%) is given by (A.11). Now we compute how the function (A.11) trans-
forms under a local coordinate transformation of the form (A.5).

Lemma A.1. There exists a local coordinate transformation of the form (A.5) such that the
function H(z', 22, %3) is linear in T, i.e.,

H(3', 7% 3%) = 1 (3%, 3%) 3" + Fy (3%, 7°), (A.14)
with Fy # 0.

Proof. Equation (A.8) can be written as

H(ml, z2, :c3) — D20 ' (A.15)

H(i', 7% 73) =
( ) (I)gc:;f:sH(SUl, :C2, .’L‘?’) + (((I)x29~53)2 - (I)xzxﬂbj:sjs)
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Substituting (A.11) into this equation yields

R . Pz +F
Pt + Fy <%> ~ Para2
Gzt + Gy D353 (giﬁig%) + ((Py253)? — Py2g2Pia30)

(lel + Fo) — D20 (G1$1 + Go)
‘553533 (Flzvl + Fg) + ((Cbm%s)Q — (I)_,E2$2CI)553533) (Glxl + Go)
B [Fl — @I2I2G1] x! + [Fg — (I)xzszo}
[(I)jsjaFl+(((I)x2:53)2—(1)x2$2<1>j3563) Gl] z! + [CI):;333~E3F0+(((I)$2563)2—(I)$2$2 <I>3~E3563) Go] '

The coefficients of ' on the left-hand side of this equation are the same as the coefficients of x!
on the right-hand side, so the condition that G; = 0 is equivalent to

0 = @050 (22, 3%) Fy (22, 2°) + ((@23(.@2 7))? = @0 (2%, 5) @050 (22,5 ) Gi (2%, 27)
= ®gag (27, 8°) 1 (2%, @2 (27, 2%) )

(@425 (82,%))” = Byaga (22,3 Bgaza (22,7%) ) G (a2, @0 (22, 77) ).

Any solution @(wz, 5:3) of this equation will induce a local coordinate transformation for which
H(#',#2, %) has the form (A.14), as desired. Note that Fy; = H,1 # 0, and hence F] must have
the same sign as €. |

Local coordinates for which H has the form (A.14) are determined up to transformations of
the form (A.5) with ®zs53 =0, i.e.,

®(2%,2%) = @1 ()7 + P (2?).
With & as above, the local coordinate transformation (A.5) reduces to
z! =7 + @o(2?), i? = 01 (2?), z? = @) (2%) + ) (%) 7. (A.16)
With the assumption that H has the form
H(wl,mQ, :1:3) =F (.7}2, x?’)xl + Fpy (mQ, a:3),
differentiating equation (A.9) with respect to z! yields

(F1)$3
VeFy

Therefore,

=0.

Now equation (A.8) reduces to
Fi (mQ)xl + Fy (azz, a:3) = (<I>’1 (x2))2 (Fl (1’2)531 + Fy (5732, 5:3)) + @) (x2) + oY (xQ)ig,
which, taking (A.16) into account, becomes

Fy(22)3' + (Fy (2%) @0 (2°) + Fo(2?, @) (2) + @) (2?)2%))
— (@) (22)” F1 (@1 («2) 3 + (B (22)” Fo (1 (22),7) + @f (¢2) + @ (?)F. (A.17)
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Equating the coefficients of #' on both sides yields
Fi(a?) = (®)(a%))" 1 (1(2”)).

Thus any solution ®4 (ac2) of the equation

P (2%) = /ey (22)
will induce a local coordinate transformation for which
[y (7%) = e = 1.

Local coordinates for which F} (xz) = ¢ are determined up to transformations of the form (A.16)
with

P (2°) = 1
for simplicity, we will assume that ® (332) = 1. Then
<I>(:z:2, ig) = 2233 + a@® + (xz)

for some constant a. With ® as above, the local coordinate transformation (A.5) reduces to

a! =3 + @g(2?), % = 2% +a, z? =73 + o (2?). (A.18)
Now equation (A.9) takes the form
(Fo)gs = €cs.
Therefore,

Fy (mQ, 1:3) = ecsz® + Fy (1:2)
Now equation (A.17) reduces to
€Dy (332) + e3P, (mQ) + F (acQ) = Fy(2* +a) + @ ($2)
Thus any solution ®g (acQ) of the equation
ePg (x2) + 663‘1)6 ($2) — @g ($2) = -5 (:c2)
will induce a local coordinate transformation for which
£ (#%) = 0.
Local coordinates for which F5 (m2) = 0 are determined up to transformations of the form (A.18)
with
e®g (ac2) + ec3®), (1:2) - ®f (1:2) =0,
ie.,
(I)o ($2) = b1€T1z2 + b2€r2$2,
where by, by are constants and
€C3+\/C§+46 663—\/C§+46
Note that if € = 1, then r1, ro are real and distinct; if e = —1, then rq, o may be real and

distinct, real and equal, or a complex conjugate pair.
To summarize, we have constructed local coordinates for which

J(;Ul,x2,:v3) = cq, H($1,$2,1‘3) :6(x1+63:v3).

1

These coordinates are determined up to transformations of the form

- 2 2 N N 2 2
2l = F 4 b1e™ 4 hye™ 2 =2%+a, 22 =3 + byr e + byrge™® .
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A.2 Co = 0

We will only give the details of the analysis for the case (A.12); the case (A.13) is similar. First
we compute how the function (A.12) transforms under a local coordinate transformation of the

form (A.5).

Lemma A.2. There exists a local coordinate transformation of the form (A.5) such that
Fy(3%,3%) =0, ie.,

(3,72, 2%) = Fy (2%, 2%) tan(csa') + Fa (2%, 2°), (A.20)
with Fy # 0.
Proof. Substituting (A.12) into the expression (A.15) for H(Z', 2, #3) yields
Fl tan (03951 + ﬁb) + 13’2
_ (F1 tan(csz! + Fp) + FQ) — D20

D353 (F) tan(csx! + Fp) + Fo) + ((Pg258)2 — Ppop2Pyszs)

B Fysin(csz! + Fy) + (Fy — ®,2,2) cos(ezx! + Fp) (A.21)
N D353 Fy sin(csz! + Fo) 4 (P53 Fo+ (Ph253)2 — P2 Piazs ) cos(csxl + Fp) | ’

Now, define functions R(:c2, :E3), @(mQ, 5:3) by the conditions that
D353 F) = Rsin O, Doszs Fo + ((I)x25:3)2 —®,2,2Pz3:3 = RcosO;

in particular, we have

OFEPey
0=t -1 T°T )
o <CI>53533F2 + (¢)1253)2 — P20 ‘1)5353>

Then the denominator of the right-hand side of (A.21) can be written as
Rcos (03:(:1 + Fy — @) = Rcos (63(501 + o — §:3CI>333) + Fy — @).
Therefore, H (1,72 23) is a linear function of the quantity
tan (63(:i1 + o — i:3<1>53) + Fy — @),
which implies that
Fy=c3(® — 3*0z3) + Fy — ©.

Keeping in mind that © is a second-order differential operator in ®, the condition Fy = 0
is a second-order PDE for the function (I>(3:2,5c3). Any solution <I>(:1:2,:%3) of this equation

will induce a local coordinate transformation for which H(z',#2, #) has the form (A.20), as
desired. m

Local coordinates for which H has the form (A.20) are determined up to transformations of
the form (A.5) with ®(z?, %) a solution of the PDE

c3(® — 3Pz3) — O = 0. (A.22)

Unfortunately we cannot explicitly write down the general solution to this PDE; however, a sub-
set of the solutions is given by the family

(I>(a:2, ig) = 739, (1‘2),

where ® is an arbitrary function of z? with D, (:c2) £ 0.



30 J.N. Clelland, C.G. Moseley and G.R. Wilkens

With the assumption that H has the form (A.20), equation (A.9) becomes (recalling that
Cy = 0)

Fy ((F1) 3 — 2c32®) tan (csa!) + 2F) (Fy) 3 — Fo(F1) 43 — (Fi),2 = 0.
Therefore, since F; # 0,

(F1) s — 2c32° = 0, 2F (Fy)ys — Fo(F1) s — (Fi)y2 = 0. (A.23)
The first equation implies that

F (x2, xS) =c3 (:c3)2 + Fyo (m2)

for some function Fig (:172)
Computations similar to those in the previous case show that, under a local coordinate
transformation (A.5) with ® = 23®((2?), we have

fote) - 2]

Thus any solution @ (ac2) of the equation

1
(2%) = o F(e?)

will induce a local coordinate transformation for which either Fj (502) =0 or Fyg (502) = *cs3.
Denote this constant by c4, so that we now have

(32,5 = 3(3°)° + en.
Finally, the second equation in (A.23) becomes
2(63 (333)2 + 04)(F2)x3 — 2¢323F, =0,
which implies that
2% (xQ, x3) = Fy (m2) c3(x3)2 + ¢y

for some function Fyg (332) We conjecture that the remaining solutions of (A.22) can be used to
normalize the function Fyg (a:2), but unfortunately we have been unable to complete this step in
the analysis.

To summarize, we have constructed local coordinates for which

__a cos(cz!)
Ves(ea(@®)2 +cp)’

H(z', 2% 2%) = (Cg (ZL‘3)2 + C4) tan (csz') + Fao(2%)v/e3(23)? + ca.
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