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Abstract. We describe the reduction procedure for a symplectic Lie algebroid by a Lie sub-
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1 Introduction

As it is well known, symplectic manifolds play a fundamental role in the Hamiltonian formulation
of Classical Mechanics. In fact, if M is the configuration space of a classical mechanical system,
then the phase space is the cotangent bundle T M, which is endowed with a canonical symplectic
structure, the main ingredient to develop Hamiltonian Mechanics. Indeed, given a Hamiltonian
function H, the integral curves of the corresponding Hamiltonian vector field are determined by
the Hamilton equations.

A method to obtain new examples of symplectic manifolds comes from different reduction
procedures. One of these procedures is the classical Cartan symplectic reduction process: If
(M,w) is a symplectic manifold and i : C' — M is a coisotropic submanifold of M such that its
characteristic foliation F = ker(i*w) is simple, then the quotient manifold w: C — C/F carries
a unique symplectic structure w, such that 7™ (w,) = i*(w).

A particular situation of it is the well-known Marsden—Weinstein reduction in the presence
of a G-equivariant momentum map [18]. In fact, in [7] it has been proved that, under mild
assumptions, one can obtain any symplectic manifold as a result of applying a Cartan reduction
of the canonical symplectic structure on R?>". On the other hand, an interesting application
in Mechanics is the case when we have a Hamiltonian function on the symplectic manifold

*This paper is a contribution to the Proceedings of the Workshop on Geometric Aspects of Integ-
rable Systems (July 17-19, 2006, University of Coimbra, Portugal). The full collection is available at
http://www.emis.de/journals/SIGMA /Coimbra2006.html
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satisfying some natural conditions, since one can reduce the Hamiltonian vector field to the
reduced symplectic manifold and therefore, obtain a reduced Hamiltonian dynamics.

A category which is closely related to symplectic and Poisson manifolds is that of Lie al-
gebroids. A Lie algebroid is a notion which unifies tangent bundles and Lie algebras, which
suggests its relation with Mechanics. In fact, there has been recently a lot of interest in the
geometric description of Hamiltonian (and Lagrangian) Mechanics on Lie algebroids (see, for
instance, [8, 11, 19, 21]). An important application of this Hamiltonian Mechanics, which also
comes from reduction, is the following one: if we consider a principal G-bundle 7 : Q@ — M
then one can prove that the solutions of the Hamilton-Poincaré equations for a G-invariant
Hamiltonian function H : T*Q) — R are just the solutions of the Hamilton equations for the
reduced Hamiltonian h : 7*Q /G — R on the dual vector bundle 7*Q /G of the Atiyah algebroid
rq/c  TQ/G — R (see [11]).

Now, given a Lie algebroid 74 : A — M, the role of the tangent of the cotangent bundle of
the configuration manifold is played by A-tangent bundle to A*, which is the subset of A x T'A*
given by

TAA* = {(b,v) € AX TA*/ps(b) = (T7a+)(v)},

where p4 is the anchor map of A and 74+ : A* — M is the vector bundle projection of the
dual bundle A* to A. In this case, T4A* is a Lie algebroid over A*. In fact, it is the pull-
back Lie algebroid of A along the bundle projection 74 : A* — M in the sense of Higgins
and Mackenzie [9]. Moreover, T4 A* is a symplectic Lie algebroid, that is, it is endowed with
a nondegenerate and closed 2-section. Symplectic Lie algebroids are a natural generalization of
symplectic manifolds since, the first example of a symplectic Lie algebroid is the tangent bundle
of a symplectic manifold.

The main purpose of this paper is to describe a reduction procedure, analogous to Cartan
reduction, for a symplectic Lie algebroid in the presence of a Lie subalgebroid and a symmetry
Lie group. In addition, for Hamiltonian functions which satisfy some invariance properties, it is
described the process to obtain the reduced Hamiltonian dynamics.

The paper is organized as follows. In Section 2, we recall the definition of a symplectic Lie
algebroid and describe several examples which will be useful along the paper. Then, in addition,
we describe how to obtain Hamilton equations for a symplectic Lie algebroid and a Hamiltonian
function on it.

Now, consider a symplectic Lie algebroid 74 : A — M with symplectic 2-section €24 and
7 : B — N a Lie subalgebroid of A. Then, in Section 3 we obtain our main result. Suppose
that a Lie group G acts properly and free on B by vector bundle automorphisms. Then, if
Qg is the restriction to B of €24, we obtain conditions for which the reduced vector bundle

75 B = (B/kerQp)/G — N/G is a symplectic Lie algebroid. In addition, if we have a Hamil-
tonian function Hy; : M — R we obtain, under some mild hypotheses, reduced Hamiltonian
dynamics.

In the particular case when the Lie algebroid is the tangent bundle of a symplectic manifold,
our reduction procedure is just the well known Cartan symplectic reduction in the presence
of a symmetry Lie group. This example is shown in Section 4, along with other different
interesting examples. A particular application of our results is a “symplectic description” of
the Hamiltonian reduction process by stages in the Poisson setting (see Section 4.3) and the
reduction of the Lagrange top (see Section 4.4).

In the last part of the paper, we include an Appendix where we describe how to induce, from
a Lie algebroid structure on a vector bundle 74 : A — M and a linear epimorphism 74 : A — A
over mps : M — M, a Lie algebroid structure on A. An equivalent dual version of this result
was proved in [3].
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2 Hamiltonian Mechanics and symplectic Lie algebroids

2.1 Lie algebroids

Let A be a vector bundle of rank n over a manifold M of dimension m and 74 : A — M be the
vector bundle projection. Denote by I'(A) the C*° (M )-module of sections of 74 : A — M. A Lie
algebroid structure ([-,-]a,pa) on A is a Lie bracket [-,-] 4 on the space I'(A) and a bundle map
pa: A — TM, called the anchor map, such that if we also denote by pa : I'(A) — X(M) the
homomorphism of C°° (M )-modules induced by the anchor map then

[X, 7Y]a = FIX,Y]a+ pa(X)())Y,

for XY € T'(A) and f € C°(M). The triple (A,[-,]a,pa) is called a Lie algebroid over M
(see [13]).

If (A,[-,-]a,pa) is a Lie algebroid over M, then the anchor map ps : I'(4) — X(M) is
a homomorphism between the Lie algebras (I'(A4), [-,-]4) and (X(M),[,]).

Trivial examples of Lie algebroids are real Lie algebras of finite dimension and the tangent
bundle T'M of an arbitrary manifold M. Other examples of Lie algebroids are the following
ones:

e The Lie algebroid associated with an infinitesimal action.

Let g be a real Lie algebra of finite dimension and ® : g — X(M) an infinitesimal left action
of g on a manifold M, that is, ® is a R-linear map and

([, mlg) = —[®(&), ()],  forall {neyg,

where [-, |4 is the Lie bracket on g. Then, the trivial vector bundle 74 : A = M x g — M admits
a Lie algebroid structure. The anchor map p4 : A — TM of A is given by

pa(z,§) = —2(&) (), for (z,§) € M xg=A.

On the other hand, if £ and n are elements of g then £ and 7 induce constant sections of A
which we will also denote by & and 1. Moreover, the Lie bracket [£,n]4 of £ and 1 in A is the
constant section on A induced by [, 7]g. In other words,

[[é? 77]]14 = [‘57 77]9'

The resultant Lie algebroid is called the Lie algebroid associated with the infinitesimal action ®.
Let {¢4} be a basis of g and (z%) be a system of local coordinates on an open subset U of M
such that

[€aspla = Czyﬁéw D(la) = P! 0

“oxt’
If gcx :U — M x g is the map defined by
Ea(x) = (2,0), for all z €U,

then {Ea} is a local basis of sections of the action Lie algebroid. In addition, the corresponding
local structure functions with respect to (z°) and {&,} are
«

ng = Clgv piy = (I)fx'

e The Atiyah (gauge) algebroid associated with a principal bundle.
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Let 7p : P — M be a principal left G-bundle. Denote by ¥ : G x P — P the free action
of G on Pand by TV : G x TP — TP the tangent action of G on TP. The space TP/G
of orbits of the action is a vector bundle over the manifold M with vector bundle projection
mrp|G: TP/G — P/G = M given by

(rrp|G)([vp]) = [rrp(vp)] =[], for v, € T,P,

Trp : TP — P being the canonical projection. A section of the vector bundle 77p|G : TP/G —
P/G = M may be identified with a vector field on P which is G-invariant. Thus, using that every
G-invariant vector field on P is mp-projectable on a vector field on M and that the standard Lie
bracket of two G-invariant vector fields is also a G-invariant vector field, we may induce a Lie
algebroid structure ([-,-]rp/q, prp/c) on the vector bundle 7rp|G : TP/G — P/G = M. The
Lie algebroid (T'P/G, [, -]rp/a, prp/c) is called the Atiyah (gauge) algebroid associated with the
principal bundle mp : P — M (see [11, 13]).

Let D : TP — g be a connection in the principal bundle 7p: P - M and R: TP®TP — g
be the curvature of D. We choose a local trivialization of the principal bundle 7p : P — M to
be U x G, where U is an open subset of M. Suppose that e is the identity element of GG, that
(x%) are local coordinates on U and that {{,} is a basis of g.

Denote by {¢L} the corresponding left-invariant vector fields on G. If

D(pm )-Dtwa  R(pm )= Ry

e . 9 s
axl |(ac,e) 8'%'1 |(ac,e) 833] ‘(w,e)

for z € U, then the horizontal lift of the vector field -2; is the vector field on U x G given by

ozt
a\" o ol
(aﬂ) = ow Dt

Therefore, the vector fields on U x G {e; = aa — D¢¢l ey = {bL} are G-invariant and they

1t

define a local basis {e}, e;} of I'(T'P/G). The corresponding local structure functions of 7rp¢ :
TP/G — M are

k _ I _ J o a __ a c _ c _ c b c _ ¢
Cij =C;,=—Ch =Cq =0, Ci; = —R; Cio = —Cqi = cap Dy, Cap = Caps

i
pl=0ij,  pl=pl=ph=0 (1)

(for more details, see [11]).

An important operator associated with a Lie algebroid (A, [-,-]4,pa) over a manifold M is
the differential d* : T(AFA*) — T(AFT1A*) of A which is defined as follows

k
A u(Xo, ..., Xp) = Z(—l)ipA(Xi)(,u(Xg, o Xa LX)

=0
+ Z(_]-)H_J/«L([[XMXJ]]Aa XOa s 75(\1, s 7)/(\]'7 R X/f)a
i<j
for p € T(AFA*) and Xy, ..., Xy € T'(A). It follows that (d*)? = 0. Note that if A = TM then
d™ is the standard differential exterior for the manifold M.

On the other hand, if (A, [-,-]a,pa) and (A’ [-,-]as, par) are Lie algebroids over M and M’,
respectively, then a morphism of vector bundles F' : A — A’ is a Lie algebroid morphism if

dYF*¢) = F*(dY¢),  for ¢ € T(A"(A)"). (2)
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Note that F*¢' is the section of the vector bundle A¥A* — M defined by

(F*¢)olar,....ax) = Sy (Flar),.... Flax)),

forz € M and aq,...,a; € A, where f : M — M’ is the mapping associated with F' between M
and M’. We remark that (2) holds if and only if

dA(g o f) = F*(dA/g’), for ¢ € C>*°(M"),
dANF* o) = F*(d¥d),  for o eD((A")"). (3)
This definition of a Lie algebroid morphism is equivalent of the original one given in [9].

If M = M and f =id: M — M then it is easy to prove that F is a Lie algebroid morphism
if and only if

FIX,Y]a = [FX,FYLy,  pa(FX) = pa(X),

for X, Y € I'(A).
If F'is a Lie algebroid morphism, f is an injective immersion and F' is also injective, then
the Lie algebroid (A, [-,-]a,pa) is a Lie subalgebroid of (A',[-,-] s, par)-

2.2 Symplectic Lie algebroids

Let (A,[-,-]a,pa) be a Lie algebroid over a manifold M. Then A is said to be a symplectic
Lie algebroid if there exists a section Q4 of the vector bundle A2A4* — M such that Q4 is
nondegenerate and d*Q4 = 0 (see [11]). The first example of a symplectic Lie algebroid is the
tangent bundle of a symplectic manifold.

It is clear that the rank of a symplectic Lie algebroid A is even. Moreover, if f € C*(M)
one may introduce the Hamiltonian section H?A € I'(A) of f with respect to Q4 which is
characterized by the following condition

i(H34)Qa = df. (4)
On the other hand, the map bg, : I'(4) — I'(A*) given by
P, (X) =i(X)Qa, for X e I'(A4),

is an isomorphism of C*° (M )-modules. Thus, one may define a section I, of the vector bundle
A2A — A as follows

o, (a, B) = Qalg, (a),bg, (8)),  for a,f€T(A).

I, is a triangular matriz for the Lie algebroid A (Ilg, is an A-Poisson bivector field on the
Lie algebroid A in the terminology of [2]) and the pair (A, A*) is a triangular Lie bialgebroid in
the sense of Mackenzie and Xu [14]. Therefore, the base space M admits a Poisson structure,
that is, a bracket of functions

{-ha : CF(M) x C=(M) — C™(M)
which satisfies the following properties:

1. {-,-}a is R-bilinear and skew-symmetric;

2. It is a derivation in each argument with respect to the standard product of functions, i.e.,

{1 9t = {5 93m + {9}
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3. It satisfies the Jacobi identity, that is,
In fact, we have that

{f,9}m = Qa(H}A HGH),  for  f,g € C™(M). (5)

Using the Poisson bracket {-,-}3s one may consider the Hamiltonian vector field of a real
function f € C°°(M) as the vector field H}"’}M on M defined by

HE Y (g) = ~{f,ghar, forall geC™(M).

From (4) and (5), we deduce that pA(H?A) = H}"'}M. Moreover, the flow of the vector
field H}"'}M on M is covered by a group of l-parameter automorphisms of A: it is just the

(infinitesimal flow) of the A-vector field H?A (see [6]).

A symplectic Lie algebroid may be associated with an arbitrary Lie algebroid as follows
(see [11]).

Let (A, [-,-]a,pa) be a Lie algebroid of rank n over a manifold M and 74+ : A* — M be the
vector bundle projection of the dual bundle A* to A. Then, we consider the A-tangent bundle
to A* as the subset of A x T A* given by

TAA* = {(b,v) € Ax TA*/pa(b) = (Tta<)(v)}.

T4 A* is a vector bundle over A* of rank 2n and the vector bundle projection 774 4« : TAA* — A*
is defined by

Trag(b,v) = 7rax(v),  for (b,v) € TAA*.

A section X of Traqe : TAA* — A* is said to be projectable if there exists a section X of
T4+ A — M and a vector field S € X(A*) which is 74--projectable to the vector field pa(X)
and such that X (p) = (X (7a+(p)), S(p)), for all p € A*. For such a projectable section X, we
will use the following notation X = (X,S). It is easy to prove that one may choose a local basis
of projectable sections of the space T'(T4A*).

The vector bundle 774 4. : T4AA* — A* admits a Lie algebroid structure ([-, 74 4+, praqs)-

Indeed, if (X, S) and (Y,T) are projectable sections then
[[(Xa S)? (Y7 T)]]TAA* = ([[Xv Y]]A7 [87 T])? PTAA> (X7 S) =S.

(TAA*, [, | 7a4%, praas) is the A-tangent bundle to A* or the prolongation of A over the
fibration T4+ : A* — M (for more details, see [11]).

Moreover, one may introduce a canonical section 74 4. of the vector bundle (74A4*)* — A*
as follows

O7a4+(7)(b,v) = (b)),

for v € A* and (b,v) € ’];AA*. O1ay+ is called the Liouville section associated with A and
Qrayg = —d7T A O1ay+ is the canonical symplectic section associated with A. Qza 4+ is a sym-
plectic section for the Lie algebroid 74 A*,

Therefore, the base space A* admits a Poisson structure {-,-} 4« which is characterized by

the following conditions

{foTa,goTar}ta =0, {foras, X}a- = pa(X)(f) 0 Tas,
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—

{(X,V}ar = —[X,Y]a,

for f,g € C*(M) and X,Y € I'(A). Here, Z denotes the linear function on A* induced by
a section Z € I'(A). The Poisson structure {-, -} 4= is called the canonical linear Poisson structure
on A* associated with the Lie algebroid A.

Next, suppose that (z?) are local coordinates on an open subset U of M and that {e,}
is a local basis of I'(4) on U. Denote by (2%,%,) the corresponding local coordinates on A*
and by pi, Cgﬁ the local structure functions of A with respect to the coordinates (x%) and
to the basis {e,}. Then, we may consider the local sections {X,,P*} of the vector bundle
Tra gt TAA* — A* given by

7 8 o a

We have that {X,, P} is a local basis of I'(74A4*) and

[Xa, Xplraa- = ClaXy,  [Xay PPlrans = [P, P lrag- =0,
.0 0
praa(Xa) = o5 praa(PY) = o
1
Orap = Yok, Qrage = X NPy + §ngywxa NXP,

{X%* Py} being the dual basis of {X,, P*}. Moreover, if H, H' : A* — R are real functions
on A* it follows that

/ / /
(1 H e = QHOH <8H8H 8H8H>i

" ya Oyp N T\ 007 Oye  Bya 027 ) P
H . OH H
H%T“‘A*zaxa—<za +Catns )7’% (6)

Dya Pagai T et Gy,
(as _OH ; 0 (;0H ., OH\ 0
T  OYa Pazi <,0a ox' + Cagty Ays) 0ya’

(for more details, see [11]).
Example 1.

1. If A is the standard Lie algebroid TM then TAA* = T(T*M), Q74 4~ is the canonical
symplectic structure on A* = T*M and {-, -}« is the canonical Poisson bracket on T M
induced by 274 4.

2. If A is the Lie algebroid associated with an infinitesimal action ® : g — X(M) of a Lie
algebra g on a manifold M (see Section 2.1), then the Lie algebroid 74A* — A* may be
identified with the trivial vector bundle

(M xg%) x (g xg") = Mxg
and, under this identification, the canonical symplectic section 24 4- is given by
Qraq-(z,0)((€,8), (€, 8) = B'(&) - BE) +al¢, g,

for (z,a) € A* = M x g* and (&, ), (¢,0') € g x g*, where [-,-]4 is the Lie bracket on g.
The anchor map pray« @ (M x g*) x (g x g*) — T(M x g*) 2 TM x (g* x g*) of the
A-tangent bundle to A* is

praa-((z,a), (&, B)) = (=2(&)(),a, B)
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and the Lie bracket of two constant sections (£, 3) and (&', ') is just the constant section
([57 5/]97 0)-

Note that in the particular case when M is a single point (that is, A is the real algebra g)
then the linear Poisson bracket {-, -} 4« on g* is just the (minus) Lie-Poisson bracket induced
by the Lie algebra g.

3. Let mp : P — M be a principal G-bundle and A = TP/G be the Atiyah algebroid
associated with mp : P — M. Then, the cotangent bundle T*P to P is the total space
of a principal G-bundle over A* = T*P/G and the Lie algebroid 74A* may be identified
with the Atiyah algebroid T'(T*P)/G — T*P/G associated with this principal G-bundle
(see [11]). Moreover, the canonical symplectic structure on 7% P is G-invariant and it
induces a symplectic section €2 on the Atiyah algebroid T(T*P)/G — T*P/G. § is just
the canonical symplectic section of 74A* = T(T*P)/G — A* = T*P/G. Finally, the
linear Poisson bracket on A* = T*P/G is characterized by the following property: if on
T*P we consider the Poisson bracket induced by the canonical symplectic structure then
the canonical projection 7p«p : T*P — T*P/G is a Poisson morphism.

We remark that, using a connection in the principal G-bundle 7p : P — M, the space
A* 2 T*P/G may be identified with the Whitney sum W = T*M @), g*, where g* is the
coadjoint bundle associated with the principal bundle 7wp : P — M. In addition, under the
above identification, the Poisson bracket on A* = T*P/G is just the so-called Weinstein
space Poisson bracket (for more details, see [20]).

2.3 Hamilton equations and symplectic Lie algebroids

Let A be a Lie algebroid over a manifold M and 4 be a symplectic section of A. Then, as we
know, 24 induces a Poisson bracket {-,-}5; on M.

A Hamiltonian function for A is a real C*°-function H : M — R on M. If H is a Hamiltonian
function one may consider the Hamiltonian section H%A of H with respect to 24 and the

Hamiltonian vector field Hg"}M of H with respect to the Poisson bracket {-, -} on M.

The solutions of the Hamilton equations for H in A are just the integral curves of the vector
field b,

Now, suppose that our symplectic Lie algebroid is the A-tangent bundle to A*, T4 A*, where
A is an arbitrary Lie algebroid. As we know, the base space of T4 A* is A* and the corresponding
Poisson bracket {-, -}« on A* is just the canonical linear Poisson bracket on A* associated with
the Lie algebroid A. Thus, if H : A* — R is a Hamiltonian function for 74 A*, we have that the
solutions of the Hamilton equations for H in 74A* (or simply, the solutions of the Hamilton
equations for H) are the integral curves of the Hamiltonian vector field Hg"}A* (see [11]).

If (z*) is a system of local coordinates on an open subset U of M and {e,} is a local ba-
sis of I'(A4) on U, we may consider the corresponding system of local coordinates (z’,y,) on
7 (U) C A*. In addition, using (6), we deduce that a curve t — (2°(t),yq(t)) on 7 (U) is
a solution of the Hamilton equations for H if and only if

dat - OH dy OH - OH
f— 4 " 706 = — C'}’ ! - 7
at oz dt < ashy dys *ha (91:’) ’ 9
(see [11]).
Example 2.

1. Let A be the Lie algebroid associated with an infinitesimal action ® : g — X(M) of a Lie
algebra g on the manifold M. If H : A* = M x g* — R is a Hamiltonian function, {,} is
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a basis of g and (%) is a system of local coordinates on M such that

0
oz’
then the curve t — (z(t),ya(t)) on A* = M x g* is a solution of the Hamilton equations
for H if and only if

dx’ o OH Yo < 4 O0H i 0H>

7
=l T —a P
dt — “oxi dt gy T P00

[€as €6la = g D(&) = @,

Note that if M is a single point (that is, A is the Lie algebra g) then the above equations are
just the (minus) Lie—Poisson equations on g* for the Hamiltonian function H : g* — R.

2. Let mp : P — M be a principal G-bundle, D : TP — g be a principal connection and
R:TP®TP — g be the curvature of D. We choose a local trivialization of the principal
bundle 7p : P — M to be U x G, where U is an open subset of M. Suppose that
(z') are local coordinates on U and that {£,} is a basis of g such that [£,, &g = 56
Denote by D¢ (respectively, Rfj) the components of D (respectively, R) with respect to
the coordinates (z%) and to the basis {£,} and by (2%, y, = ps, pa) the corresponding local
coordinates on A* = T*P/G (see Section 2.1). If h : T*P/G — R is a Hamiltonian
function and ¢ : t — (z°(t), p;(t), pa(t)) is a curve on A* = T*P/G then, using (1) and (7),
we conclude that ¢ is a solution of the Hamilton equations for A if and only if

dz*  Oh dp; oh oh oh
v O e Oh g 0 O
dt Op; dt ot Opj OPa
dpa p Oh _ Oh
=c$ D’pe— — Sy Pe——. 8
dt Cap/i P 8]% CabP aﬁb ( )

These equations are just the Hamilton—Poincaré equations associated with the G-invariant

Hamiltonian function H = hompsp, mp«p : T*P — T*P/G being the canonical projection

(see [11]).

Note that in the particular case when G is the trivial Lie group, equations (8) reduce to
dx’ _ Oh dp;  Oh

dt — Op;’ dt — 0x¥’

which are the classical Hamilton equations for the Hamiltonian function h:1T* P=T*M — R.

3 Reduction of the Hamiltonian dynamics on a symplectic Lie
algebroid by a Lie subalgebroid and a symmetry Lie group

3.1 Reduction of the symplectic Lie algebroid

Let A be a Lie algebroid over a manifold M and 24 be a symplectic section of A. In addition,
suppose that B is a Lie subalgebroid over the submanifold NV of M and denote by ig : B — A the
corresponding monomorphism of Lie algebroids. The following commutative diagram illustrates
the above situation

iB

B TA

IN
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Q4 induces, in a natural way, a section Qp of the real vector bundle A2B* — N. In fact,
OQp =ip04.
Since ip is a Lie algebroid morphism, it follows that
dPQp = 0. (9)

However, €25 is not, in general, nondegenerate. In other words, g is a presymplectic section
of the Lie subalgebroid 75 : B — N.
For every point = of N, we will denote by ker Qp(x) the vector subspace of B, defined by

ker Qp(z) = {az € By/i(az)2p(z) =0} C B,.

In what follows, we will assume that the dimension of the subspace ker Qp(x) is constant, for
all x € N. Thus, the space B/ker Qp is a quotient vector bundle over the submanifold N.

Moreover, we may consider the vector subbundle ker Qp of B whose fiber over the point
x € N is the vector space ker Qp(z). In addition, we have that:

Lemma 1. ker Qp is a Lie subalgebroid over N of B.
Proof. It is sufficient to prove that
X, Y €T(kerQp) = [X,Y]p € I'(ker Qp), (10)

where [-, -] g is the Lie bracket on I'(B).
Now, using (9), it follows that (10) holds. [

Next, we will suppose that there is a proper and free action ¥ : G x B — B of a Lie group G
on B by vector bundle automorphisms. Then, the following conditions are satisfied:

Cl) N is the total space of a principal G-bundle over N with principal bundle projection
7y : N — N 2= N/G and we will denote by ¢ : G x N — N the corresponding free action
of G on N.

C2) ¥, : B — B is a vector bundle isomorphism over 94 : N — N, for all g € G.

The following commutative diagram illustrates the above situation

U
B 9 - B
B TB
Yy R
TN TN
N~ N/G

In such a case, the action ¥ of the Lie group G on the presymplectic Lie algebroid (B, Q)
is said to be presymplectic if

VO = Qp, for all ¢g € G. (11)

Now, we will prove the following result.
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Theorem 1. Let ¥ : G x B — B be a presymplectic action of the Lie group G on the presym-
plectic Lie algebroid (B,Qp). Then, the action of G on B induces an action of G on the quotient
vector bundle B/ ker Qp such that:

a) The space of orbits B = (B/kerQp)/G of this action is a vector bundle over N = N/G
and the diagram

TB

B B = (B/kerQp)/G
B TE
N w N = N/G

defines an epimorphism of vector bundles, where g : B — B is the canonical projection.

b) There exists a unique section Qg of A2B* — N such that
TpQly = Qp.

c) Qg is nondegenerate.

Proof. If g € G and x € M then ¥y : By — By, (,) is a linear isomorphism and
U, (ker Qp(x)) = ker Qp(1y(x)).

Thus, ¥ induces an action ¥ : G x (B/kerQp) — (B/kerQp) of G on B/kerQp and \T/g
is a vector bundle isomorphism, for all g € G. Moreover, the canonical projection 7 : B —
B/ ker Qp is equivariant with respect to the actions ¥ and W.

On the other hand, the vector bundle projection 75, 1er 0, * B/ ker 2p — N is also equivariant

with respect to the action W. Consequently, it induces a smooth map Th B = (B/kerQp)/G —
N=N /G such that the following diagram is commutative

B/ker Qp— Bl

TB/kerQp TN

B = (B/kerQp)/G B, N-N/G

Now, if z € N then, using that the action v is free, we deduce that the map mp,/\erp(2) :
B,/ ker Qp(z) — Tél(ﬂ']\[(ﬂ?)) is bijective. Thus, one may introduce a vector space structure on
T§1<7TN(IIJ)) in such a way that the map 7g, /kerp(2) * Bz/ ker Qp(z) — Tgl(m\/(x)) is a linear
isomorphism. Furthermore, if 7y (y) = 7n(2) then 7p /kerQp(y) = TB,/ ker Qp(x) © ‘ivl;l.

Therefore, B is a vector bundle over N with vector bundle projection 75 : B — N and if

2 € N then the fiber of B over my(z) is isomorphic to the vector space B,/ ker Qp(z). This
proves a).

On the other hand, it is clear that the section {25 induces a section €(p/er ) Of the vector
bundle A?(B/ker Qp) — N which is characterized by the condition

T5(Q(B/ker0p)) = B (12)
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Then, using (11) and (12), we deduce that the section Q(p/ker ) i G-invariant, that is,

V(B ker0g)) = B/ ker p)s for all g € G.
Thus, there exists a unique section {5 of the vector bundle A2B* — N such that

W*B/kerQB<Q]§) :Q(B/kerQB)' (13)

This proves b) (note that Tp = Tg/kerqp © TB)-
Now, using (12) and the fact kermp = ker()p, it follows that the section (g, ierqy) is
nondegenerate. Therefore, from (13), we conclude that 25 is also nondegenerate (note that if

v € M then 7g/yerqp ¢ Be/ ker Qp(z) — EﬂN(m) is a linear isomorphism). [

Next, we will describe the space of sections of B = (B/ ker Qp) /G. For this purpose, we will
use some results contained in the Appendix of this paper.

Let F(B)%B be the space of Tg-projectable sections of the vector bundle 75 : B — N. As we
know (see the Appendix), a section X of 75 : B — N is said to be 7p-projectable if there exists
a section 7(X) of the vector bundle 75 : B — N such that 7p o X = 75(X) o my. Thus, it is
clear that X is mp-projectable if and only if 75 0 X is a 7(p/erqp)-Projectable section.

On the other hand, it is easy to prove that the section mp o X is m(p/yerqp)-projectable if
and only if it is G-invariant. In other words, (75 0 X) is T(B/ ker 0,)-Projectable if and only if for
every g € G there exists Y, € I'(ker mp) such that Uy0 X = (X +Y))ov,, where ) : G XN — N

is the corresponding free action of G on N. Note that

kermg = ker mg = ker Q0 (14)
and therefore, the above facts, imply that

F(B)%]er ={X eI'(B)/Vge G, 3Y; eT'(kerQp) and ¥ 0 X = (X +Y,) o9y} (15)

Consequently, using some results of the Appendix (see (A.2) in the Appendix), we deduce
that

(B) = {X e(B)/Vg € G, Y, € T(kerQp) and ¥yo0 X = (X +Y,) 01y}
['(ker Qp)

as C°°(N)-modules.
Moreover, we may prove the following result

Theorem 2 (The reduced symplectic Lie algebroid). Let ¥ : Gx B — B be a presympletic
action of the Lie group G on the Lie algebroid (B,Qp). Then, the reduced vector bundle T3 :

B = (B/kerQp)/G — N = N/G admits a unique Lie algebroid structure such that g : B — B
is a Lie algebroid epimorphism if and only if the following conditions hold:

i) The space F(B);JFB is a Lie subalgebra of the Lie algebra (I'(B), [, ]B).
it) T'(ker Qp) is an ideal of this Lie subalgebra.

Furthermore, if the conditions i) and i) hold, we get that there ezists a short exact sequence
of Lie algebroids

0—>kerQB—>B—>§—>O

and that the nondegenerate section Qg induces a symplectic structure on the Lie algebroid 75 :
B— N.
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Proof. The first part of the Theorem follows from (14), (15) and Theorem A.1 in the Appendix.
On the other hand, if the conditions ¢) and 4¢) in the Theorem hold then, using Theorem 1
and the fact that 7p is a Lie algebroid epimorphism, we obtain that

7(dP0g) =0,
which implies that d®Q 5 = 0. (]

Note that if G is the trivial group, the condition ii) of Theorem 2 is satisfied and if only if
['(ker Qp) is an ideal of T'(B).

Finally, we deduce the following corollary.

Corollary 1. Let ¥ : G x B — B be a presymplectic action of the Lie group G on the presym-
plectic Lie algebroid (B,Qp) and suppose that:

i) Uy : B — B is a Lie algebroid isomorphism, for all g € G.
it) If X e I(B)%, and Y € I'(ker Qp), we have that

[X,Y]p € I'(ker Qp).

Then, the reduced vector bundle g : B — N admits a unique Lie algebroid structure such that

7p: B — B is a Lie algebroid epimorphism. Moreover, the nondegenerate section 1z induces

a symplectic structure on the Lie algebroid 5 : B — N.

Proof. If X,Y € I'(B)%  then
V,0X = (X4 Zy) o)y, VooV = (Y + Wy) oy, for all g € G,

where Z,, W, € I'(ker Qp) and 14 : N — N is the diffeomorphism associated with ¥, : B — B.
Thus, using the fact that ¥, is a Lie algebroid isomorphism, it follows that

Vo [X,Y]potpgr =[X+Z,,Y +Wg, for all g € G.
Therefore, from condition i) in the corollary, we deduce that
V,o[X,Y]potpy1 —[X,Y]p € '(kerQ2p), for all g € G,

which implies that [X,Y]p € F(B)fffrB. This proves that F(B)%Z%B is a Lie subalgebra of the Lie
algebra (I'(B), [, ‘] B)- [

3.2 Reduction of the Hamiltonian dynamics

Let A be a Lie algebroid over a manifold M and €24 be a symplectic section of A. In addition,
suppose that B is a Lie subalgebroid of A over the submanifold N of M and that G is a Lie group
such that one may construct the symplectic reduction 75 : B = (B/kerQp)/G — N = N/G
of A by B and G as in Section 3.1 (see Theorem 2).

We will also assume that B and N are subsets of A and M, respectively (that is, the corre-
sponding immersions ip : B — A and iy : N — M are the canonical inclusions), and that N is
a closed submanifold.

Theorem 3 (The reduction of the Hamiltonian dynamics). Let Hy : M — R be a Hami-
tonian function for the symplectic Lie algebroid A such that:

i) The restriction Hy of Hyr to N is G-invariant and
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ir) If ng\; is the Hamiltonian section of Hy; with respect to the symplectic section 24, we
have that H%@(N) C B.

Then:
a) Hy induces a real function Hg: N — R such that Hgonmn = Hn.

b) The restriction ofH%?{ to N is wg-projectable over the Hamiltonian section of the function
H 5 with respect to the reduced symplectic structure Q5 and

c) If v : I — M is a solution of the Hamilton equations for Hys in the symplectic Lie
algebroid (A, Q4) such that y(to) € N, for sometg € I, theny(I) C N and tyoy:1— N
is a solution of the Hamilton equations for Hg in the symplectic Lie algebroid (B,$)5).

Proof. a) Using that the function Hy is G-invariant, we deduce a).
b) If z € N and a, € B, then, since 7505 = Qp (see Theorem 2), ng‘w(N) C B and
T : B — N is a Lie subalgebroid of A, we have that

(i(@p (M, (2))2p(nn (2)) (Tp(a0))) = (47 Hy)(2) (az).

Thus, using that 7p is a Lie algebroid epimorphism and the fact that Hg oy = Hy, it follows
that

(i(@p (M, (2))2p(nn (1)) (T (a2)) = (7 Hy) (mn (2)) (T s (a0))

= (i(Hgf;(WN(SB)))QE(WN(:E)))(%B(ax)))-

This implies that
~ Q=
oMyt (@) = My (m(2))-

¢) Using b), we deduce that the vector field p B((H%ﬁj)‘ ~) is Ty-projectable on the vector field
Q= ~ .
P (’HH‘;) (it is a consequence of the equality p5 o7mp = T'my o pg). This proves c). Note that N
is closed and that the integral curves of pB((H%;‘WN ~) (respectively, p E(Hiff )) are the solutions
N

of the Hamilton equations for Hys in A (respectively, for Hy in B) with initial condition in N
(respectively, in N). [

4 Examples and applications

4.1 Cartan symplectic reduction in the presence of a symmetry Lie group

Let M be a symplectic manifold with symplectic 2-form Q7,s. Suppose that N is a submanifold
of M, that GG is a Lie group and that N is the total space of a principal G-bundle over N=N /G.
We will denote ¢ : G x N — N the free action of G on N, by 7y : N — N = N/G the principal
bundle projection and by Qpy the 2-form on N given by

<k
QTN = ZNQTM.
Here, iy : N — M is the canonical inclusion.

Proposition 1. If the vertical bundle to wx is the kernel of the 2-form Qpy, that is,
V7TN = kerQTN, (16>

then there exists a unique symplectic 2-form Qp(n/q)y on N = N/G such that Ty Qr(nv/a) = Q1N
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Proof. We will prove the result using Theorem 1 and Corollary 1. In fact, we apply Theorem 1
to the followings elements:

e The standard symplectic Lie algebroid 7pp; : TM — M,
e The Lie subalgebroid of TM, 7px : TN — N and

e The presymplectic action T : G x TN — TN, i.e., the tangent lift of the action ¢ of G
on N.

The corresponding reduced vector bundle (TN = (TN /ker Qry)/G, Q7)) is isomorphic to
the tangent bundle T'(/N/G) in a natural way.

On the other hand, it is well-known that the Lie bracket of a my-projectable vector field and
a my-vertical vector field is a my-vertical vector field. Therefore, we may use Corollary 1 and we
deduce that the symplectic vector bundle 7 : TN — N=N /G admits a unique Lie algebroid

structure such that the canonical projection 7wy : TN — TN is a Lie algebroid epimorphism.
In addition, Q7 is a symplectic section of the Lie algebroid 77 : TN — N = N /G.

Finally, under the identification between the vector bundles TN and T (N/G), one may see
that the resultant Lie algebroid structure on the vector bundle 7y ) : T(N/G) — N/G is the
just standard Lie algebroid structure. |

Remark 1. The reduction process described in Proposition 1 is just the classical Cartan sym-
plectic reduction process (see, for example, [20]) for the particular case when the kernel of the
presymplectic 2-form on the submanifold N of the original symplectic manifold is just the union
of the tangent spaces of the G-orbits associated with a principal G-bundle with total space V.

Now, assume that the submanifold N is closed. Then, using Theorem 3, we may prove the
following result:

Corollary 2. Let Hy; : M — R be a Hamiltonian function on the symplectic manifold M such
that:

1. The restriction Hy of Hys to N is G-invariant and

2. The restriction to N of the Hamiltonian vector field ’H%LM of Hyp with respect to Qras is
tangent to N.

Then:
a) Hy induces a real function Hg : N = N/G — R such that Hyonmy = Hy;

b) The vector field (H%ﬁl)w on N is mn-projectable on the Hamiltonian vector field of H
with respect to the reduced symplectic 2-form Qpn/qy on N/G and

¢) Ify: 1 — M is a solution of the Hamiltonian equations for Hyy in the symplectic manifold
(M, Qrn) such that v(to) € N, for some to € I, then y(I) € N and iy oy : I — N is
a solution of the Hamiltonian equations for Hg in the symplectic manifold (N, QTT\/)

4.2 Symplectic reduction of symplectic Lie algebroids by Lie subalgebroids

Let A be a symplectic Lie algebroid over the manifold M with symplectic section 24 and B be
a Lie subalgebroid of A over the submanifold NV of M.

Denote by ([, ] B, pg) the Lie algebroid structure of B and by Qp the presymplectic section
on B given by

Qp = i*BQA,

where ig : B — A is the canonical inclusion.
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As in Section 2, we will assume that the dimension of the subspace ker Qp(x) is constant,
for all x € N. Then, one may consider the vector bundle Ty, : ker 2 — N which is a Lie
subalgebroid of the Lie algebroid 75 : B — N.

Corollary 3. If the space I'(ker Q1) is an ideal of the Lie algebra (I'(B), [+, ] B) then the quotient
vector bundle Tg/yerqy + B = B/kerQp — N admits a unique Lie algebroid structure such that

the canonical projection g : B — B = B/kerQp is a Lie algebroid epimorphism over the
identity Id : N — N of N. Moreover, there exists a unique symplectic section Q5 on the Lie

algebroid 75 : B — N which satisfies the condition
Qg = Qp.
Proof. It follows using Theorem 2 (in this case, G is the trivial Lie group G = {e}). [

Next, we will consider the particular case when the manifold M is a single point.

Corollary 4. Let (g,[-,]g) be a symplectic Lie algebra of finite dimension with symplectic 2-
form Qg : g xg— R. If b is a Lie subalgebra of g, 2y : h x h — R is the restriction of Qg to
h x b and ker Qy is an ideal of the Lie algebra (b,[-,-]) then:

1. The quotient vector space H = b/ ker Qy admits a unique Lie algebra structure such that
the canonical projection my : h — b = b/ ker Qy is a Lie algebra epimorphism and

2. There exists a unique symplectic 2-form QB : E X E — R onH which satisfies the condition
W;QE = Qh'

Proof. From Corollary 3 we deduce the result. |

The symplectic Lie algebra (E, QE) is called the symplectic reduction of the Lie algebra (g, 2q)
by the Lie subalgebra b.

This reduction process of symplectic Lie algebras plays an important role in the description
of symplectic Lie groups (see, for instance, [5]).

4.3 Reduction of a symplectic Lie algebroid by a symplectic Lie subalgebroid
and a symmetry Lie group

Let A be a symplectic Lie algebroid over the manifold M with symplectic section Q24 and B be
a Lie subalgebroid of A over the submanifold NV of M.

Denote by ([, -] B, pp) the Lie algebroid structure on B and by Qp the presymplectic section
on B given by

Qp = i*BQA,

where ig : B — A is the canonical inclusion.
We will assume that 2p is nondegenerate. Thus, (25 is a symplectic section on the Lie
subalgebroid 75 : B — N and ker Qp(x) = {0}, for all z € N.

Corollary 5. Let ¥ : G x B — B be a symplectic action of the Lie group G on the symplectic
Lie algebroid (B,g) such that the space T'(B)Y of G-invariant sections of B,

I(B)Y = {X €T(B)/V,0 X = X 01y, for all g€ G}

is a Lie subalgebra of (I'(B), [, ]B), where ¢ : G x N — N the corresponding action on N.
Then:
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1. The quotient vector bundle T3 : B = B/G — N = N/G admits a unique Lie algebroid

structure such that the canonical projection g : B — B is a Lie algebroid epimorphism
and

2. There erists a unique symplectic structure Qg on the Lie algebroid 75 : B — N such that
Qg = Qp.

Proof. It follows using Theorem 2. |

Remark 2. Let A be a Lie algebroid over a manifold M with Lie algebroid structure ([-, -] 4, pa)
and vector bundle projection 74 : A — M.

Suppose that we have a principal action ¢ : G x M — M of the Lie group G on M and an
action ¥ : Gx A — A of G on A such that 74 : A — M is G-equivariant and ¥ is a Lie algebroid
action.

Then, we may consider the quotient vector bundle A/G over M/G. In fact, the canonical
projection 74 : A — A/G is a vector bundle morphism and (74)4, : Az — (A/G)rp(2) 18
a linear isomorphism, for all x € M. As we know, the space I'(4/G) of sections of the vector
bundle 74/ : A/G — M/G may be identified with the set I'(4)“ of G-invariant sections of A,
that is,

T(A/G) = T(A)Y = {X €T(A)/T,0X = X 0, Vg€ G}
Now, if g € G and X,Y € T'(A)€ then, since VU, is a Lie algebroid morphism, we deduce that
Vyo[X,Y]aotpy1=[Vg0Xo0tpy1,¥g0Y 0tpy1]a = [X,Y]a,

ie., [X,Y]a € T(A)Y. Thus, T'(A)Y is a Lie subalgebra of (I'(A),[-,-]J4) and therefore, using
Theorem A.1 (see Appendix), it follows that the quotient vector bundle A/G admits a unique
Lie algebroid structure such that w4 is a Lie algebroid morphism.

Next, we will apply Corollary 5 to the following example.

Example 3. Let A be a Lie algebroid over a manifold M and G be a Lie group as in Remark 2.
Note that the action ¥ of G on A is principal and it induces an action ¥* of G on A* which is
also principal. In fact, ¥} = \Ilg,l, where \Ifg,l is the dual map of ¥ -1 : A — A. The space
A*/G of orbits of this action is a quotient vector bundle over M /G which is isomorphic to the
dual vector bundle to 74, : A/G — M/G. Moreover, the canonical projection w4« : A* — A*/G
is a vector bundle morphism and (7a+)j4: : Ay — (A47/G) is a linear isomorphism, for all
xz e M.
Now, we consider the action 7*¥ of G on the A-tangent bundle to A*, TAA*, given by

a1 ()

T¥(g, (az, Xa,)) = (Yg(az), (Taxq’zfl)(Xax))a

for g € G and (ag, Xa,) € Ta‘i A*. Since U, and TU! , are Lie algebroid isomorphisms, we have
that 7 W is also a Lie algebroid isomorphism. Therefore, from Remark 2, we have that the
space

D(T*A%)% = {X e (T*A")/T; ¥ o X =X oV _,, Vg€ G}

of G-invariant sections of 77 4« : TAA* — A* is a Lie subalgebra of the Lie algebra (I'(T4A*),
II" 'HTAA*)'
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In addition, if ©74 4. € T'((74A*)*) is the Liouville section associated with A, it is easy to
prove that

(’Z-g*\ll)*(eTAA*) = @TAA*, for all g S G

Thus, if Q74 4 € T(A2(TAA*)*) is the canonical symplectic section associated with A, it follows
that

(%*W)*(QTAA*) = QTAA*J for all g S G

This implies that 7*W¥ is a symplectic action of G on 74 A*. Consequently, using Corollary 5,
we deduce that the quotient vector bundle 7744+ /¢ : TAA*/G — A*/G admits a unique Lie

algebroid structure such that the canonical projection mra« : TAA* — TAA*/G is a Lie
algebroid epimorphism. Moreover, there exists a unique symplectic structure Q(TA A+)/c on the

Lie algebroid 7744/ : (TAA*)/G — A*/G such that
ﬂ';—AA* (Q(TAA*)/G) == QTAA* .

Next, we will prove that the symplectic Lie algebroid (7 AL /G, Q744+ /G) is isomorphic to
the A/G-tangent bundle to A*/G. For this purpose, we will introduce the map (ma, T'ma+) :
TAA* — TA/G(A*/@Q) defined by

(74, Tras)(ag, Xa,) = (Ta(a2), (To,ma+)(Xa,)),  for (aq,Xa,) € T A",

We have that (74, T7a) is a vector bundle morphism. Furthermore, if (a, Xa, )€ 7/ A* and
0= (ma, Tra)(az, Xa,)

then a, = 0 and, therefore, X, € To, A} and (To,7a+)(Xa,) = 0. But, as (max)4: : A5 —

(A*/G)rp(2) 18 @ linear isomorphism, we conclude that X,, = 0. Thus, (74, Tmax)1a 4+ :
TAA — Zriic(;az)(A*/G) is a linear isomorphism (note that dim 7} A* = dim ’Z;i{fa)(A*/G)).

On the other hand, using that 74 (respectively, T'm4+) is a Lie algebroid morphism between
the Lie algebroids 74 : A — M and 74, : A/G — M/G (respectively, 7pa : TA* — A* and
Trax/q) - T(A*/G) — A*/G) we deduce that (74, Tma+) is also a Lie algebroid morphism M.

Moreover, if ©74/6 4+ /) € [(TA/G(A*/G))* is the Liouville section associated with the Lie
algebroid 74,¢ : A/G — M/G, we have that

(4, Tma*) (OFasc(a+)q)) = Oraa-
which implies that

(4, Trax) (Qrascas 1)) = Qrag-,
where QTA/G( A*/G) is the canonical symplectic section associated with the Lie algebroid 74 /¢ :
A/G — M/G.

Now, since m4 o ¥y = 74 and mg« o Uy = my- for all ¢ € G, we deduce that the map

(ma, Tas) : TAA* — TA/G(A*/G) induces a map (7, Tmax) : (TAAY)/G — TA/G(A*/Q)
such that

(ma, Tmas) omgage = (ma, Tmax).

Finally, using the above results, we obtain that (74, Tm4~) is a Lie algebroid isomorphism and,
in addition,

(ma, Trax) Qrajcian ) = Yransy g

In conclusion, we have proved that the symplectic Lie algebroids ((74A*)/G, Q(ra4+))c) and
(TA/G(A*/G), Q']'A/G(A*/G)) are isomorphic.
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Next, we will prove the following result.

Corollary 6. Under the same hypotheses as in Corollary 3, if the submanifold N is closed and
Hy; : M — R is a Hamiltonian function for the symplectic Lie algebroid (A,4) such that the
restriction Hy of Hyr is G-invariant then:

1. Hy induces a real function Hg : N = N/G — R such that Hy omy = Hpy;

2. The Hamiltonian section ’H%ﬁ; of Hyy in the symplectic Lie algebroid (A,Q4) satisfies the
condition

My (N) C B.

Moreover, (H%L)W is Tp-projectable on the Hamiltonian section of the function Hyg with
respect to the reduced symplectic section 2z and

. If v : I — M 1s a solution of the Hamilton equations for Hps in the symplectic Lie
algebroid (A, Q4) such that y(to) € N for some tg € I, then y(I) C N and iyoy:1— N
is a solution of the Hamilton equations for Hg in the symplectic Lie algebroid (B,{)5).

Proof. Let H%ﬁ, be the Hamiltonian section of the Hamiltonian function Hy : N — R in the
symplectic Lie algebroid (B, Qp). Then, we have that ('H%A )|N:H%B and, thus, H%‘;‘M(N)QB.

M
Therefore, using Theorem 3, we deduce the result. |

Next, we will apply the above results in order to give a “symplectic description” of the
Hamiltonian reduction process by stages in the Poisson setting.

This reduction process may be described as follows (see, for instance, [16, 20]).

Let @ be the total space of a principal G1-bundle and the configuration space of an standard
Hamiltonian system with Hamiltonian function H : T*Q — R. We will assume that H is
Gi-invariant. Then, the quotient manifold 7%Q/G; is a Poisson manifold (see Section 2.2)
and if W%*Q : T*Q — T*Q/G1 is the canonical projection, we have that the Hamiltonian
system (T*Q, H) is ﬂ%*Q—projectable over a Hamiltonian system on 7*Q/G;. This means that
W%F*Q : T*Q — T*Q/G1 is a Poisson morphism (see Section 2.2) and that there exists a real
function Hj : T*Q/G1 — R such that Hio W%*Q = H. Thus, if v: I — T*Q is a solution of the
Hamilton equations for H in T*Q then W%*Q ov: I — T*Q/G, is a solution of the Hamilton
equations for H; in T*Q/G1.

Now, suppose that G is a closed normal subgroup of Gy such that the action of Gy on @
induces a principal Go-bundle. Then, it is clear that the construction of the reduced Hamiltonian
system (T*Q/G1, Hy) can be carried out in two steps.

First step: The Hamiltonian function H is Gs-invariant and, therefore, the Hamiltonian
system (7%Q, H) may be reduced to a Hamiltonian system in the Poisson manifold 7*Q /G2
with Hamiltonian function I;Tg :T*Q/Ga — R.

Second step: The cotangent lift of the action of G; on @) induces a Poisson action of the
quotient Lie group G1/G2 on the Poisson manifold T7*Q /G4 and the space (T*Q/G2)/(G1/G2) of
orbits of this action is isomorphic to the full reduced space T*Q/G;. Moreover, the function fIg

is (G1/Go)-invariant and, consequently, it induces a Hamiltonian function Ho on the space
(I'"Q/G2)/(G1/G2). Under the identification between (1Q/G2)/(G1/Ge) and T*Q/G1, Hy is
just the Hamiltonian function H;. In conclusion, in this second step, we see that the Hamiltonian
system (1%Q/G2, Hz) may be reduced to the Hamiltonian system (7*Q/G1, H1).

Next, we will give a “symplectic description” of the above reduction process.
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For this purpose, we will consider the Atiyah algebroids 77¢,q, : TQ/G2 — Q2=Q /G2 and
TTQ/Gl TQ/Gy — Q1 = Q@ /G, associated with the principal bundles 7TQ Q — Qg = Q/Gy
and 7TQ :Q — Q1 = Q/G1. We also consider the corresponding dual vector bundles 77+¢ e
T*Q/G2 — Q2 = Q/Ga and 11+, : T*Q/G1 — Q1 = Q/G.

Then, the original Hamiltonian system (7*Q, H) may be considered as a Hamiltonian system,
with Hamiltonian function H, in the standard symplectic Lie algebroid

TT(T*Q) : T(T*Q) — T*Q

Note that this symplectic Lie algebroid is isomorphic to the T'Q-tangent bundle to T*(Q.

On the other hand, the reduced Poisson Hamiltonian system (7%Q /G, H 1) may be considered
as a Hamiltonian system, with Hamiltonian function fIl : T*Q/G1 — R in the symplectic Lie
algebroid

Now, in order to give the symplectic description of the two steps of the reduction process, we
proceed as follows:

First step: The action of G2 on () induces a symplectic action of Go on the symplec-
tic Lie algebroid 77ror+q) : TT(T*Q) = T(T*Q) — T*Q. Furthermore (see Example 3),
the symplectic reduction of this Lie algebroid by Go is just the T'QQ/Gs-tangent bundle to
T*Q/Go, that is, TT9/G2(T*Q/G3) (note that the standard Lie bracket of two Ga-invariant
vector fields on @ is again a Go-invariant vector field). Therefore, the Hamiltonian sys-
tem, in the symplectic Lie algebroid 7r(r+q) @ T(T*Q) — T*Q, with Hamiltonian function
H : T"Q — R may be reduced to a Hamlltoman system, in the symplectic Lie algebroid
TITQ/Ga(T+Q/Ga) *  TTR/G2(T*Q/Gy) — T*Q/G, with Hamiltonian function Hy : T*Q /Gy — R.

Second step: The action of the Lie group G; on @ induces a Lie algebroid action of
the quotient Lie group G1/Ga on the Atiyah algebroid 7pq/q, @ TQ/G2 — Qs = Q/Go.
Thus (see Remark 2), the quotient vector bundle (T'Q/G2)/(G1/G2) — (Q/G2)/(G1/G2) ad-
mits a quotient Lie algebroid structure. If follows that this Lie algebroid is isomorphic to
the Atiyah algebroid 77¢q, @ TQ/G1 — @1 = @/G;. On the other hand, the Lie alge-
broid action of G1/Gg on the Atiyah algebroid 77¢g/q, @ TQ/G2 — @2 = @/Gy induces
a symplectic action of G7/Gy on the symplectic Lie algebroid T79/C2(T*Q/Gy) — T*Q/Go
which is also a Lie algebroid action (see Example 3). Moreover (see again Example 3), the
symplectic reduction of Trro/c(reg/cy) TTR/IG(T*Q/Gs) — T*Q/Go by G1/Go is the
(TQ/G2)/(G1/G2)-tangent bundle to (T*Q/G2)/(G1/G2), that is, the symplectic Lie algebroid
TITQIG (T+Q/Gy) - TTR/ICHT*Q/G,) — T*Q/Gy. Therefore, the Hamiltonian system in the
symplectic Lie algebroid 7rrq/cs (g ay) TTR/G(T*Q/Gs) — T*Q/Ga, with Hamiltonian
function ﬁg : T*Q/G2 — R, may be reduced to the Hamiltonian system in the symplec-
tic Lie algebroid 7o/ (1+q /) TTR/G\(T*Q/Gy) — T*Q/G1, with Hamiltonian function

ﬁl : T*Q/Gl — R.

4.4 A Lagrange top

In Sections 4.2 and 4.3, we discussed the reduction of a symplectic Lie algebroid A by a Lie
subalgebroid B and a symmetry Lie group G for the particular case when G is the trivial group
and for the particular case when B is symplectic, respectively.

Next, we will consider an example such that the Lie subalgebroid B is not symplectic and
the symmetry Lie group G is not trivial: a Lagrange top.
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A Lagrange top is a classical mechanical system which consists of a symmetric rigid body
with a fixed point moving in a gravitational field (see, for instance, [4, 15]).

A Lagrange top may be described as a Hamiltonian system on the E—tangent bundle to X*,
where A is an action Lie algebroid over the sphere S? in R3

S? = {# e R3/||Z|| = 1}.

The Lie algebroid structure on A is defined as follows.

Let SO(3) be the special orthogonal group of order 3. As we know, the Lie algebra so(3) of
SO(3) may identified with R? and, under this identification, the Lie bracket |-, Jso(3) 18 just the
cross product on R3.

We have the standard left action of SO(3) on S? and the corresponding infinitesimal left
action @ : 50(3) = R3 — X(S?) given by

PE)(T)=€ExT,  for £€s0(3) 2R3 and ¥ e 52

A is the Lie algebroid over S? associated with the infinitesimal left action ®. Thus, A =
S? x s0(3) = 5? x R? and if [, ] 5 is the Lie bracket on the space I'(A) we can choose a global

basis {e1, ea,e3} of I'(A) such that
[e1,e2] z = es, [es,e1] 7 = e, [e2, e3] 3 = er.

The dual vector bundle A* to A is the trivial vector bundle Tie A* =~ 62 x R3 - $2 and the
Hamiltonian function H : A* = §2 x R3 — R is defined by

~ 1 /72 7 w2
H(z.7)=- (L2273
(Z, ) 5 (I o+ J) + (mgl)z,

for ¥ = (z,y,2) € S? and m = (71, ma, 73) € R3, where (I, I, J) are the (positive) eigenvalues of
the inertia tensor, m is the mass, g is the gravity and [ is the distance from the fixed point of
the body to the centre of mass.

The g—tangent bundle to g*, ng*, is isomorphic to the trivial vector bundle over A*
S? x R3

Toag TAA 2 (82 x RP) x (RS x R¥) — A* 2 52 x R,
Under the canonical identification TA* 2 T'S2 x (R? x R3), the anchor map Praje: TAL -
TA* of TAA* is given by
praz- (@ m), (§ ) = (&, £ x D), (7, 0))

for ((#,7), (&, ) € TAA = (82 x ]1}3) x (R3 x R3). Moreover, we may choose, in a natural way,
a global basis {€;, fi}i=123 of I'(T4A*) such that
[e1,e2] 14 5. = €3, [es,e1] ;45 = €2, le2, €3] ;4 5. = €1,

and the rest of the fundamental Lie brackets are zero.

The symplectic section €2 is given by

TAA*

QTA;;* (l_:a W)((gv a)v (gla O/)) = O/(f) - a(gl) + 77(5 X g/)’

for (Z,7) € A* = §2 x R3 and (£, a), (¢,a') € R3 x R3.
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Now, we consider the Lie subgroup G of SO(3) of rotations about the z-axis. The elements
of G are of the form

cos —sinf 0
Ag=| sinf cosf O with 6 € R.
0 0 1

It is clear that G is isomorphic to S* = R/(27Z).
Note that the standard action of G =2 St on S? is not free (the north and the south poles are
fixed points). Therefore, we must restrict this action to the open subset M of S?

M = 5*—{(0,0,1),(0,0,-1)}.
We have that the map p: S x R~ R/(27Z) x R — M given by

cosf sind

_ 1
wu([6],t) = <cosht’ COSht,tanht> , for ([0],t) € S" xR

is a diffeomorphism. Under this identification between M and S' x R, the action 9 of G = S*
on M = S' x R is defined by

6(0),(,6) = (6+8),1),  for [#]€S' and (§0],) € S x R.
Next, we consider the open subset of A
A=771(M) = (5" xR) x R”.

It is clear that A is an action Lie algebroid over M = S' x R and the dual bundle to A is the
trivial vector bundle 74« : A* = (S x R) x R® — S! x R. The restriction of H to A* is the
Hamiltonian function H : A* = (S* x R) x R? — R defined by

2 2 2
™, T2 T3
2,72, 73 .
<I+ 7 +J>+(mgl)tanht

On the other hand, the action of G =2 S on M and the standard action of G on R? induce an
action ¥ of G on A in such a way ¥ is a Lie algebroid action of G on A. Thus, we may consider
the corresponding symplectic action 7*W (see Example 3) of G on the symplectic Lie algebroid

Trage: TAA* =2 (M x R3) x (R x R®) — M x R3.
Note that A* is isomorphic to the open subset Ti*l(M ) of A* and that

T°A _TTEE*(TA«* (M)).
So, the basis {e;, ﬁ}izl,zg of F(ng*) induces a basis of I'(74A*) which we will denote by

{&;, fi}i=12;3. The Hamiltonian section 'HZTAA* of H in the symplectic Lie algebroid (74A*,
Q7a4+) is given by

Oy ge o m_ | T2 _ | T3 (L= J)momg  mgl 7
Hy " (([0],8), ) = Tet et Test < 77 (cosh 1) sind | fi
(I— J)7T17T3 mgl -
< 1J (cosht) cost ) J2

for (([0],),7) € A* 2 (S' x R) x R3,
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Now, we consider the submanifold N of A* = M x R3
N ={(([0), 1), ) € A*/m3 = 0}
and the Lie subalgebroid B (over N) of T4A*
B = {(([#],), 7). (€, a)) € TAA*/m5 = a = 0}.
If Qp is the restriction of €274 4+« to the Lie subalgebroid B then
dim(ker Qp(([0],t), 7)) =1, for all (([0],t),7) € N
and the section s of 75 : B — N defined by
s = (&3 +mfi —mfo)n

is a global basis of I'(ker Q). Moreover, the restriction of the symplectic action 7*W¥ to the Lie
algebroid 75 : B — N is a presymplectic action. In fact, the action of G on N is given by

([0, (6], £),m)) — ([0 + 6], 1), Agr),

for [0'] € G = St and (([0],t),7) € N, and the action of G on B is

([0, (((10], £),m), (§, ) — ([0 + 0], 1), Ag), (Agr§, Agrcv)).

Thus, using Theorem 1, we may consider the reduced vector bundle 75 : B = (B/kerQp)/G —
N = N/G. Furthermore, if 715 : B — Bandmy: N — N = N/G are the canonical projections
then a basis of the space F(B)grB of Tp-projectable sections of 75 : B — N is {€}, b, s, f1, f5},
where

ey = (cosf)eyy + (sinb)eyn, ey = —(sinf)eyy + cos(h)éan,
f1 = (cos0) fin + (sin0) fon, Jo = —(sin0) fin + (cos 0) fon-
We have that

[}, e5]B = (sinht)e] + s — (macos @ — my sin @) f] + (71 cos § + mosin 6) f3,
[}, fils = =(sinht)f3,  [e1, folp = (sinh ) fi,

and the rest of the Lie brackets between the elements of the basis {€], €, s, f1, f4} are zero.
Note that the vertical bundle to 7wy is generated by the vector field on NV

o 9. 0
80 7T267r1 7718772

and therefore, [e],e5] B, [€}, filB, [€), filB € F(B);B.
Consequently, F(B)grB is a Lie subalgebra of (I'(B),[-,-]p) and T'(kerQp) is an ideal of

I'(B );B. This implies that the vector bundle 75 : B — N admits a unique Lie algebroid structure
(I-,] 5> Pp) such that 7p is a Lie algebroid epimorphism. In addition, Qp induces a symplectic
section 25 on the Lie algebroid 75 : B — N such that Q5 = Qp (see Theorem 2).

On the other hand, using Theorem 3, we deduce that the original Hamiltonian system, with
Hamiltonian function H : A* — R in the symplectic Lie algebroid 774 4. : TAA* — A* may be
reduced to a Hamiltonian system, with Hamiltonian function H:N — R, in the symplectic Lie
algebroid 75 : B — N.
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Next, we will give an explicit description of the reduced symplectic Lie algebroid and the
reduced Hamiltonian system on it.

In fact, one may prove that the Lie algebroid 75 : B — N is isomorphic to the trivial vector
bundle Tgs.ps : R? x R* — R3 with basis R and fiber R* and, under this identification, the
anchor map pg is given by

. 0 , 0
p§(<t7 v), (n,0)) = _UQ(COSht) + (81 — mre Slnht)aiyl + (B2 + M1 Slnht)a—y27

for (t,v = (v1,12)) € R x R? = R? and (n = (m1,m2), 6 = (b1, f2)) € R? x R = R*%.
Moreover, if {e;}i—1,. 4 is the canonical basis of I'(B) = I I'(R3 x R*) we have that
[[61, 62]]5 = (sinht)el — 9€3 + V1eyq,

[e1,e3] 5 = —(sinht)ey, [e1,e4] 5 = (sinht)es

and the rest of the Lie brackets between the elements of the basis is zero.
Finally, one may prove that the reduced symplectic section {2z, the reduced Hamiltonian

function H and the corresponding reduced Hamiltonian vector field Hg"}ﬁ on N = R3 are
given by the following expressions

Qpt,v)((n,8), (', B) = 6'(n) — B0,

. 1 2 2
H(t,v) == <V1 + V2> + mgl(tanht),

2\ 1 I
{)y 0 _nre 0 mgl v} . 0
" = ——cosht— — —=sinht— — sinht | —.
HH o8 ot I oy + cosht + I St Ovs

5 Conclusions and future work

In this paper we have generalized the Cartan symplectic reduction by a submanifold in the
presence of a symmetry Lie group to the Lie algebroid setting. More precisely, we develop
a procedure to reduce a symplectic Lie algebroid to a certain quotient symplectic Lie algebroid,
using a Lie subalgebroid and a symmetry Lie group. In addition, under some mild assumptions
we are able to reduce the Hamiltonian dynamics. Several examples illustrate our theory.

As we already mentioned in the introduction, a particular example of reduction of a symplectic
manifold is the well known Marsden—Weinstein reduction of a symmetric Hamiltonian dynamical
system (M, 2, H) in the presence of a G-equivariant momentum map J : M — g*, where g is
the Lie algebra of the Lie group G which acts on M by ® : G x M — M. In this situation, the
submanifold is the inverse image J~!(u) of a regular value y € g* of .J, and the Lie group acting
on J~1(u) is the isotropy group of y. It would be interesting to generalize this procedure to the
setting of symplectic Lie algebroids. In this case, we would have to define a proper notion of
a momentum map for this framework. This appropiate moment map would allow us to get the
right submanifold in order to apply the reduction procedure we have developed in this paper.
Moreover, under these hypotheses, we should be able to reduce also the Hamiltonian dynamics.
These topics are the subject of a forthcoming paper (see [10]).

A natural generalization of symplectic manifolds is that of Poisson manifolds. This type
of manifolds play also a prominent role in the Hamiltonian description of Mechanics, in par-
ticular for systems with constraints or with symmetry. For Poisson manifolds, one can also
develop a reduction procedure (see [17]). On the other hand, as we mentioned in Section 2.2,
a symplectic section on a Lie algebroid A can be seen as a particular example of a triangular
matrix for A, that is, a Poisson structure in the Lie algebroid setting. Therefore, it should be
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interesting to generalize our reduction constructions to Poisson structures on Lie algebroids and,
more generally, to obtain a reduction procedure for Lie bialgebroids (we remark that triangular
matrices on Lie algebroids are a particular example of Lie bialgebroids, the so-called triangular
Lie bialgebroids).

On the other hand, recently, in [1] it has been described a reduction procedure for Courant
algebroids and Dirac structures. We recall that there is a relation between Courant algebroids
and Lie bialgebroids: there is a one-to-one correspondence between Lie bialgebroids and pairs
of complementary Dirac structures for a Courant algebroid (see [12]). Since symplectic Lie
algebroids are a particular example of this situation, it would be interesting to compare both
approaches. This is the subject of a forthcoming paper.

Appendix

Suppose that 74 : A — M and 75 : A — M are real vector bundles and that Ta:A— Als
a vector bundle epimorphism over the surjective submersion 7p; : M — M.

Thus, one may consider the vector subbundle ker w4 of A whose fiber over the point x € M
is the kernel of the linear epimorphism (7a)4, : Az — ;LrM( ).

On the other hand, a section X of the vector bundle 74 : A — M is said to be m4-projectable
if there exists a section m4(X) of 75 : A — M such that

a0 X =ma(X)omyy. (A1)

We will denote by T'(A)%, the set of m4-projectable sections. T'(A)%, is a C®(M ) module and
it is clear that T'(kerm4) is a C°°(M ) submodule of T'(A)%,.

Note that if X € T'(A)%, then there exists a unique section m4(X) of the vector bundle such
that (A.1) holds.

Thus, we may define a map

T, :T(A)E, — T(A)

and it follows that II4 is an epimorphism of C"X’(M )-modules and that kerII4 = I'(kermya).

—~ ~ (AL
Therefore, we have that the C°°(M)-modules I'(A) and LAy are isomorphic, that is,
I'(kermy)
o (AR
NA)~ "4 A2
(4) I'(kermy) (4.2)

Moreover, one may prove that following result.

Theorem A.1. Let mp : A — A be a vector bundle epimorphism between the vector bundles

:A— M andTy . A — M over the surjective submersion wyyr : M — M and suppose that A is
a Lie algebroid with Lie algebroid structure ([-,-]a, pa). Then, there exists a unique Lie algebroid
structure on the vector bundle T3 : A — M such that w4 s a Lie algebroid epimorphism if and
only if the following conditions hold:

i) The space T'(A)%, is a Lie subalgebra of the Lie algebra (T'(A),[-,-]a) and
ii) T'(kermy) is an ideal of the Lie algebra T(A)%,

Proof. Assume that ([-,-] 7, p5) is a Lie algebroid structure on the vector bundle 75 : A—M
such that 74 is a Lie algebroid epimorphism.
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If X e I'(A)%, then, using that
dM(Fomy) = (ma) (@),  ¥feC=(),
we directly conglude that the vector field pa(X) on M is my-projectable on the vector field
p4(ma(X)) on M.
Thus, if Y € T(A)2, and & € T'(A*), we have that
a(m (@) ([ra(X), ma(Y)] 5(mr ()
= —(m4(d"@)) () (X (), Y (2)) + pa(X) (@) (74@) (V) = pa(Y)(@)((mha)(X)),
for all x € M. Therefore, since (wz(dA )) = dA(7%@) it follows that
a(ma (x))([ra(X), ma(Y)] z(mas(2)))
= (m4a)(2)([X, Y]a(z)) = a(my (2))(ma[ X, Y]a(2)).
Consequently, we deduce the following result
XY eT(A)F = 7mao[X,Y]a=[ra(X),ma(Y)]507um.

This proves (i) and (ii).
Conversely, suppose that conditions (i) and (ié) hold. Then, we will define a Lie bracket

[-,-] 7 on the space ['(A) as follows. If X and Y are sections of TF " A — M, we can choose
X,Y € T'(A)%, such that

ma(X)=X, waY)=Y.
Now, we have that [X,Y]4 € T'(A)%, and we define

[X,Y]5 = [ra(X), ma(¥)] 5 = 7al X, Y]a. (A.3)

Using condition (i7), it follows that the map [-,-] 5 : I'(A) x T(A) — I'(A) is well-defined.
Moreover, since [-,-]4 is a Lie bracket on I'(A), we conclude that [-,-] ; is also a Lie bracket
on T'(A).

Next, will see that

Z el'(kerma) = pa(Z) is a mpr-vertical vector field. (A4)
In fact, if f € COO(M) we have that

[Z.(fomu)Y]a € D(kerms),  forall Y € D(A)2,
On the other hand,

12, (Fomm)Y]a = (foma)[2,Y]a + pa(2)(f o ma)Y

which implies that pa(Z)(f o ma) = 0 and, thus, the vector field pa(Z) is vertical with respect
to the map . B .
Now, let X be a section of 73 : A — M and X be a section of 74 : A — M such that

ma(X) = X.If f € C>(M) it follows that

[X,(fomn)Y]a €T(A)2,,  forall Y e (AL,
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and, since
[X, (Ffom)Y]a = (fomu)[X,Y]a+ pa(X)(fomn)Y

we obtain that pa(X )(fo ) is a basic function with respect to the map ;. Therefore, the

vector field pa(X) is mas-projectable to a vector field p;(X) on M.
Using (A.4), we deduce that the map py : r'(4) — %(]\7) is well-defined. In fact, p7 is

a homomorphism of C'* (]T/f )-modules and if we also denote by pj : A — TM the corresponding
bundle map then

Tmaropa=pzoma. (A.5)

In addition, since ([,-]a,pa) is a Lie algebroid structure on A, we conclude that the pair
([-,-] 1, p7) is also a Lie algebroid structure on A.
On the other hand, from (A.5), it follows that

Th(dAf) = dM(Fomy),  for fe (M)
Furthermore, using (A.3) and (A.5), we obtain that
(d4a) = dM(rha),  for & e T(A%).

Consequently, 74 is a Lie algebroid epimorphism.

Now, suppose that ([, iK’ p’g) is another Lie algebroid structure on the vector bundle 75 :

A—M such that w4 is a Lie algebroid epimorphism. Denote by d'A the differential of the Lie
algebroid (A, [-, ], p’g). Then, the condition
A Af) = d(Fomu),  for JeCx(M),

implies that Ty 0 pa = 'O/K oma. Thus, from (A.5), we deduce that p; = piz.
Therefore, the condition

(dA&) = (&),  for & e D(A*),
implies that
[[WA(X),T('A(Y)]]%:ﬂA([[X,Y]]A), for X,YEF(A)?TA

and, using (A.3), we conclude that [-,-] 7 = [, ]]ii |

Remark A.2. An equivalent dual version of Theorem A.1 was proved in [3].
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