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1 Introduction

We use the term “integrability” in the meaning that a system or equation under consideration
possesses a Lax representation or a zero curvature representation. Such systems can be solved
by the inverse spectral transform method (IST) [1, 2]. Exactly integrable evolution systems are
of interest both for mathematics and applications. In particular, systems of the following form

Ut = Uggy T F(u,v,uw,vx,um,vm), V¢ = A Vggg + G(u77)7uxavxyu;rx7vmw)7 (11>

where a is a constant, excite great interest since about 1980. The paper [3] is devoted to construc-
tion of systems of the form (1.1) among others. Nine integrable systems of the form (1.1) and
their Lax representations have been obtained in the paper. In particular, it contains a complete
list of three integrable systems (1.1) satisfying the conditions a(a — 1) # 0 and ord(F,G) < 2.
Here ord = order, ord f < n means that f does not depend on uy, vy, Unt1, Unt1, .- .. Here and
in what follows, the notations u, = 0"u/0x", v, = 0"v/0x" are used.

Two of the three mentioned systems can be written in the following form

1
Uy = U3 + v Uy, vy = —303 +uup — v,

1
Uy = U3 + v uy, v = —35U3 — VU1 + Ul

and the third system is presented below (see (3.46a)). System (1.2) was found independently
in [4] and the soliton solutions were constructed there. This system is called as the Drinfeld—
Sokolov—Hirota—Satsuma system.

This paper contains two results: (i) a list of integrable systems of the form (1.1) with smooth
functions F', G and a = —1/2; (ii) differential substitutions that allow to connect any equation
from the list with (1.2) or (1.3).

There are many articles dealing with integrable systems, but some of them (see, e.g., [5, 6, 7])
consider multi-component systems. Other papers (see, e.g., [8, 9, 10, 11, 12]) contain two-
component systems reducible to a triangular form. The triangular form is briefly considered
below. There was possibly only one serious attempt [13] to classify integrable systems of the
form (1.1) using the Painlevé test. Unfortunately, fifteen systems presented in [13] contain a large
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number of constants some of which can be removed by scaling and linear transformations. Note
that there are two-field integrable evolutionary systems u; = Aus + H(u, w1, us) with a non-
diagonal main matrix A. For example, an integrable evolutionary system with the Jordan main
matrix is found in [14].

Moreover, about 50 two-field integrable systems of the form (1.1) with @ = 1 can be extracted
from papers [15, 16, 17, 18, 19] that deal with vector evolutionary equations.

Partial solutions of the classification problem for ¢ = 0 and ord G < 1 have been obtained
in [20], and in [21] for divergent systems with a # 1. A complete list of integrable systems of the
form (1.1) does not exist today because the problem is too cumbersome and the set of integrable
systems is very large.

Our tool is the symmetry method presented in many papers. We shall point out pioneer or
review papers only. In [22] the notions of formal symmetry and canonical conserved density for
a scalar evolution equation are introduced. These tools were applied to classification of the KdV-
type equations in [23]. A complete theory of formal symmetries and formal conservation laws for
scalar equations has been presented in [24]. A generalized theory was developed for evolutionary
systems in [25]. Review paper [26] contains both general theorems of the symmetry method
and classification results on integrable equations: the third and fifth order scalar equations,
Schrodinger-type systems, Burgers-type equations and systems. Review paper [27] is devoted to
higher symmetries, exact integrability and related problems. Peculiarities of systems (1.1) have
been discussed in [21]. For the sake of completeness, the main points of the symmetry method
and some results necessary for understanding of this paper are considered in the Sections 2—4.

Briefly speaking, the symmetry method deals with the so-called canonical conservation laws

Dipn = Dyby,  Dip = Dy, n=0,1,2,..., (1.4)

where D, is the evolutionary derivative and D, is the total derivative with respect to z. In
particular, pg = —F,,/3, po = —G,/(3a). The recursion relations for the canonical conserved
densities p, and p, are presented in Section 2. All canonical conserved densities are expressed
in terms of functions F' and G. That is why equations (1.4) impose great restrictions on the
forms of F' and G. Equations (1.4) are solvable in the jet space iff

EuDipp =0,  Eu.Dipp=0, a=12 n=012,... (1.5)

(see [28], for example). Here

Eqo

B > . 0
Sue Z(*Dx) Jue’ (u' = u, u* =),
n=0

n

is the Euler operator.

Conservation law with p = Dyx,0 = D,y is called trivial and the conserved density of the
form p = D, is called trivial too. This can be written in the form p € Im D,,, where Im = Image.
If p1 — p2 € Im D,, then the densities p; and py are said to be equivalent.

There are a lot of systems in the following form

Ut = Uggy + F(“y Uy, uxr)’ V¢t = QUgge + G(U, UV, Uy, Vg Ugg, UI]})7

satisfying the integrability conditions (1.4). Such systems containing one independent equation
are said to be triangular. It follows from the integrability conditions that the equation for © must
be one of the known integrable equations (KdV, mKdV etc). The second equation is usually
linear with respect to v, v, and wv,,. Triangular systems do not possess any Lax representations
and are not integrable in this sense. Therefore triangular systems and those reducible to the
triangular form have been omitted as trivial.
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The system of two independent equations
Ut = Uggy + F(u7 Uy, uII)) V¢t = QUggqe + G(Uu Vg, Uxx)a

will be called disintegrated. It is obvious that the disintegrated form is a partial case of the
triangular form. Therefore the disintegrated systems and those reducible to them have been
omitted.

System (1.1) will be called reducible if it is triangular or can be reduced to triangular or
disintegrated form. Otherwise, the system will be called irreducible.

Our computations show that for irreducible integrable systems (1.1) parameter @ must belong
to the following set:

1 7 3 7 3
A:{o, -2, —5, —5+3V5, -3 5}~

These values were found first in [3] and were repeated in [29]. The value of a is always defined
at the end of computations when functions F' and G have been found and only some coefficients
are to be specified from the fifth or seventh integrability conditions (see example in Section 3.1).
This means that it is enough to verify conditions (1.5) forn = 0,...,7and a = 1,2 to obtain F', G
and a. But for absolute certainty we have verified conditions (1.5) for n = 8,9 and a = 1,2 for
each system.

The presented set A consists of zero and two pairs (a,a™!). The transformation ¢ = at,

v/ = v, v/ = u changes the parameter a # 0 in (1.1) into a~!'. That is why one ought to
consider the values {0, —%, —% + %\/5} of the parameter a. Integrable systems with a = 0
were mentioned above, see also [30]. This paper is devoted to investigation of the case a = —1/2

only. The case a = —% + %\/5 will be presented in another paper.

Section 2 contains recursion formulas for the canonical densities. The origin of the notion,
some examples and a preliminary classification are considered.

A list of forty integrable systems and an example of computations are presented in Section 3.

Section 4 contains differential substitutions that connect all systems from the list. The
method of computations and an example are considered. It is shown that all systems from the
list presented in Section 3 can be obtained from (1.2) and (1.3) by differential substitutions.

Section 5 is devoted to zero curvature representations. The zero curvature representations
for systems (1.2) and (1.3) are obtained from the Drinfeld-Sokolov L-operators. A method of
obtaining zero curvature representations for other systems is demonstrated.

2 Canonical densities

One of the main objects of the symmetry approach to classification of integrable equations is the
infinite set of the canonical conserved densities. Let us demonstrate how canonical conserved
densities can be obtained the from the asymptotic expansions for eigenfunctions of the Lax
operators. The simplest Lax equations concerned with the KdV equation

U = 6Uly — Ugzs
take the following form

wmx - Ul[J - IUQw =0, (21)
Yt = — Ay + 6uthy + Sugt) + 4. (2.2)

Here u is a solution of the KdV equation and p is a parameter. The standard substitution

—g—
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reduces equations (2.1) and (2.2) to the Riccati form
pa+p° —u—p* =0, (2.3)
Oy / pdr = —4(0, + p)*p + 6up + 3u, + 4p>. (2.4)

Differentiating temporal equation (2.4) with respect to x one can rewrite it, using (2.3), as the
continuity equation:

pr = 0x[(2u — 4p®)p — ug). (2.5)
To construct an asymptotic expansion one ought to set
o0
p=p+ Y pu(—2u)7" (2.6)
n=0
Then equation (2.3) results in the following well known recursion formula [2]

n—1

Pn+1 = Dypn + Z PiPn—i, n=12..., po =0, P1 = —U, (27)
=1

and (2.5) results in infinite sequence of conservation laws:
Dipn = Dz (2upn — pn+2), n > 0. (2.8)

We change here 0; — D; and 9, — D, because u is a solution of the KdV equation. The
obtained conservation laws are canonical. It is easy to obtain several first canonical densities:

p2 = —u1, p3 = u® — ug, ps = Dy(2u® — up),

It is shown in [2] that all even canonical densities are trivial. Note that if one chooses an-
other asymptotic expansion, for example, in powers of x~! instead of (2.6), then another set of
canonical densities is obtained, which is equivalent to the previous set.

The canonical densities that follow from (2.7) can also be obtained by using the temporal
equation (2.4) only. Indeed, setting 9; [ pdx = 6 one obtains from (2.4)

—4(0y + p)%p + 6up + Ju, + 4p° = 6. (2.9)
Using the same expansions as above

p=p+ an(—2ﬂ)’"7 0 = Z On(=2p)7",
n=0

n=0

one can obtain from (2.9) the following recursion relation:

n+1 n
Pn+2 = 2upy + 2 Zpipn_i"'l B % Z PiPjPn—i—j5 — %en
i=0 i,j=0

n
+ 2D1‘ <pn+1 - ZPZPn—z) - %Dgpn - uan,—l + u15n07 n= _27 _17 07 EERE
=0

where ;5 is the Kronecker delta. The obtained relation provides pg = 0, p1 = —u, p2 =
—uy — 6y/3, etc. As Dypg = D,0p and py = 0, then 6y = 0. The higher canonical densities p,,



Integrable Evolutionary Systems and Their Differential Substitutions 5

n > 2 depend on 60,,_3. The fluxes 6, must be defined now from equations (1.4). For example,
01 = ug — 3u2.
The traditional method to obtain the canonical densities for an evolution system [25]
u = K(u,ug, ..., up), u(t,z) e R™, m=>1, uf = Fu®. (2.10)
consists, briefly, in the following. The main idea is to use the linearized equation
(Dy— K, )Y =0 (2.11)
or its adjoint

(Di+ K p=0 (2.12)

as the temporal Lax equation. Here

Z(‘?K"‘ Z OK"
@ = n ﬁ + = — n

9 9 9 9
Di= 2+ DMK ) sy Dy= o> Ul
T 2K 5 oz T L g

The spatial Lax operator (formal symmetry) was introduced in [25] as the infinite operator

series

N
R= ) RDi, N>, (2.13)
k=—oc0
commuting with Dy — K. Ry are matrix coefficients depending on w,u,.... It was shown

that Tr res R (res R = R_1) is the conserved density for system (2.10). Canonical densities have
been defined by the formulas

pn = Tr res R, n=12,...,

see [26] for details.

Operations with operator series (2.13) are not so simple, therefore we use an alternative
method for obtaining the canonical densities. It was proposed in [32] heuristically and we
present the following explanation (see also [33]).

Observation. One can obtain equation (2.9) from (2.2) by the following substitution

P =e“, w:/pd:l:+9dt, (2.14)

where p dx+6 dt is the smooth closed 1-form, that is, Dyp = D, 0. This implies e ™ Die® = D;+0,
e “D,e” = D, + p and so (2.9) follows. Another way to obtain the same equation is to prolong
the operators Dy — 0y + 6, D, — 0, + p in (2.2) formally and to set ¢y = 1. For systems, one
must set ¢, = 1 for a fixed « only.

We shall apply this method to system (1.1) now.

The linearized system (1.1) with prolonged operators D, — D, + p, D; — Dy + 0 takes the
following form:

+ [FU+FU1(Dx+p)+Fv2(Dx+p)2}\112 =0,
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[Gu + Guy (Do + p) + Guy(Dy + p)?] W1 + a(Dy + p)* Uy
+ [Gy + Gy (Dy + p) + Guy (Dy + p)? — Dy — 0] T3 = 0.

If one sets here W1 = 1, then the first equation takes the following form

(Dz+P)QP+FU+Fu1P+Fu2(Dm+P)p_9
+ [Fy + Fy (Dg + p) + Fop (D + p)*] T2 = 0.

(2.15)

It is obvious from this equation that the following forms of the asymptotic expansions are

acceptable:

[o@) [o@) oo
p=p D s, O=p D Oapt, =) pap”
n=0

Here p is a complex parameter. Then, after some simple calculations, the following recursion

relations are obtained (n > —1):

n+1

n
Pn+2 = szpn i+1 — 3 Z PiPjPn—i—j — %Ful (6n,71 + pn) -3

i+5=0

n
- %(Fv + Fy, Dy + szD?c)SOn - % Fuy <Da:/)n +2pn+1 + Z PiPn—i
=0

n n
— 5 Fuy | ont2 +2 sz‘@n—iﬂ + Z PiPjPn—i—j
=0 i+j=0

n n
- % Fv2 (2 D:Jc Pn+1 + 2 piDa: Pn—i + Dx Z pi@ni)

=0 1=0

- D, [pn+1 + 3 mpn szpn i
=0

(1—a)pnys = Gudno + Guy (Depn +2ppi1 + Z pipn—i) + Gu, (571,—1 + pn)

) — Dy op

1=0

i=0 =0

n n
+ Gv2 <2 DxSDnJrl + Z Pi D, Pn—i + D, Z pi@ni)

i=0 =0

n+1
+ Gv2 Pnt2 + Dm@n +2 sz%pn i+1 T Z PiPjPn—i—j
=0 i+35=0
n+1

+aDjpn+3aDipni1 +6a Z pi Dz on—it1+3a Z PiPn—i+2

=0

n n
+3aDzpni2t+3a Z PipPj Dy Pn—i—j + 3a Z On—it+1 Dz pi

i+7=0 =0
n+1

+ a Z ¢n—i—j Dz(pip;) +3a Z PiPjPn—i—j+1
i+35=0 i+j=0

vl <§0n+1 + Z PiPn—i

n n
- Z ‘91'9071—2' + Gv ©n + le (DISOTL + ©nt1 + Z PiPn—i
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n n n
+3a D, Z PiPn—i + a Z n—i Dip;i +a Z PiPjPk Pr—i—j—k-
=0 i=0 i+j+k=0

Here 0; is the Kronecker delta, F,,, = 0F/0u; and so on. From the recursion relations it is
obvious why the value a = 1 is singular. Some of initial elements of the sequence {py, ¢, } read

1

T—a %

p(]:_%Fuza wo =0, Y1 =

others are introduced via the §-symbols.

If one sets in (2.15) W9 = 1 and a # 0, then one more pair of recursion relations for {py, @n}

is obtained. These recursion relations give us any desired number of canonical densities. As an
example, we present here some more canonical densities:

1 1 1 1 1
PoznguQ, pl:§F32*gFer%FUQGWngDIF“W
~ 1 1 1 1 1
Po= =g G P17 g G gy O = g T 5 Do G, (210)

where b = a — 1. The tilde denotes another sequence of canonical densities. Further canonical
densities are too cumbersome, therefore we do not present them here.

To simplify investigation of the integrability conditions, an additional requirement is always
imposed. This is the existence of a formal conservation law [25, 26]. A formal conservation law
is an operator series N in powers of D;!. An equation for the formal conservation law can be
written in the following operator form

(Di — KN = N(Dy + K. 7). (2.17)

The form of this equation coincides with the form of the equation for the Noether operator [34].
That is a formal conservation law may be called a formal Noether operator.

If (D; — K., L) is the Lax pair for an equation, then (D; + K.*, L") is obviously the Lax
pair for the same equation. Hence, canonical densities obtained from (2.11) must be equivalent
to canonical densities obtained from (2.12).

It was shown in [21] that the first sequence of the canonical densities p,, for system (1.1)
obtained from (2.11) is equivalent to the first sequence of the canonical densities 7,, obtained
from (2.12) and the second sequence of the canonical densities p, is equivalent to the second
sequence of the canonical densities 7,. Hence, p, — 7, € Im D, and p, — 7, € Im D,, or

Eolpn =) =0,  Eo(pn—7) =0, a=12 n=012,.... (2.18)

Equations (1.4) (or (1.5)) and (2.18) are said to be the necessary conditions of integrability. We
shall refer to it simply as the integrability conditions for brevity.
Our computations have shown that

T0 = —pP0; 7~'0 = —ﬁo, 1 = P1, 7:1 = ﬁl- (2.19)

Other “adjoint” canonical densities 7; and 7y essentially differ from the “main” canonical den-
sities p; and pi. All canonical densities can be obtained using the Maple routines c¢d and acd
from the package JET (see [36]). These routines generate the “main” and the “adjoint” canon-
ical densities, correspondingly, for almost any evolutionary system (an exclusion is the case of
multiple roots of the main matrix of the system under consideration).

Thus, according to (2.16) and (2.19) we have F,, € Im D, and G,, € Im D, (a # 0). This
implies the following lemma.
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Lemma 1. System (1.1) with a(a — 1) # 0 satisfying the zeroth integrability conditions (2.18)
reads

3 3
up =uz — s us Dy f + i fuyu3 + Fi(u,v,u1,v1,02),

2f f
3a 3a
v = avs — @1}2 D, g+ @gvlvg + G1(u,v,ug,v1, uz). (2.20)

where ord(f,g) < 1.

Indeed, one may set Fy,, = —3/2D; In f and G, = —3/2aD, In g, where ord(f, g) < 1 because
ord(F,G) < 2. Then equations (2.20) follow.
From higher integrability conditions one more lemma follows.

Lemma 2. Suppose system (2.20) is irreducible and satisfies the following eight integrability
conditions po—719 € Im D, po—To € Im D, and Dyp, € Im D,,, D;p,, € Im D,, wheren =1, 3,5.
Then the system must have the following form

3 3
Ut:US_ﬁUQDxf‘i‘Efulug+flvg+f2v2+f3a

3a 3a
vt:avg—%nggjg+@

where Ord(f,gafivgj) <L

A scheme of the proof has been presented in [21].

guV3 +g1u3 + gaua+gs,  a#0, (2.21)

3 List of integrable systems

As it is shown in Section 2 the problem of the classification of integrable systems (1.1) is
reduced to investigation of system (2.21). That is why it is necessary to start by investigating
its symmetry properties.

Lemma 3. System (2.21) are invariant under any point transformation of the form

(a) t'=a’t+ 3, ¥ = oax+yt+ 9, a #0, = u, v =,
(b) u' = hyi(u), v = ha(v),

and under the following permutation transformation

where «, 3, v and § are constants, h; are arbitrary smooth functions.

The classification of systems of type (2.21) has been performed by modulo of the presented
transformations.

Moreover, some systems (2.21) admit invertible contact transformations. An effective tool
for searching such contact transformations is investigation of the canonical conserved densities.
For example, system (3.24) from the next section has the first canonical conserved density of
the following form:

p1 = (v1 - %ue”)Q + 20%6_21).
It is obvious that the best variables for that system are

U=¢e" and V=v— %ue”.
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This is an invertible contact transformation. In terms of U and V' the system takes the following
simple form:

Uy = Dy (U + 3UVy — 3UV? + 1ciUP) |

V, = 1D, (V? — 2Wo) — 3¢1D,(2UU; + U?V).

If ¢1 # 0 this system can be reduced to (3.10) by scaling, otherwise the system is triangular: the
equation for V will be independent single mKdV. Moreover, the equation for U becomes linear.
That is why ¢; # 0 in (3.24).

Canonical densities for the triangular systems contain only one highest order term in the
second power as in the considered example p = V2 or p=V2+--- or p=V2 +--- etc. Trian-
gular systems and those reducible to the triangular form have been omitted in the classification
process as trivial.

To classify integrable systems (1.1) with a(a — 1) # 0 one must solve a huge number of
large overdetermined partial differential systems for eight unknown functions of four variables.
This work has required powerful computers and has taken about six years. All the calculations
have been performed in the interactive mode of operation because automatic solving of large
systems of partial differential equations is still impossible. The package PDSOLVE from the
excellent system Maple makes errors solving some single partial differential equations. The
package DIFFALG cannot operate with large systems because its algorithms are too cumbersome.
Thus, one has to solve complicated problems in the interactive mode. Hence, to obtain a true
solution one must enter true data! Under such circumstances errors are probable. The longer
the computations the more probable are errors. This is the reason why we cannot state with
confidence that all computations have been precise all these six years. That is why the statement
on completeness of the obtained set of integrable systems is formulated as a hypothesis.

In this and in the following sections ¢, ¢;, k, k; are arbitrary constants.

Hypothesis. Suppose system (2.21) with a = —1/2 is irreducible. If the system has infinitely
many canonical conservation laws, then it can be reduced by an appropriate point transformation
to one of the following systems:

U = ug + v uy, vt:—%v3+uu1—vvl; (3.1)
ug = uz + vy ug, v = —%vg—l—%(uQ—v%); (3.2)
U = uz +vuq, vt:—%vg—vvl—kul; (3.3)
U = uz +vuy + v u, vt:—%vg—vvl—l—u; (3.4)
Up = us + v U1, v = —%’Ug - %vf + u; (3.5)
U = uz + uuy + v, v = —%U3+%U1U2—uvl; (3.6)
U = ug + vo + kuq, 'Ut:—%’U3+%UU2+%U%+%U3+IC(U2—Ul); (3.7)
ut:u;g+%vvg+%v%+%037k(v2+u1), vt:f%v3+u2+kv1; (3.8)
U = U3 — %ulvg — %uw% + iu:f, vy = —%Ug + %UlUQ — %u%vl + %vf; (3.9)
up = (ug — 3wy — 3uv? + %us)x, v = (=3 v + Suuy — 3uPo + %03)36; (3.10)
utZU3—%U2—%U1’Ul—%U?, vt:—%vg—l—%(vl—ug—i—%u%)Q—%v%; (3.11)
ut:(ug—%vl—%uv—%u?’)z, vt:(—%w%—%(v—ul—l—%uQ)Q—%v?)m; (3.12)
w = ug — 3gvs — 3wy (ug +v1) — 30 — 6v1g® — c19° — 3¢°,

vy = —%’Ug— %cluz+3u%— %v%—6u192+0193+3g4, g =u-+uv; (3.13)
up = uz — 3ujvy + (u — 31)2)u1, vy = —%v3 + %’UQ —uv — (u— 31}2)1)1; (3.14)

U = ug — UV + uup — 3uw%, v = —%1)3 + %m —uwv + vi’; (3.15)
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ut:ug—l—(lﬁ— \/u2+v1) Ui,

(2uuy + v2)?

_ 1 3 2 2,2 3/2.
U=y U T g T Sute — k(2w o) = 5 (w4 ) 2 (3.16)
(2UU1+U2) 2
—yg - 322 LT — k(2 ;
up = u3 2 ovvrt 0T+ 50° — k(20 + 1)
v = —%Ug + Jug + kvy; (3.17)

_ ui(uitve) 4
U = U3z + W — gul’l)l + cauivu + vy,

(u1 + 7)2)2

vy = —3vg — Sug + 3 ——— 207 — 30 — 2w VUt vy — %cl(u+v1)3/2; (3.18)
up = uz +urVu—+ vy — kuq,

2
Utz—évs—guz—l—gm—g(u+vl)3/2+2k‘u+kv1; (3.19)
up = ug + uvy + (u2 + v)uq, vy = —%Ug + 3ujug — (u2 + v)vy; (3.20)
ug = uz + 3(u + k)ve + 3uy (vg + u?),
vy = —1vg — Suuy — (o1 + u?)? — %u% + ku® + %u4; (3.21)
Up = U3 — %Ug — %ulvl — %u? —3uy(cre® + 2c0e®),

v =—ug+ 3 (3ul —wp + Vi + cret + 2ce%")”

— %v% gcluQe +3 cle U 9 cpe, c1#0 or co #0; (3.22)
Up = U3 — %uwg — %ulvl +uug — Aue Y,
vy = —%’Ug + %viﬁ +up — uvg + Aoy e (3.23)
Up = U3 — %uva — %ulv% +upe’(ug +2uvy) — %u2ule2v — %C%ul e,
vy = —3v3 + % +uge’ + tue®(2ui +uvy) + Scfvr e, c1 # 0; (3.24)
up = us + 3ugvy + %ulvg + %ulv% —uupe? — e,
v = —1vz + %v:{’ + (ug + uvy)e?; (3.25)
U = ug + 3ugvy + %ulvg + %ulv% — uuge®’ — iule v
vy = —%’Ug + iv{’ + (u1 + uv1)62” + ivle_%; (3.26)
U = ug + §u1v2 + 3ugvy + %uw% — Aue - %ule%(u2 + ¢2),
vy = v3 + vl + v + é e (2uuy + u?vy + covy); (3.27)

up = us + u1v2 + 3ugvy + ulv% — %e (u1(6u +c1)+ 4uvl(2u + cl))

+e” (v2(2u® + c1) + (ug + 2uv1)? + 2¢107)
vy = 771)3 + lv:{’ +3 Le2v (4u uy + (6u + 01)1)1) + €Y (ug + 2ujvy); (3.28)
u = us + 2 5 U1v2 + 3ugvy + 2 ulvl + 3uva(crue’ + c2) + cl(c1 —1u 4edv

— %uze% (u1(1 + 5¢3) + 8ciuvy + 2cau(l — 3¢})) — 33 (w1 + 2uvy)

+ §clev(ul + 2uv1 — 202u) + 702111 (2uq + 3uwvy),
vy = U3 + vl + cle (ug + 2ugvy) + c1(1 — 01) 3e3v 4+ 6c1coue’ (v) — c2)

+ 3ue® (2ur (1 + ¢f) + uvi (1 + 5¢) + 2cou(l — 3¢})) + Seav1(2e2 — v1); (3.29)
up = us+ 2 5 u1v2 + 3ugvy + 2 ulv% + ?)e”(u2 +c)(ve + 2@%) + %evul(ul + duwy)

-3 2” ((3u + c)ur + 4(u® + c)uvy) |

vy = —tvg 4+ T 07 + 3 €V (ug + 2urvr) + 3 (2uug + (3u + c)vr) ; (3.30)
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2 )
Up = U3 — %ulvg — %ulvl + iu‘z’ —cre “Yup —co(up +2v1)e

+ c3 (ug —201) 62(1)_“)»

2(utv)

vy = —%’Ug + %UlUQ — %u%vl + ivi’ +ecre o + (62 e2(utv) cg 2V “))vl; (3.31)
U = u g’uva iulv% + lu‘i’ + (02 e’ +cze v — 30% 6_2”) u1,
vy = —51)3 + §U1U2 Zulvl +3 1,3 T+ (02 e — c3 e*“) U1

+ (3cie ™ —cpe —cye “) v (3.32)

U = ug — Suivy — %ulv% + iuz{’ + 3k(u? —2v9) e™¥ — 3(c? = 3kH) uy e

+ 8k(k* — c?) e,
vy = —3vs + 3ugus — 3udvr 4+ Jvf + 3k(us — 2urvr) e + 3(c* — 3k%)vy e (3.33)
U = U3 — %’U,ﬂ)g — %ulvl + 1“1 — 3c%u162(“+v) + 3erug (ug + 2vp)e T

+ (cge™ = 3c5e” )
v = —dv3 4+ Jugug — Sudvr + Lod 4 3cH(2ur + v1) ) 4 Beq (ug + ud)et

—cg (ug 4+ v1)e " 4 3civie 2 (3.34)
utv 3(utv)

Uy,

U = U — %ulvg — %ulv% + iu? + 3cqug(uy + 2v;1) e —4cicge
+3[(c1 — )y + 2¢ivy] 20+
vy = —1vg + Suquy — %u%vl + ivi’ + 3¢y (ug + u?) €' + dej ey 30FY)
+ 3[2c3u; — (¢1 — cg)vl] 2utv), (3.35)
—v

2
U = u §u1v2 iulvl + u1 + 2 3 clul e’ +c1(2uy —uy)e

— 20162(u1 + 2vp) e + 362 Uy (u1 + 20p) ¥V — 303 Uy 62(“+”),

v = ——vg + u1u2 3u1111 + %c?vl e~ 4 c1(2uivy —ug)e
—2cic9(up —v1) e + 302 (u2 + ud) e + 3¢2 (2uy + vy) 2V, (3.36)

Up = U3 — %U1U2 Zulvl + 1 u1 3u1[ %62(““) + cg 2= 4 96 60 62”]

— 303 u e % +3ciuy (ug 4 2v1) €“ TV — 3 coug (ug — 2v1) e’ ™Y,
vy = —%’03 + %U1U2 Zulvl + Ul + 3¢ (2u1 +vp) e 2utv) 4 Gy ey vy €2

+3¢2 (01 — 2u1) €27 4+ 3¢y (ug 4+ u?) " + 3¢y (1 — ug) " + 3c2 v €72, (3.37)
Up = U3 — %ulvg — %uw% + lu3 — 603 edlutv) 3 02(5u1 — 8uy) e2(utv)

+ %clul(ul + 201) €“ Y 4 2c2 ¢y 24TV + 3 clcg eV — %clcg('ml + 1201) e

+ (209 —ul) eV + 4 cGupe”? — %c% e 3,
vy = —%’Ug + %UlUQ Zulvl + Ul + 6c 3(utv) 4 3 C%(lS?ﬂ + 5v1) e2(utv)
+ % c1(ug + u%) etV — 42 1o e2utv 4 3 clcg e v — % crea(ug —vyp) e
+ c2(2uivy —ug)e” "’ — g csvp e, (3.38)

U = U ;’ulvz Zuwl + 1“1 4 c3e”” (u% — 2v9) + %cgule_%

+c (3u16“+” + 2036“) (ug + 2v1) — c2(Bure’ ™" 4+ 2¢e3e™ ) (ug — 201)

— 3up(cre® + coe™%)2e?,

vy = —%1)3 + %ulug - %u%vl + %v:f + cze” Y(ug — 2ugvy) — %cgvle’%
+ 322 (20 + vy) — 3c2eV ™ (2uy — v1) 4 3e1e T (uy + u?)

— 3coe’ " (ug — u%) + 2cocze” “(ug + v1) + 2c1c3€(up —v1) + 6c1cov1€2Y; (3.39)
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5 (2% — ug + 2gv1)?

2
’U/t:’ug—z

+ 3g(ug — v2) — 6ui — Juivy — 303

w — a2
1—9
— 3(59% + 4cg + A)ug — 6g%v1 + 2¢*(8g + 3¢) + 9¢*,

5 (2% — us + 2gv1)?

vy = —dvg+3 —3(3g + c)ug — 30§ + 3(9g* + 8cg + 2¢*)uy

2
uy—9g
+ 3(6g° + 4cg + vy — 2¢g*(8g + 3¢) — 9g*, g=u-+v; (3.40)

Remark 1. Systems (3.1), (3.3), (3.6) and (3.20) were proposed in [3], where system (3.20) is
given with a misprint. System (3.10) was presented in [29].

Remark 2. Ten pairs of integrability conditions (for pp—pg and po—pg) have been verified for
each system (3.1)—(3.40), and nontrivial higher conserved densities with orders 2, 3, 4 and 5
have been found.

Remark 3. It is shown in [21] that systems (3.10) and (3.12) are unique divergent systems of
the form (2.21) that satisfy the integrability conditions.

Remark 4. System (3.22) is a modification of (3.11), systems (3.31)—(3.39) are modifications
of (3.9).

Remark 5. Canonical densities for system (3.25) depend on the nonlocal variable w = D le™".

Remark 6. Many of the systems possess discrete symmetries. They are:

u — —u for (3.1), (3.2), (3.9), (3.10), (3.16), (3.20) and (3.27);

u — —u, v — v+ i for (3.24);

U — iU, v — v — %ﬂ, 1 — —c for (3.28);

{u——u,v—v+m}U{v—-v+mi,cg — —ca}U{u— —u, c; —» —c1} for (3.29);

{fu— —u, v = v+ i} U{u— iu, v — v — L} for (3.30);

u — —u, cg — c3, c3 — c; for (3.32);

u— —u, k — —k for (3.33);

u— —u, ¢; — ¢g, co — c1 for (3.37);

u — —u, cg — —cs, ca — c1, ¢ — ¢ for (3.39).

Also, systems (3.1), (3.2), (3.9), (3.10) and (3.27) preserve the real shape under the transfor-
mation u — iu. System (3.33) keeps the real shape under the transformation u — iu, k — ik.

3.1 Example of computations

Let us consider the simplest case of system (1.1):
ur = ug + f1(u,v)us + fa(u,v)vy, vy = avs + g1(u, v)ur + g2(u, v)vy, (3.41)

where a(a — 1) # 0. Formulas (2.16) are reduced now to the following

1

1
po =0, po =0, p1 3 f1, p1 5, 92 (3.42)

The further canonical densities read

1 1 5 1 1
p2 = _g(fl,uul + fauv1) + gDmfla p2 = _g(gl,vul + g2,001) + %ng%

1 B 1
Ty = g(fl,uul + f2,uv1), To = %(gl,vul + g2,001), (3.43)

where indices after commas denote derivatives.
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The first integrability condition (1.5) for p; can be split with respect to ug, vs, us and vs.
This provides the following equations

fl,uv =0, fl,uuu =0, fl,mm =0, or fl(ua U) = Clu2 + cou + C3'U2 + c4v + C5.

Analogously, condition (1.5) for p; implies go(u,v) = bju? + bou + b3v? + byv + bs. It is obvious
from (3.43) that the second integrability conditions (2.18) are 72 € Im D, and 7 € Im D,.. These
conditions provide fo .y = G100 = 0 0or fo(u,v) = ufs(v) + f1(v), g1(u,v) = vgs(u) + ga(u).
Thus, system (3.41) takes the following form:
up = ug + (c1u? + cou + c3v* + cav + c5)ur + (ufs(v) + fa(v))vr,
v = avs + (vg3(u) + ga(w))uy + (bru? + bou 4 bgv? + byv + bs)vy. (3.44)

Now one can obtain 6§, = D lDth and 52 =D, lDtﬁg in an explicit form. The expres-
sions Dyp; and D,;p; are not the total derivatives yet:

Dtpl = thl(ui, Uj) + Ry (’U,, v, U7, ’Ul) = Dgﬁl,
Dtﬁl = ngll(ui, Uj) + Rl (’U,, v, U1, ’Ul) = Dwél.
Therefore, we have set 61 = h1(u;,v;) + q1(u,v), 6, = le(ui,vj) + ¢1(u,v), where ¢; and ¢ are

unknown functions and D,q; = R1, D,G1 = R;. This trick allows us to evaluate p4, 74, p4, T4
and verify the fourth integrability conditions (2.18). These conditions imply f{ = g4 = 0, hence

f3 = a1v + ag, g3 = asu + as.

To simplify the further analysis one must list all irreducible cases of f1 (or g2). Let us take
fi1 = c1u® + cau + 30 + c4v + ¢ for definiteness.

Lemma 4. Using complex dilatations of u and v, translations u — u+ A1, v — v + Ay and the
Galilei transformation uy — uy + aug, v¢ — v + av, one can reduce fi to one of the following
forms:

Du?+0v% 2w +av; 3)v>+au; 4)utv; 5w 6)v; T) f1=0,

where «v is any constant. Moreover, in the cases 4=7 the function ga must be linear (by = bz = 0)
because otherwise the permutation u < v gives one of the cases 1-3.

In cases 1 and 3 contradictions follow from the integrability conditions (1.5) with n = 1,3
and (2.18) with n = 2,4. In case 2 the integrability conditions (1.5) with n = 1,3,5 and (2.18)
with n = 2,4 are satisfied iff system (3.44) is reduced to a pair of independent equations. Thus,
a nontrivial integrable system (3.41) must belong to the following class:

up = ug + (cou + c4v)ur + (u(arv + az) + fa(v))vi,
vy = avs + (v(azu + aq) + ga(u))ur + (bau + bgv + bs)v1, (3.45)

and only the following cases are possible:
4)62264:1; 5)62:1,64:0; 6)62:0,64:1; 7)62264:0.

In case 4 the integrability conditions (1.5) with n = 1,...,5 provide the functions g4 = kju+ ko,
fa = ksv + ky, the coefficients az = 0, ag = —1 + a2 + ba, by = by = (a + 1)ag — 2a — 1 and the
following equations:

(a+1)(2a2 +aaz —2a—1) =0,  a*(ag —2) — a(4a3 — 5 — Taz) + 16as — 14a3 — 3 = 0,
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a’(ag — 2) — a*(4a3 — Tag — 6) — 2a>(16a3 — 5ag — 37)
— a®(177a3 — 224ay — 41) — (23643 — 353a + 102) — az(37az — 53) — 17 = 0.

Using the package Groebner in Maple, one can obtain as = (1 —a)/3, a2+ 7a+1 = 0 or
a=(3c—17)/2, ¢ = 5. Then, the remaining coefficients are also determined and we obtain

up=ug + (u+v)ur + 3((3 = c)u+ (5¢ — 11)v)vy, =5,
vy = 3v3(3c = 7) + ((c + 2)u — v)us + 3(c — 3)(u +v)v;. (3.46)

The following substitution
V=2(c+1)(v—u), U= 5(c+3)u+ v
reduces system (3.46) to the third Drinfeld—Sokolov system

U, = —8Us + 3Vs + 6(V — 8U)U; + 12UV,
V, = 12Us — 2V; + 48V U, + 12(2U — V)V, (3.46a)

that has been presented first in [3]. Scaling
t——3t, U=—3iU  V=—-1V
gives more symmetric form of system (3.46a)

Uy = AUs + 3Vs + (4U + V)Uy + 2U WA,
V, = 3Us + Vs — 4VU, — 2(V + U)W (3.46b)

that was found in [14].

In case 5 the equations a; = ay = 0, g4 f; = 0, g}/ = 0 follow from the integrability condi-
tions (1.5) with n =1,...,5. This implies fi # 0 because otherwise the first equation of (3.45)
will be independent. Hence, there are two branches (1) f4 = 1 and (2) f; # 0, gy = 0. Along
the first branch, if one use additionally the integrability conditions (1.5) with n = 7 and solves
a large polynomial system for constants, one can obtain the following system:

U = U3 + uug + v1, vy = —2U3 — Uy,

that can be transformed to (1.3) by a scaling.
Along the second branch the integrability conditions (1.5) with n = 1,...,5 provide the
following system

Uy = Uz + uu] — VU, vy = —2v3 — uvq,

that is equivalent to (1.2).

Case 6 is symmetric to case 5: one can obtain f}” =0, ¢gf = 0, ag = a4 = by = 0 from the
integrability conditions (1.5) with n =1,...,5. Hence g4 # 0 and we have two branches g4 = 1
or g4 = u. Using the additional integrability conditions (1.5) with n = 6,7 one can obtain
equations (1.2) and (1.3).

There are many branches in case 7 but all of them provide linear or triangular systems only.

"

As one can see, classification of integrable systems of the form (3.41) is a sufficiently laborious
task. System (2.21) contains eight unknown functions depending on four variables, therefore
classification of these systems is much more difficult.
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4 Differential substitutions
A differential substitution is a pair of equations

u= f(U,V,Up, Voo ..., Up, V), v=g(U,V,Up,Va,...,Upn, V), (4.1)
where f and g are some smooth functions.

Definition 1. If for any solution (U, V) of a system (X) formulas (4.1) provide a solution (u,v)
of system (1.1), then one says that system (1.1) admits substitution (4.1).

In all cases that we know, the new systems (X) belong to the same class (1.1)
Ut — sz:c+P(U>MUxanan:xanz)a ‘/t :avx:px+Q(U7MUmanaUx:ﬂanx)a (S)

with some smooth functions P and (). There exist some group-theoretical explanation of this
fact for KAV type equations [35]. Our attempts to introduce another parameter a’ # a in (.9)
had no success.

Substituting (4.1) into (1.1) one obtains the following equations

(DLf + F(f.9: Dof, Dag, D3 f, D3g) = O1f)) =0
(aD3g + G(f.9, Dsf, Dug. D3 f, D3g) — 3,59)‘ =0 (4.2)

It is obvious that transition to the manifold (S) in (4.2) is equivalent to a replacement of d; by
the evolutionary differentiation D; performed in accordance with (5):

Dif = D3f + F(f,9,Dyf, Dag, D2f, D2g),

where

" af . " Of .
D, f = § :—DZ(U3+P)+§ —=-Di(aVs+ Q).
i=1 ou; " i=1 Vi *

Another way to obtain (4.3) is to differentiate equations (4.1) with respect to ¢ in accordance
with (1.1) and (S) and exclude v and v by using (4.1). This algorithm and many others are
coded in Maple, see for example [36].

To find the admissible functions f, g, P, @ from (4.3) one can use the following easily provable
formula:

O rme = (M s Of of ,
('“)Ukaf_g(s)Dx 0 for >0,

OUy_s’ oU_;

and the analogous formula for 0/0Vj. Differentiating (4.3) with respect to U,43 and V,, 43, one
obtains

of _

dg
o — =0. (4.4)

0 —
’ oU,

Other corollaries of (4.3) are too cumbersome to consider them in the general form.
Let us consider, as an example, the first order differential substitutions for system (1.2)

U = Uz + vug, vt:—%vg+uu1—vvl. (4.5)
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According to (4.4) one has f = f(U,V,U1), g = g(U,V, V1), hence equations (4.3) now read

D3f — fu(Us + P) — fv(Q — V3/2) — fu,(Us + DyP) + g Dy f =0,
gu(Us + P) + gv(Q — V3/2) + gv,(DoQ — Vi /2) + A D3g — f D, f + g D,g = 0. (4.6)

Differentiating (4.6) with respect to Us and V3 one can obtain four equations:

of 0P, of  of or_30f
ou, 0Uy, T oUy’ oU, OV 20V
09 0Q _ 305 99 0Q _ 3, 9o wn

VL dU, 20U Vi oVa 2 OV;
Let us consider some corollaries of these equations.

1. If 0f/0U; = 0 and 0g/0V; = 0, then u = f(U), v = g(V) is a trivial point transformation.

2. If 0f/0U; = 0, then u = f(U) and one can set f(U) = U by modulo of the point
transformation. In this case P = gU; from the first of equations (4.6).

3. If 9g/0Vi = 0, then v = g(V') and one can set g(V) = V by modulo of the point transfor-
mation. In this case @ = fD,f — V'V from the second of equations (4.6).

4. If (0f/0U1)(0g/0V1) # 0, then one can find P and @ as polynomials of Uy and V5 from
equations (4.7).

Investigation of cases 2-4 provides seven nontrivial solutions of equations (4.6) (see below
(3.1) = (3.2), ..., (3.1) = (3.17)).

Note that integrable system (3.6) admits strange differential substitutions that generate non-
integrable systems. For example, system (3.6) admits the following differential substitution:

3 31/2 3 |4
2V — Vi —glie’,

(Vi + ViVs + VP2Vo — 2V — U2e?Y + €V (Us + 20U,V + 3U1 VR)) (4.8)

u

v
so that the functions U and V satisfy the following system:

Uy = Us + 3UaVi + U0 V? = Ure™V f/(U) + £(U),
Vi=—3Va+ V7 + 5" (U2 + UiVh) — f'(U)

with arbitrary function f. This system does not satisfy the integrability conditions (1.4). To
comprehend this unusual phenomenon we evaluate V5, V3 and Vj from the first equation (4.8)

Vi Bus UiV £ VR V= Bur s Dultie!) + il
Vy = %UQ + Di(UwV) + Dz (ViV2),

and substitute them into the second one. The result is

v=—u®— %Ug.
It is easily verified that the obtained constraint is a reduction of system (3.6) into the single
KdV equation u; = —1/2ug — uu;. This means that using a substitution like (4.8) we are trying
to construct an integrable system from the single KdV equation. There are other such examples
for system (3.6). Note that the reduction obtained above follows from the reduction u = const
for system (3.3) (see (3.3) and (3.3) — (3.6)).
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To organize the presented list of systems we have computed admissible differential substitu-
tions for each system and present the results in this section. The formula

' = fu,v, Uz, Vg, ), v = g(u,v, Uy, v, .. ) (A) — (B)

will denote that if u’ and v’ are substituted into system (A), then system (B) follows for u and v.
We say in this case that system (B) is obtained from system (A) by the differential substitution.

Substitution (A) — (B) establishes an interrelation between the sets of solutions of sys-
tems (A) and (B): (u,v) — (u/,v') is a single valued map. And conversely, if for some solu-
tion (u’,v") of system (A) one solves the system of two ordinary differential equations (A) — (B)
for u and v, then one or more solutions of system (B) are obtained. Of course, explicit solutions
can be obtained very rarely when the substitution is linear or invertible (see below).

Let us consider the following simple example:

u = uy, v = 1. (3.10) — (3.9)
This substitution is possible for any divergent system

Uy = (u2 + F(Uw,ul,vl)) vy = (—%02 + G(vaaulﬂvl))

z’ x

It produces the system u; = usg + F(uy,v1,u2,v2), vy = —v2/2 + G(u1,v1,u2,v2) without ug
and vg. The inverse transformation is quasi-local u = Dy 'u/, v = D 1v'. This is a well known
fact, that is why the substitutions (u,v) — (u1,v;) are not written for the divergent systems
below. In some cases analogous substitutions are not so obvious and we present them likewise
(3.1) — (3.2), for example.

Theorem 1. Differential substitutions presented below connect all systems from the list of Sec-
tion 3 with systems (1.2) and (1.3). Systems (1.2) and (1.3) are also implicitly connected with
each other.

The proof can be obtained by a direct verification.
List of the substitutions:

u = u, v =y (3.1) — (3.2)
u = % (ug —ugvy), v = 3uy — 3(uf +0}); (3.1) — (3.9)
u = % (u1 —uw), v =3 — %(u2 +0?); (3.1) — (3.10)
u =3 V) (u% — 2uy + 2v1) v =3y (3.1) — (3.11)
v =32 (u? - 2u +20), v =3y (3.1) — (3.12)
v =3vV2((u+v)? —uy) + EV2d, v =3v1 + 3c1(u+v); (3.1) — (3.13)
v =V2u, v = —3v; +u — 3v% (3.1) — (3.14)
u = u, o' =k 4 \u2 + o (3.1) — (3.16)
u' = /0 + uy, v =v—k; (3.1) — (3.17)
v =V2(ju+ ), v = % — fu1 + eVut vy; (3.1) — (3.18)
=3 V2 (%u% —ug +v1 + e + 20262“’) , v =3 (v1 + cre); (3.1) — (3.22)
u' =V2u, v =3y — %v% +u — P2 (3.1) — (3.23)
v = 2cyu, v/ =3y — 307 — tuPe® — e e 4 €Y (uy + 2uvy); (3.1) — (3.24)

v = V3uie’ + 2cu,
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/ 2 - 20, 2 2,2
v :%vg—%vl—}-Q\/gclvle V— 2 e* (U + ) — cfe s

u = %\[26”(3111 + c1e” + 2u?e?),
r_ 3 3,2 v 1 2 2y.
V' = Jug — Jv7 —ure” + 3 e (1 — 2u”);

u' = 3v/2e" (u1 + 2cou + cru’e),

v = %Ug — %U% — %clule” + 3covy — %(202 + clue”)2 — %uQGQU;
/! 3 v 2\ v /! 3 3,2 3 v 3 2\ 2v,
U—Q\@e (w1 + (c+u?)e’), v = gvs — 3u7 — jure’ + 5(c—u)e’;

u =3 V2 (ug — ugvy) + V2 (coe" —cze ™ —3ciure™”),

v = %712 - % (U% + U%) +coe +eze —6cvre "’ — 30? e 2,
u = % V2 (ug —ujvy) — Sﬂ(cul + 2kvy) e’ — 6ckv2e 2,
v =3y — 2 (uf +v7) — 3(kuy + 2cv1) eV = 3( + k) e

u = % (ug — ugvy) — V2 (02 e %+ 6eres e — 3cjug €YY 4 3esuyg e*”) ,

~
[\C][JN]

u = % (ug — uyv1) + 3v/2 (61 e2WH0) 4 eouy e““’) ,

v' =3y — 3 (ud +0?) +3(c1 — c3) ) — Bequy e

u =2 (% (ug — ugvy) — %kc% e %" 4+ 3cquq ¥V 4 2keyco e“)
+ clﬂ(kul + 2vp)e” Y, k=1,

v'=3vy— 3 (uf+0])—Zcfe® —3c3 2(utv)
+ 2c1c0 e + c1(ug + 2kvy)e” Y

=3 V2 (ug — ugvy) + 32 (cre"t +epe’™ —cze )
+ 6c3V2 (cae™™ —¢peY),

v'=3v -3 (u2 + v?) — 3¢2 2(uHY) _ 32 2(vu)

u+v)

— 3coug et

— 6esvy eV — 6epeg €2V — 3c§ e 2,

+3ui(cae’ " —cre
u = % \@(uQ —uyvy) + %\/50% e 2 — % 2c9(uy —4vy)e™”
—2V2¢c1c9 €™ + % \601(201 e2(utv) 4 3y, e ),

r_ 3 30,2 1 2y _ 15 2 2(utv) _ 9 utv | 5 u
0—502—1(%—}—1}1)—?016( )—iclule +35cice

5 2 _—2v —v,
—q5c€ U4 ca(uy —vr)e

u = % V2 (ug — ugvy) + 3v2uy (01 etV 4 ¢y 6”7“) - % 2c3e
+ 2\@03(62 e " —c 6“) — \/503 (u1 + 21)1)67”,
v =30 — 3 (0 +07) - 3e®(cre" + cae™)? — cg(ur + 2v1)e "

+ 2c3(coe™ —cre) — % cg e 4 3y (02 e’ " - e“'“’);

— 3gv1 — 2¢3
o = 32T TS 3v/2 (3¢ + 2¢)V/uy — g2,
V2 /uy — g2

2
v =30y — 29— %),  g=u+uv;

u = u, v = wvy;
u':%uQ+u2+v, v':u,
this substitution is invertible, see below (3.6) — (3.3);

u’:u1+%v2, vV=v—k;

(3.1) — (3.27)

(3.1) — (3.32)

(3.1) — (3.33)
(3.1) — (3.34)

9 — % (W2 +v?) + cg e — 3¢ ) — 3ciuy €Y — Gegvy eV — 3c3 e

(3.1) — (3.35)

(3.1) — (3.36)

(3.1) — (3.37)

(3.1) — (3.38)

(3.1) — (3.39)
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u = 4dug + uy (m\/u + vy — 201) + %GUZ =+ %C%u,

v = —% —%m—l—cl\/u—i-vl; (3.3) — (3.18)
= uy, v = w; (3.4) — (3.3)
u = uy, v = vy (3.4) — (3.5)
u' = 3ug + 2uuy + o1, v =, (3.4) — (3.6)
this substitution has the quasi-local inverse substitution, see below (3.6) — (3.4);
u' = ug +vvy, v =0 —k; (3.4) — (3.8)
v = 3ug — 6(uivy + vug) + 2uuy, v = 3v; — 30 + u; (3.4) — (3.14)
u =e", v =3y — %v% — ue; (3.4) — (3.25)
u' = uy 4+ V3 e (un + uivy),
v = 3vy — %v% —ue? +V3ve? — ie_%; (3.4) — (3.26)
u =, v = —3vy — 0 (3.6) — (3.3)
u =, v = =3, — v? +w, Wy = U, wy = U + uv; (3.6) — (3.4)
u =y, v = —3uvg — v? 4 u; (3.6) — (3.5)
v =u+k, v = vy — $v% (3.6) — (3.7)
u=v—k, v =y — vy — $(v? + 3K?) + 2kv; (3.6) — (3.8)
v = 3uy — 3vu; — 3(u? +0?),
v = %’Ug — %U(UQ + 2vg) + %vvg - %u% + %u2(2u1 + v1)

— 2001 (2u +v) — % (u® — v?)% (3.6) — (3.10)
u = —3uy + %vl,
v = 23 4+ Juqvg — %(u% — 2uy + 201)% + %(u% +v1)? — %u‘f; (3.6) — (3.11)

3
u = —3u; + 3V
v = Jvg + Juvy — % (u® — 2uy +20)* + F(u® + v)? — Fu (3.6) — (3.12)
u = —3(v1+2u1)+%clg, g=u-+w,

v o= %’03 + %Cl(UQ — vg) + 18guy — 9u% + 91}%

+9(c1g + 29°)u1 — 3ct(uy + %) + 36g%v1 + 9g™; (3.6) — (3.13)
u' = 3v; 4+ u — 30,
v = —Jvs + Sus + Yvvy — 6urv + 6(3v% — w)vr + 30*(2u — 3v?); (3.6) — (3.14)
;UL + Vg 4
u = —7m + Cl\/m_ g’Ula
o = 3 uz + v4 _ 3, U2 + V3 18y Uy + v2 49 (ur + v2)3 B (u1 + vg)?
2Vuto YVato 3 Vuto fu+u)? utu
3 ul+w
_ gm (6(u2 + Ug) — 61(u1 + UQ)) + 2(1)3 + 2uo + 611}2)
+ 8(u? — 7)) — E(ve —ur — crv1)Vu+ o1 — Sei(u+ 201); (3.6) — (3.18)
v =Vu+v —k,
+ v3 (u1 + v9)? u
o = 312 3 L 2kVu T or — vy — o 3.6) — (3.19
Tutor | S(u+t )32 =55 (3.6) — (3.19)

v =ivV6uy +u® + v, v = 3(uf — v9) +ivVBuvy — v (3.6) — (3.20)
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u = 3(u1 +v1 — ku),

v = =33 — Juus + 9(u+ k)vy — Fui — 9F
+ 9u(u + k)u; — 9(u? + k?)v; — Zug(u + 2k?); (3.6) —

u = —3ug + %Ul + %6”(61 + 4\/51“),

2 2u\ 2 2
— 2 (3uf —u2 +v1 + e + 2c2€”)” + Zequge” + Jugva + J07

9,
7Y
+ 2uf(uf + 4v1) + Je¥ (1 (5uf + 2v1) — 4y/c2 (v2 + 2urvy +ui)) + 18c3e™™
_l’_

»&\QD OO\CO C,O

u = —3ug — vy — 1(u1 +vd) — 2/6cz (ug + v1)e" Y — e
- 6262(u—i—v) + 0362(v—u),

v = Jvs — Jugug + Jug(2ur +v1) — Jua(us + uf) — % (ui —v)?

+ %vg(u% + 2uqv — v%) + 4+/6¢9 11 (203631}7” — 616“7”) +c
4 3v/6¢9 (vg — urug + va(2uy + v1) + 2ugvy (ug + vl))e“+v

+ 6v2 (0262(“+”) + ez — clefzv) + 3c1(u —v1)(ug — 3v1)e”

— 2 4 degeze® — %cz(ul — 01)262(“+”) + %c;g(ul — 32}1)262(”7@; (3.6) —

u' = 3uy — 3vs — 2(uf +v]) — ke (w1 + 201) — 3(c1 + 2k%)e”
v = Jvg — Jugug + Jus(vr — 2ur) + Jua(uf — up) — S (uf —v7)?
+ %vg(u% — 2uyvy — v3) — 9cte™ 4+ 18kere ™V (ug + 201)
+ e (4kPus — derva — 2k% (ug +v1)? + e1(uy + v1)(u1 + 3v1))

— %ke_” (U3 + 2v3 — dug(ur + v1) + v2(201 — 3uy) + u%(ul + 21}1)),

c1=c*— k% (3.6) —
u' = —3uy — vy — %(u% + v?) — 322 — 3¢ (3uy + 20;)e? T
+ coe™% — ke 2, k= 303,

v = 2(vg — urug) + Jus(2ur +v1) — Jus(ug +ui) + Jva(uf + 2urvy —v7)
- %(u% —0?)? — 9cte ) 1863 (3uy + 201) 3TV 4 6c2epet TR
+ 6kce?™ + 2kcge T2 + 6key (ug — 201)e" Y + %cze*“(uz + 2u9 4 v%)

— %cle““’ (u3 — 2v3 + u2(9uy + 4v1) — va(uy + 2v1) + 4u%(u1 + vl))

- %k‘e_% (4v + w1 (41 —uy) — 311%) — k%e ™ 4+ 6¢1c0€(ug + 201); (3.6) —

U = 3us — vy — 3(uf +07) + 3(c1 — c3)e 2utv) 4 3y (ug 4 201)e
v = 2vg — Juqug + Jus(vr — 2uq) + §u2(u% —uy) — %(u% —v})?
+ %vg(u% — 2uivy — v7) — 9kcBe V) £ 18keye® Y (uy + 2uy)

+ 962(“+“) (2031@ + 4cyve + 1 (ug + 31}1)2 — c%(u% + dujvy + 51)%))

— 2e2e" T (ug + 2v3 + un(ug + 4v1) 4 v2(201 — u1)), k=c2—2c; (3.6) —
u = 3uy — %vg — %(u% + v%) — 30562(“”) + 3ca(ug + 2v7)et
+ 2c1c0€ + cre” Y (ug + 2v1) — %c?e_%,

v = Jvs — Jugug + Jug(vr — 2ur) + Jua(ui — ug) — % (ui — v)?

+ Yo (u 2 2ujvy — v?) — 9che ) 1 18¢3e3 V) (1 + 20))
+ 12¢; 33420 4 902 2utv)(9uy — u? — dugvy — 5v?)

— dcicze® + cie " (2ug — (u1 + v1)?)

e (e1(c1 — 12y/ca ur) + 4ea(3uf + 201)) + 18c2e™ (e1 — 2¢/caur); (3.6) —

(3.21)

(3.22)

(3.31)

(3.33)

(3.34)

(3.35)
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— %CQ@UJrU (U3 + 2v3 + ug(u1 + 4v1) + v2(2v1 — ul))

— Gclcgezuﬂ(ul + 2v1) — 3crce”(Bug + 2vg + 2ugvy + 31)%)

+ 3c1e7" (ug + 203 — dug(ug + v1) + v2(201 — 3ug) + u?(uy + 2v1));  (3.6) — (3.36)
U = 3ug — vy — 3(uf +07) — 14—50%62(“+”) + Je1(ug + 2vp)e"

+ Scrcae + coe V(U + 2v1) — Sc3e %,
v = Jvs — Jugug + Jug(vr — 2ur) + Jua(ui — ug) — % (ui — v)?

+ %vg(u% — 2uivy — v%) 861504 edlutv) 4 %ci}’ 3uto) (ug + 2v1)

+ 2 cfeae T2+ 322U (18uy + 16vp — 5uf — 12uqv; — 9vi)

- %C%cg e 4 %clcg v %clcg e (ug + 2v1)

— %7 cret ™ (ug + 2v3 + ug(u1 + 4v1) + v2(2v — ul))

— %clcge“(lhm + 14wy + 12uyv; + 1903) + %c%’e*”(ul + 2v7)

+ %036_2”(161@ + 1205 — 11u? — 28ujv; — 1701) 116036_4”

+ 3epe™ " (ug + 203 — dup(ur + v1) + v2(201 — 3uy) +ui(ur 4+ 2v1));  (3.6) — (3.38)
‘e 3293\;%% +6gy/u1 — g2 = 6ur —3v1 —3c(29+¢),  g=u+v,

| —

v' = Sv3 + 9(3g + )uz + 9(2g + c)vg — 2 (29 _U?Q ngvl) +9(2u1 + v1)?

—18u? + 18m(v2 +2(2g + ¢)(v1 + ¢%)) + 36(2g + ¢)(u1 — g?)3/?

—9¢%u1 — 18((g + ¢)® + 2¢°)v1 — 36¢g((g + ¢)* + ¢°) — 45¢™; (3.6) — (3.40)
u =v — 2k, v':u—%vl+%k3t; (3.7) — (3.8)
this substitution is invertible:
u = 3uy +v— 3k, v =u+ 2k; (3.8) — (3.7)
u = —3v, v = Vu+ vg; (3.8) — (3.19)
U =c1v2e”, v =—v1 + Zue’; (3.10) — (3.24)
u' = ue”, v =01 — crue’ — 2cy; (3.10) — (3.29)
u' = (u++v—c)e v = v + (V—c —u)e’; (3.10) — (3.30)
u =uy +2ke”", v/ =wv; —2ce™Y (3.10) — (3.33)
W = ug + e, v = — ke,
where ¢ and k are roots of 22 — 2¢oz + 2¢; = 0; (3.10) — (3.35)
u = — %cl e Y, v =wv; — 2cp eV + %cl e Y; (3.10) — (3.36)
u' = wuq + 2c; ¥V — %02 e Y, vV =0v] —cp etV + %02 e Y (3.10) — (3.38)
u =2 — (u+v)?, v/ =2(u+ v+ c); (3.10) — (3.40)
u = —2v, v = 2u—2(vy 4 v?); (3.12) — (3.14)
this substitution is invertible:
v =3(v— )+ 3u?, v = —du; (3.14) — (3.12)
u = 3(uy — ), v = 3(u—v); (3.14) — (3.10)
u' = 3(u+v)? — 3u; + 6C15 v =tep —u—v; (3.14) — (3.13)
u = u, v =v1; (3.14) — (3.15)
U= ju+ &3, v =t — 2 ut vy (3.14) — (3.18)
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u = u, e 75 C¢ Ys (3.14) — (3.23)
u' = eV2u, v = %vl — %u e’ — @ cre” Y (3.14) — (3.24)
v = —uje’ — %62” (2u2 + 01) , v = —%vl + %\/Tcle”; (3.14) — (3.28)
v =ue’ + 3 (2uP+ ), v =—Fv+ Zue’; (3.14) — (3.28)
u = %e”(ul + 2cou + cru® e’), v = —%vl + %(cl + Due” + cg; (3.14) — (3.29)
v =2u+v)? - 2u, v =2y (3.18) — (3.13)

this substitution is invertible:
u =%, v'=2\utu — . (3.13) — (3.18)

The graph of the substitutions is very cumbersome, therefore we show the most interesting
subgraph only.

Fig. 1. A subgraph of the differential substitutions.

Comments. (1) System (3.1) coincides with (1.2) and (3.3) coincides with (1.3).

(2) It was simpler to obtain some systems from (3.6) than (3.3) or vice versa. These systems
are connected by the second order invertible substitution, see (3.6) — (3.3) and (3.3) — (3.6).
Hence, each system obtained from (3.6) can be obtained from (3.3) and vice versa. (3) Fifteen
systems (3.9)—(3.15), (3.18), (3.22), (3.33)—(3.36), (3.38) and (3.40) can be obtained from both
(3.1) and (3.6) by the presented differential substitutions. Twelve systems (3.2), (3.16), (3.17),
(3.23), (3.24), (3.27)—(3.30), (3.32), (3.37) and (3.39) can be obtained from (3.1). The remaining
eleven systems (3.3)—(3.5), (3.7), (3.8), (3.19)—(3.21), (3.25), (3.26) and (3.31) can be obtained
from (3.6) or (3.3).

Remark 7. As the systems (3.1) and (3.3) have the Lax representations, then all systems from
the list have the Lax representations in a generalized meaning (see Section 5).

Remark 8. Some of the presented substitutions are superpositions of lower order substitutions,
other substitutions are irreducible.

Remark 9. System (3.1) admits the first and second order substitutions and does not admit the
third and fourth order substitutions. Probably it does not admit any higher order substitutions,
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either. Systems (3.4) and (3.6) admit the substitutions from the first till fourth orders. We
do not present higher order substitutions for (3.4) because simpler substitutions exist for (3.6).
Fifth and higher order substitutions for systems (3.4) and (3.6) have not been computed because
the computations are extremely cumbersome.

Remark 10. There are some additional differential substitutions under the constraints for
constants in the systems. For example, there are substitutions (3.1) — (3.31) for ¢; = 0 and
(3.6) — (3.32) for c3 = 0 or (3.6) — (3.39) for ¢ = 0 and so on. These substitutions are not so
important and we do not present them here.

Remark 11. Unexpectedly, the well known systems (3.1) and (3.3) are implicitly connected as
it is shown in Fig. 1.

5 Examples of zero curvature representations

The IST method for nonlinear equations with two independent variables is based on investigation
of a linear overdetermined system

L(u, A\ 0,)0 =0, by = A(u, \, 0,0, (5.1)

where L and A are ordinary linear operators, w is a smooth (vector) function satisfying a non-
linear partial differential equation F(u) = 0 and A is a parameter. The operators L, A may be
both scalar and matrix. The operators L, A and E may be also pseudodifferential or integro-
differential. The compatibility condition of system (5.1) reads

oL
o, LA> —0.
<8t v Lyp=0

There are two ways to satisfy this condition. The first operator condition was introduced by
P.D. Lax [37]:
oL oL

— +LA=AL — = [A, L]. 2
5+ ;oo = [A (5.2)

The second more general operator condition was introduced in [38], see also [39]:

oL
T + LA =BL. (5.3)
If an equation E(u) = 0 is equivalent to equation (5.2), then (5.2) is said to be the Lax
representation of the equation E(u) = 0. The pair of operators (L, A) is said to be the (L, A)-
pair or the Lax pair.
If an equation E(u) = 0 is equivalent to equation (5.3), then (5.3) is said to be the (L, A, B)
representation of the equation E(u) = 0 or the triad representation.
In all cases, operator L must essentially depend on the parameter A\. This parameter cannot
be removed by a gauge transformation L — f~'Lf with some smooth function f, in particular.
If system (5.1) is differential, then the standard substitution ¢ = ¥y, 1, = ¥ and so on,
provides the following first order system:

U, =UV¥, U, =VV, (5.4)

where U and V are square matrices depending on w and A. The compatibility condition of linear
system (5.4) reads

U~V +[UV]=0 (5.5)
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if E(u) = 0. Usually a stronger condition is required: (5.5) is valid iff F(u) = 0. In this
case equation (5.5) is said to be the zero curvature representation. For an evolutionary system

u = K(u,ug,...,uy), u={u*} the matrix U usually depend on u only, but it may depend
on u, Uy, Uzz, and so on. Let us consider the general case.
If some smooth functions F' = F(u, Uy, ..., u,) and & = ®(u, u,, ..., u,) satisfy the condi-
tion
(8tF + @)‘ =0, (5.6)
w =K

then one obtains

oF oOF oF
(I)‘ = (I), 8tF‘ 7&8{11 81 u? 7Dl Ka
wu=K w=K ou wur=K 8 ur=K au
where the summation over ¢ =0,...,r and aa = 1,...,m is implied. This implies
F
P = —a—Dl K*
8 O(

according to (5.6). Using this result one obtains the following identity:

OF
OF + &= WD@( w¥ — K%,  Vu (5.7)
for any F' and ® satisfying (5.6).
Let us apply identity (5.7) to equation (5.5). If the matrix U depends on u only then

ou

U — Vo +[U, V] = E)u“(?

— K%), YVu. (5.8)
It is obvious now that equation (5.5) is equivalent to u; = K iff the matrices OU/0u®, a =
1,...,m are linearly independent. Suppose now that the matrix U depends on u and u, then
one obtains

ou ou

U= Ve + [UV] = 2 2 (uff = K% 4 5

Dy(u¢ — K%),  Vau. (5.9)

If the matrices OU /0u®, U/ oul ,a, 3 =1,...,m are linearly independent, then equation (5.5) is
equivalent to u; = K again. Otherwise, equation (5.5) would be equivalent to some differential
consequence of the system w; = K that is a more general system than the original one. In this
case we call equation (5.5) the generalized zero curvature representation.

It is well known that equations (5.4) and (5.5) are covariant under the following transforma-
tion

U =5"1v, U=5YUS-8,), V=85YVs-5), (5.10)

where S is any non-degenerate matrix. This transformation is called a gauge one. Any gauge
transformation is invertible and preserves compatibility of system (5.4).

Two (L, A)-pairs were proposed for system (1.2) in [3]. One of these (L, A)-pairs coincides
with the (L, A)-pair that was presented in [4]. The L-operator of the common (L, A)-pair takes
the form L = (02 + f)(0? — g), where

f=guv2—2v), 9= s(uv2+2v).
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The temporal Lax equation reads vy = Ay, where A is a fractional degree of L. The spatial
Lax equation L = A%y can be transformed into the system (02 — g)y = Ag, (0% + f)p = M
and then into the normal form (5.4), were

0 1 0 0
U (uv/2 —2v)/6 0 A 0
- 0 0 0 1]’
A 0 —(uv2+2v)/6 0
(V2 +v1)/6 —(u1v/2+v1)/3 0 —2X
B Ji+ [ —(u1V/2 +v1)/6 Av/3 0
V= 0 —2\ —(uV2 —01)/6  (u1V2—v1)/3 (5.11)
Av/3 0 fi—fo (u1v2 —v1)/6

Here f1 and fo take the following form:
fi=Bue— 202 +20%) —2)%,  foy = Y2(3uy + w).

Matrices (5.11) realize the zero curvature representation of system (1.2).

System (1.3) also has two Lax representations (see [3]). Using the simpler L-operator, we
have found, similarly to the previous case, the following matrices that realize the zero curvature
representation of system (1.3):

0 1 0 0
— |-v3-20 1 o0
U= 0 0 0 11’
w/9 0 A—uv/3 0
v1/6 2\ —v/3 0 -2
- h—Av/3 —v1/6 3 0
V= v/ v/ v/ : (5.12)
u1/9 —2u/9 v1/6 =2\ —v/3
w /27 +uz/9  —u1/9  h+Av/3 —v1/6
where

h = tvs + §(v? — 2u) — 2X%

Let us consider an admissible differential substitution u = f(%;,9;), v = ¢(;, 0;) of sys-
tem (1.1). Substituting w and v in the matrices U(u,v) and V(u;,v;) one obtains

A~

As U depends on derivatives of % or ¥, then one has a generalized zero curvature representation.
To obtain an ordinary zero curvature representation one can try to remove higher order
derivatives from the matrix U using the gauge transformation (5.10). But this is not always
possible (see example B below).
A. Performing the substitution (3.1) — (3.9) into the matrix U from (5.11) one obtains

0 1 0
(ug —v2)/24+h1 0O A
0 0

U= 0
A 0 —(ug+v2)/2+ he

O = O O
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where
hy = %(ul — ’1)1)2, ho = %(ul + ’U1)2.

One can easily verify that matrices A = 17u2 and B = [71,2 are commutative, hence the system

Sy = (Augzy + Bugy)S has the following solution S = exp(Au, + Bv,). The matrix U; = U
evaluated according to (5.10) takes the following form

Uy — Vg 2 0 0
Uy = 1 0 Vg — Uy 2\ 0
2 0 0 — Uy — Vg 2

2 0 0 Uy + Uy

Now another gauge transformation is possible with the following diagonal matrix:

Sy = exp (/ diag (Ul)dx) :

where diag (U;) is the main diagonal of U;. This gauge transformation provides the following
matrix

0 e 0 0
0 0 X ¥ 0

U2=1 | 0 0 eutv
Xe”? 0 0 0

A corresponding V-matrix can be obtained by solving equation (5.5) directly or by the previous
twofold gauge transformation. This matrix takes the following form

0 eV f Ae ¥ (ug + v1) —2)\e?
—2\ZeuY 0 26*”(2’02 —3uf +v?) Ae“(u; —v1)
Va= et (v — uyq) —2)\e? 0 eut fy ’
%e‘”(%g —3u? +v?) e %(u1 + 1) —2\2eTuTv 0
where
fi = —us — Lo +wgvy + F(uf + 03), fo=ug — Jvg —ugvr + 3(uf + 07).

The matrices Us and V5 realize the zero curvature representation of system (3.9).
B. Substitution (3.1) — (3.17) reduces matrix U from (5.11) to the following form

0 1 0 0

g_ | k=0)/3+R 0 A 0
0 0 0 1|
A 0 (k—v)/3—R 0

where R = 1/2(u; + v2)/6. It is obvious that one cannot remove u; from U by a gauge trans-
formation. It is clear from the structure of the matrix U that

Uy — Ve +[U, V] = A (kv + $us — 3v3 — v;)
(2v vy + ug)?

+BD$ <U3—Z 2}2_’_“1

+3vvg + 507 + 20® — k(20% + uy) — ut) ,
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where A and B are some linearly independent matrices. Thus, this zero curvature representation

for system (3.17) is generalized. Of course, one may introduce here the new variable u’ = u; to

obtain an ordinary zero curvature representation. But we do not know if it is always possible.
C. Performing the substitution (3.3) — (3.6) into the matrix U from (5.12) one obtains

0 1 0 0

2 —w/3-X 0 1 0
U= 0 0 0 1
ug/6+ (v +v)/9 0 A—wu/3 0

The first gauge transformation is performed using S = exp(u; (OU/dus)):

1 000
0 10 0
Si=1 0 01 0
u/6 0 0 1

The transformed U-matrix is

0 1 0 0

g | ws-a o 10
u1/6 0 0 1
(u?+v)/9 —u1/6 A—wu/3 0

The second gauge transformation is performed using Sy = exp(u (9U; /du1)):

1 0 00
0 1 00
52 = w/6 0 1 0
0 —-u/6 0 1

The result of the twofold gauge transformation is

0 1 0 0
| —u—x 0 10
U2 = 0 —u/3 1)’
u?/36+v/9 0  A—u/6 0
—u1 /6 2\ 0 —2
7 fa—Au/3 —up/6 u/3 0
2T — ) /18 = Mt /3 —ua/3— /6 —20/9  wi /6 —2) |’
f4 (Ul—uul)/18—)\u1/3 f3—|—)\u/3 u1/6
where
f3= —%uz - 1—18u2 — %v —2)2, fa= 1—18(uuQ — vy +ud) + W18u3 - %uv — %UAQ.

Matrices Uy and V5 realize the zero curvature representation of system (3.6).

6 Conclusion

The examples in Section 5 illustrate the fact that some systems possess ordinary zero curva-
ture representation while others possess generalized zero curvature representation. All these
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representations are obtained from the Drinfeld—Sokolov L, A operators by using corresponding
differential substitutions listed in Section 4. Matrices U and V that realize all zero curvature
representations have the size 4 x 4. Thus, the two-field evolutionary systems presented above
are integrable in principle by the inverse spectral transform method. But the fact is that the
inverse scattering problem for differential equations with order more than two is extremely
difficult. That is why other methods for solution of equations may be useful [40]. They may be
Bécklund transformations [41], Darboux transformations [42, 43], Hirota method [44] or numeric
simulating (see [45], for example).
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