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Conditions on parameters of the dielectric waveguides are determined for the possibility of laser pulse propaga-

tion with relativistic group velocity. In such waveguides laser pulse can excite electromagnetic wake waves, in 
which phase velocity is close to the light speed. These electromagnetic waves may be used for acceleration of 
charged particles.  
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INTRODUCTION 
Сherenkov electromagnetic radiation as a wakefield 

can be excited in a slowing down medium not only by a 
relativistic electron bunch but by a short laser pulse too 
[1]. For laser power of PW-level excited wakefields are 
so intensive that particle acceleration by using such 
wakefields is related to the advanced methods of high 
gradient acceleration. We considered the dispersion 
properties of waveguide partly filled with dielectric 
which are required to accelerate electrons by wakefield, 
excited in dielectric waveguide by a laser pulse. Phase 
velocity of the excited wakefield is coincided with 
group velocity of the laser wave packet, which is less 
than speed of light. Therefore for realization of effective 
acceleration of relativistic electrons it is necessary to 
provide such conditions that group velocity should be 
close to speed of light. This requirement can be attained 
at partly filling waveguide with dielectric. In present 
report for realization these conditions two dielectric 
waveguides are considered. First dielectric waveguide is 
perfectly conductive tube (cylindrical mirror) in which 
there is thin dielectric layer near the inner wall. Second 
dielectric structure is dielectric coaxial line, which in-
cludes in itself same mirror and located near axis homo-
geneous dielectric cylinder. It is shown, that in such 
systems transversal dielectric inhomogeneity will only 
weekly changes discrete transverse wave numbers of 
eigen waves of the waveguide. In result phase and group 
velocities are weekly depend on the degree of filling of 
waveguide with dielectric. 

1. DIELECTRIC WAVEGUIDE  
WITH PARIETEL DIELECTRIC LAYER  
The geometry of the dielectric slowing structure in 

the cross section is shown in Fig. 1. 
 

 
 
 
 
 
 
 
 
 

Fig. 1. Tubular dielectric waveguide 
The dispersion equation describing the propagation 

of symmetric electromagnetic waves of the E -type 
with the field components , ,z rE E Hϕ  has the view 
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where λ=va, 2 2
0v k k= −  is transverse wave number in 

vacuum region, σ=k⊥a, 2 2
0k k k⊥ = ε −  is transverse wave 

number in dielectric layer, 0k / c= ω , b / a 1η = > , b  
and a  are outer and inner radii of the dielectric layer, ω 
is frequency, k is longitudinal wave number. The parame-
ters λ and σ are related by the relation  
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( )2 2 2

0k a 1ρ = ε −  is frequency parameter. The dispersion 
equation (1) together with the relation (2) has a highly 
universal form and determines the discrete spectrum of 
transverse wave ( , , ).nλ λ ρ ε η=  From the last relation 
we find the longitudinal wave numbers of the fast elec-
tromagnetic eigen waves of the dielectric waveguide  
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In interesting for us quasi-optical frequency range  
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the phase velocity of the eigen waves is close to the 
speed of light  
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Accordingly, for group velocity we have expression 

( )
2 2

g n n
n2 2 2 2

0 0

v
1

c 2k a k a
λ λ

= − + ψ ω ,   ( ) n
n

n

∂λω
ψ ω =

λ ∂ω
. (7) 

From this relation it follows that, when the following 
condition  
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is satisfied, the dielectric layer weakly influences on the 
group velocity value, which, in turn, is close to the 
speed of light in a vacuum. 

In the quasi-optical approximation 1σ >>  we can 
use asymptotic representations of the Bessel and Neu-
mann functions for large values of the argument. As a 
result, instead of (1), we obtain 
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µ=ℓ/a, ℓ=b-a is the thickness of the dielectric layer. For 
radial harmonics with numbers /n ρ π<< we obtain a 
simpler transcendental equation for the eigenvalues λn 
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It is easy to verify that, under the condition ( )f 0ρ >  
the roots of this equation are in the intervals 

( ) n 1n0 n 1+n > λ > n , and under the condition ( )f 0ρ <  ones 

are in the intervals ( ) n 0n1 n 1+n > λ > n , where 0nn  and 1nn  
are the roots of the Bessel functions ( )0J x  and ( )1J x , 
respectively. 

To determine the group velocity (7) the function 
n∂λ ∂ω  easy to calculate from equation (10) 

( ) ( )
( )

( )

2
n

2
n 2

n

tg
cos

tg 1 1

ρµ
ρµ +

ρµ∂λω ρ
= −

λ ∂ω ε ρ ρµ − + λ − ε 

.   (11) 

In result for group velocity fast eigen electromagnet-
ic wave in the high frequency limit 2 2 2

0 nk a λ>>  we ob-
tain the following expression  
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Let us investigate the expression for the group veloc-
ity (12). In the case mmρ π=  ( m  is an integer), we 
obtain 
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The additive to the group velocity does not depend 
on the number of the radial mode. The condition 

mmρ π=  means that an integer number of transverse 
half-waves fit in the dielectric layer m 2⊥= λ⊥ , 

2 k⊥ ⊥λ = π , 0k k 1⊥ = ε − . In this case, on the inner 
surface of the layer, the longitudinal component of the 
electric field equas zero, and the connection between the 
vacuum region and the dielectric layer is realized 
through a magnetic field. 

We now consider the case ( 1/ 2)mmρ π= +  or 
m 2 4⊥ ⊥= λ + λ⊥ . For the group velocity, we obtain 
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In the case under consideration, the magnetic field 
vanishes on the inner surface of the dielectric layer, and 
the connection between the regions occurs through an 
electric field. 

Thus, the analysis showed that in the quasi-optical 
frequency range 2 2 2

0 nk a >> λ  the group velocity of the 
fast ( )phv c>  electromagnetic eigen waves of the die-
lectric waveguide is close to the speed of light in a vac-
uum. The dielectric layer slightly slows down the wave 
packet so that 1gg >> . 

2. DIELECTRIC COAXIAL LINE 
The geometry of the dielectric structure considered 

below is shown in Fig. 2. A homogeneous dielectric 
cylinder of radius a is surrounded by a coaxial cylindri-
cal mirror of larger radius b > a. 
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Fig. 2. Geometry of the dielectric coaxial line 

The dispersion equation describing symmetric elec-
tromagnetic waves of the E-type in such a dielectric 
structure has the form [2] 
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where ,vaλ =  ,k aσ ⊥=  , /k a b aσ η⊥= = .  
The parameters λ  and σ  are related by (2). In the 

high-frequency limiting case 2 1λ >> , 2 2ρ λ>> , 2 / 2 1λ ρ << , 
the dispersion equation (15) can be simplified 
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Here b 1
a

µ = − . The transverse wave number in the 

vacuum region λ  is defined as follows 
 ( )v b aλ = − .    (17) 

From this relation instead of formulas (6), (7) we ob-
tain expressions for the phase and group velocities 
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where nλ  are roots of the transcendental equation (16). 
For positive values of the function ( )f ρ , the roots of 
equation (16) are in intervals ( ) nn 1/ 2 nπ + > λ > π , n  

is positive integer, and for negative values ( )f ρ  inter-
vals are ( )nn n 1/ 2π > λ > π − . 

For a function ( )nψ ω  contained in the expression 
for the group velocity (19), we have. 
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Let us consider some particular cases. For discrete 
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Correspondingly, for the function ( )nψ ω  we obtain  
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For the phase and group velocities we have expressions 
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For a thin dielectric rod a b<< , the correction to the 
group velocity due to the dielectric rod is small and 
negative.  

Let now consider the set of frequencies 
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m
c
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, 1n( ).ρ = n  Then the spectrum of trans-

verse wave numbers is ( )n n 1/ 2λ = π − . For the phase 
and group velocities, we obtain  
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The addition to group velocity is also small. And, fi-
nally, far from these discrete sets of frequencies for the 
group velocity of fast electromagnetic waves of a die-
lectric coaxial line, we have expression 
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Thus, in the whole quasi-optical frequency region, in 
the case of a thin dielectric rod / 1a b , the group ve-
locity of fast electromagnetic waves is close to the 
speed of light. 

As is known, in a perfectly conducting coaxial line, 
there is a coaxial (TEM) electromagnetic wave with a 
simple dispersion law kcω =  and a phase velocity equal 
to the speed of light in a vacuum. An analogous quasi-
coaxial wave can propagate in a dielectric coaxial line. 
For a theoretical analysis of this wave, we will consider 
the exact dispersion equation (15). We will assume that 
the phase velocity of the quasi-coaxial wave is close to 
the speed of light in a vacuum and consequently 

1λη << . In this limiting case, the dispersion equation 
(15) is substantially simplified and takes the form 
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Solving equation (25) by the method of successive 
approximations, we find expressions for the longitudinal 
wave number, phase and group velocities of the quasi-
coaxial wave 
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Frequencies n 0nc / (a 1)ω = n ε −  are called critical 
[2] and they separate fast and slow waves. Indeed, in the 
vicinity of the critical frequencies, the expression for the 
phase velocity (24) can be written in the form 
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When nω < ω  phv c> , and when nω > ω  phv c< .  
In this case, the group velocity is equal  
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The group velocity is close to c  for a large ratio of 
the radii of the mirror and the dielectric cylinder. 

CONCLUSIONS 
A necessary condition for the realization of the ac-

celeration method of relativistic electrons (positrons) by 
the wake fields of a short laser pulse in dielectric struc-
tures is the possibility of propagation in them of laser 
wave packets with a group velocity close to the speed of 
light in a vacuum. This is due to the fact that the phase 
velocity of the Cerenkov wakefield in dielectric media 
coincides with the group velocity of the laser pulse. The 
condition ~gv c  can be realized in dielectric slowing 
structures, in which the dielectric only partially fills the 
dielectric structure in the cross section. In this case, the 
transverse dielectric inhomogeneity will only slightly 
perturb the discrete transverse wave numbers of the eig-
en waveguide waves. In turn, in the quasi-optical ap-
proximation / 1a cω >> , where a  is the characteristic 
transverse dimension of the structure, the phase and 
group velocities are weakly dependent on the values of 
the transverse wave number  and, respectively, the de-
gree dielectric filling of dielectric structure. 

The theoretical analysis performed in the work on 
the example of two dielectric structures fully confirms 
the quasi-optical ideology presented above. It is shown 
that, indeed, in the quasi-optical approximation, the fill-
ing dielectric with a relatively small volume does not 
lead to a significant slowing down the group velocity. 
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ДИЭЛЕКТРИЧЕСКИЕ ВОЛНОВОДЫ ДЛЯ УСКОРЕНИЯ ЭЛЕКТРОНОВ КИЛЬВАТЕРНЫМ ПОЛЕМ 
ЛАЗЕРНОГО ИМПУЛЬСА 

В.А. Балакирев, И.Н. Онищенко  
Определены условия на параметры диэлектрических волноводов, при выполнении которых лазерный импульс может рас-

пространяться с релятивистской групповой скоростью. В такой ситуации лазерный импульс будет возбуждать кильватерные 
электромагнитные волны с фазовой скоростью, близкой к скорости света, которые могут быть использованы для ускорения 
заряженных частиц. 
ДIЕЛЕКТРИЧНI ХВИЛЕВОДИ ДЛЯ ПРИСКОРЕННЯ ЕЛЕКТРОНІВ КІЛЬВАТЕРНИМ ПОЛЕМ ЛАЗЕРНОГО IМПУЛЬСУ 

В.А. Балакiрєв, I.М. Онiщенко  
Визначені умови на параметри діелектричних хвидеводiв, при виконанні яких лазерний імпульс може розповсю-

джуватись з релятивістською груповою швидкістю. У такій ситуації лазерний імпульс буде збуджувати кiльватернi еле-
ктромагнiтнi хвилі з фазовою швидкістю, близькою до швидкості світла, які можуть бути використанними для приско-
рення заряджених частинок. 
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