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Abstract. We describe the twist quantization of string worldsheet theory, which unifies the
description of quantization and the target space symmetry, based on the twisting of Hopf
and module algebras. We formulate a method of decomposing a twist into successive twists
to analyze the twisted Hopf and module algebra structure, and apply it to several examples,
including finite twisted diffeomorphism and extra treatment for zero modes.
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1 Introduction

String theory is a promising candidate as a unified theory of elementary particles and quantum
gravity. There are many evidences that string theory contains quantum gravity, the existence
of graviton in the spectrum for example, and the fact that the conformal symmetry in the non-
linear sigma-model leads to the Einstein equation. However, it is not yet clear how the concepts
of general relativity, such as general covariance or equivalence principle, are realized in string
theory. The origin of these difficulties is that the theory is formulated only as a first quantized
theory in a fixed background, and it is difficult to consider a change to other backgrounds.

In [1] and [2], we proposed a new formulation of string worldsheet theory based on the
Hopf algebra structure which is minimally background dependent. In [1], we gave a unified
formulation of the quantization of the string and the spacetime symmetry, by reformulating the
path-integral quantization of the string as a Drinfeld twist [3] of the Hopf algebra. By the twist,
the space-time diffeomorphism was deformed into a twisted Hopf algebra, while the Poincaré
symmetry was kept unchanged. The method was applied to the constant B-field background
in [2] and the structure of the twisted Hopf algebra in that case was studied. As a quantization,
it implies a new normal ordering, and as a symmetry, we have shown that the twisted Poincaré
symmetry [4, 5, 6] in the noncommutative field theory on the Moyal plane are derived from our
twisted Hopf algebra structure.

One of purposes of this paper is to give a overview on the twist quantization developed in
[1, 2] so far. Part of the paper’s results was previously presented at the workshop on Quantum
Gravity and Quantum Geometry (Corfu, 2009) and published in its proceedings [7]. We repeat
this material here for completeness’ sake and for readers’ convenience. We then formulate the
method of decomposing a twist in a more general setting by extending [2], and discuss that it has
wide variety of applications. New results of this paper include an improvement for interpretation

*This paper is a contribution to the Special Issue “Noncommutative Spaces and Fields”. The full collection is
available at http://www.emis.de/journals/SIGMA /noncommutative.html
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of the twisted diffeomorphism from the viewpoint of vertex operators, and the treatment of the
zero modes for momentum conserving vacuum.

The paper is organized as follows: In Sections 2 and 3, we give a brief review of the twist
quantization of string theory [1]. In Section 4, we describe a method of splitting the twist in
great generality. Then, in Section 5, we give three examples applying the method, including
the case for a constant B-field background [2] and two new examples. Section 6 is devoted to
discussion and conclusion.

2 Classical Hopf algebra in string theory

We start with describing the classical Hopf algebra H of functional derivatives and its module
algebra A of string functionals [1]. They depend on a target space manifold M (here we fix
M = R%) but are independent of the background data such as the metric and B field.

The basic variable of the string worldsheet theory is a set of functions X#(z) (. =0,...,d—1),
or equivalently, a map X : ¥ — M from the worldsheet X into a target space M. We denote the
space of such maps as X'. Let A = C(X) be the vector space of functionals 4> I : X — [[X] € C
of the abstract form

I[X] = /d2Zp(Z)F[X(Z)], (2.1)

where F[X(z)] € C*(X) is given from a tensor field in the target space by pull-back, and p(z)
is some weight function (distribution). In particular, we call

FIX](2) = / 226@ (z — 2)FIX(2)], (2.2)

a local functional at z;, with an additional label z; € 3. These functionals (2.1) and (2.2)
correspond to an integrated vertex operator and to a local vertex operator after quantization,
respectively. For example, for a one-form Q = Q,(x)dz" in the target space we can define a
functional

Io[X] = / d?z p(2)0a XM Q[ X (2)]. (2.3)

A forms a commutative algebra over C, by defining a multiplication of two functionals m :
AR A — Aas (IJ)[X]=I[X]J[X].
Let X be the space of all functional vector fields of the form

e [Puew) . (2.4

and denote its action on I[X] € A as (> I[X]. Here £#(w) is a weight function (distribution) on
the worldsheet including the following two classes.

i) £*(w) is a pull-back of a target space function &#(w) = £*[X (w)]. It is related to the
variation of the functional under diffeomorphism X*(z) — X#(2) + &M X (2)] as 0 F[X] =
—& > F[X]. Note that it is arranged so that (€ > Io)[X] = Iz.o[X] for a functional (2.3),
where L is the Lie derivative acting on the target space one-form (2.

ii) £*(w) is a function of w but independent of X (w) and its derivatives. It corresponds to
a change of the embedding, X#(z) — X*(z) 4+ &*(z), and is used to derive the equation of
motion.
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By successive transformations, & > (n> F'), the vector fields £ and 1 form a Lie algebra with the
Lie bracket

- s sev 5
&l = /d2w <£M6Xu B 77#5)(#) (w)éXV(w)'

Once we have a Lie algebra X, we can define its universal enveloping algebra H = U(X) over C,
which has a natural cocommutative Hopf algebra structure (U(X); u,t, A, €, 5)'. The defining
maps given on elements k € C and &,7 € X are

pEn) =61, Al =£(1+1E, £ =0, S(§) = =¢,
k) =k-1, A =1®1, €1)=1, S1)=1 (2.5)

As usual, these maps are uniquely extended to any element of U(X) by the algebra (anti-)
homomorphism. There are many subalgebras in X. In particular, the Poincaré-Lie algebra P
generated by

] J
. 2 pY v . 2 V|
Pt = —z/d znt X (2)’ LW = —z/d X (2)nY! X () (2.6)

where P* are the generators of the translation and L* are the Lorentz generators, forms a Hopf
subalgebra of H = U(X), denoted as U(P). We denote the Abelian Lie subalgebra consisting
of £ (2.4) in class ii) as €. Then U(C) is also a Hopf subalgebra of H.

The algebra A of functionals is now considered as a H-module algebra. The action on the
product of two elements F,G € A is a natural generalization of the action of &, defined by

hem(F @ G) = mA(h)> (F @ GQ),

satisfying the Leibniz rule (A(§) in (2.5)).

3 Twist quantization

In [1] we gave a simple quantization procedure in terms of a Hopf algebra twist, in which
the vacuum expectation value (VEV) coincides with the conventional path integral average.
A general theory of Hopf algebra twist is presented in [3, 9].

Suppose that there is a twist element (counital 2-cocycle), F € ‘H ® H, which is invertible,
counital (id ® €)F = 1 and satisfies the 2-cocycle condition

(F ®id)(A ®id)F = (id ® F)(id © A)F. (3.1)

Given a twist element F, the twisted Hopf algebra H £ can be defined by modifying the coproduct
and antipode as

Ar(h)=FAM)FL,  Sph)=USh)U!

for all h € H, where U = u(id ® S)F. We regard this procedure of twisting as a quantization
with respect to the twist element F.

Correspondingly, the consistency of the action, i.e. covariance with respect to the Hopf algebra
action, requires that a H-module algebra A is twisted to the Hz-module algebra Ax. As a vector
space, Ar is identical to A, but is accompanied by the twisted product

FxrG=mr(F®G)=moF 'v(F®QG),

' A similar Hopf algebra based on functional derivatives is also considered in [8].
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which is associative owing to the cocycle condition (3.1). The covariance means that for h € Hz
and F,G € Ar,

homep(F@G)=moAh)F 1o (F®G)=msAr(h)> (F®G).

In this way the Hopf algebra and the module algebra are twisted in a consistent manner. The
resulting twisted action is considered as a transformation in the quantized theories.

We define the vacuum expectation value (VEV) for the twisted module algebra Az as the
map 7 : Ax — C. For any element I[X] € Ar it is defined as the evaluation at X = 0:

T (I[X]) = I[X]|x=0- (3.2)
If I[X] is a product of two elements F,G € Ag, it gives a correlation function
o(z,w) = T(FIX(2)] *x G X (w)]) =7omo F 1 (F® Q).
Owing to the associativity, the correlation function of n local functionals is similarly given as
(21, .y 2n) = T(F1[X (21)] %7 Fo[X (22)] - - - *x F[ X (20))]).
The action of h € Hz inside the VEV 7(I[X]) is
T (h> I[X]).

This action appears in the various relations related with the symmetry transformation.
This completes the description of the procedure. A different choice of a twist element F gives
a quantization in a different background.

3.1 Normal ordering and path integrals

Here we assume that a twist element is in the Abelian Hopf subalgebra F € U(€) ® U(€) of the
form

specified by a Green function G*”(z,w) on the worldsheet . It is easy to show that this F
in (3.3) satisfies all conditions for twist elements [1]. In this case, the twist quantization described
in the previous subsection is identical with the path integral quantization.

As proved in [1], the twist element F in (3.3) can be written as

F=WN"TaN HAW), (3.4)

where the normal ordering element N € H is defined by

N =exp {—; /sz/de G’“’(z,w)éXi(Z) 5XV6(U1) } (3.5)

This shows that the twist element F is a coboundary and thus it is trivial in the Hopf algebra
cohomology. Consequently, there are isomorphisms summarized as:

H twist My ~, 7:(
v v v (3.6)
A twist Ar ~, /l
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In the diagram, the left column is the classical pair (H A) and the middle and the right column
are the quantum counterparts. Here the ‘map Hr = H is given by an inner automorph1sm
h— NhN~ = h, and the map Ar = A is given by F — N > F =:F:. We call H (A) the
normal ordered Hopf algebra (module algebra), respectively.

The normal ordered module algebra A is the one which appears inside the VEV in the path
integral. It consists of elements in normal ordered form

N> I[X] =1[X]:
for any functional I[X] € Ax. These elements correspond to vertex operators in the path in-
tegral, because the action of A/ (3.5) corresponds to subtractions of divergences at coincident
points caused by self-contractions in the path integral. As an algebra, A has the same multi-

plication m : A® A — A as the classical functional A. This is seen by the map (3.6) of the
product in Ar as

NemoF o (FoG) =moNaN)> (F®G),

which is a direct consequence of the coboundary relation (3.4). An equivalent but more familiar
expression is the time ordered product of two vertex operators as : (F xx G):=:F::G:.

The normal ordered Hopf algebra H is defined with the same algebraic operations as the
classical Hopf algebra H, but with elements dressed with a normal ordering as

NN =]
for any h € Hz. The isomorphism map (3.6) relates the twisted Hopf algebra action Hx on Az
to the corresponding action of H on A. For example,
h>F = No(h>F)=hb:F: (3.7)
ho (FxrG) S h > ((F:G:).
The elements in A contain generically formal divergent series (this is the reason why we
distinguish A and A), and thus equations (3.7) and (3.8) have only a meaning inside the VEV [1].

The VEV (3.2) for Az implies the definition of the VEV for A to be a map, ToN~1: A — C,
and it turns out that it coincides with the VEV (---) in the path integral

| DXOe™?
(0) = W- (3.9)
For instance, the correlation of two local functionals is
To N1 (F[X]:(2) :G[X]:(w)) = (: F[X]:(2) :G[X]: (w)) (3.10)

The equality (3.10) can be easily verified using the standard path integral argument (see for
example [10]). Clearly, the action functional S[X] in (3.9) is related to the Green function in F
and V. It is quadratic S[X] = % [ d*2X*D,,, X" with a fixed second order derivative D,, such
that the Green function in (3.5) is a solution of the equation D,,G""(z,w) = 5Z5(2)(z —w).
This explains why we call a twist element F a background in string worldsheet theory. Here, the
action N'~1 gives the Wick contraction with respect to the Green function. Note that in (3.9),
each local insertion is understood as being regulated by the (conformal) normal ordering N.

The two descriptions in terms of a twisted pair (Hz, Ar) and of a normal ordered pair (7:(, fl)
(thus path integral) are equivalent. However, note that the background dependences in the two
formulations are different. In the case of the normal ordered pair (7:[,./4), both an element
:F:e A and the VEV 7 0 N~! contain A which depends on the background. In the operator
formulation this corresponds to the property that a mode expansion of the string variable X*(z)
as well as the oscillator vacuum are background dependent. Therefore, the description of the
quantization that makes A well-defined is only applicable to that particular background and we
need a different mode expansion for a different background.
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3.2 Twisted Hopf algebraic symmetry

One advantage of the twist quantization is that both, the module algebra A (observables) and
the Hopf algebra ‘H (symmetry) are simultaneously quantized by a single twist element F (back-
ground). This gives us a good understanding of the symmetry structure after the quantization,
as discussed in [1] in great detail: There, we argued that the symmetry of the theory in the con-
ventional sense, namely the background preserving diffeomorphism, is characterized as a twist
invariant Hopf subalgebra of H, which consists of elements h € H such that Az(h) = A(h)
and Sr(h) = S(h). Of course, this subalgebra depends on the choice of F (background). The
other elements of Hr, i.e., generic diffeomorphisms, should be twisted at the quantum level.

To be more precise, let us fix a twist element to be the Minkowski background with the
metric 7,,,. We denote it as Fy. It is achieved by setting the Green function in (3.3) for that
background. For instance, on the worldsheet 3 = C, it is given by

Gh (z,w) = —a'n" In|z — w|. (3.11)

In this case, the universal enveloping algebra U(P) (2.6) for the Poincaré Lie algebra P is the
true (quantum) symmetry of the theory. It is easily checked that the twist does not alter the
coproduct Az, (u) = A(u) nor the antipode Sz (u) = S(u) for Vu € U(P) and thus U(P) is
identical with the original U(P) under the twisting by Fy. Therefore, the twist quantization
coincides with the ordinary quantization, in which the Poincaré covariance is assumed to hold
at the quantum level.

We have not yet fully understood the structure of the twisted diffeomorphism around this
background, in particular from the target-space viewpoint. But it should contain the infor-
mation on the broken diffeomorphism. There is an argument that the action of this twisted
diffeomorphism can be regarded as a remnant of the classical diffeomorphism, where the change
of the background under diffeomorphisms is incorporated into the twisted diffeomorphism in
such a way that the twist element (quantization scheme) is kept invariant. A similar statement
in the case of twisted diffeomorphism on the Moyal plane is found in [11]. We will come back
to this point below.

4 Decomposition of twists

In this section, we extend the method discussed in [2] and describe a general theory of decom-
posing a twist into successive twists, which is a useful tool to relate two different backgrounds.
We will consider two different twist elements Fy and F7 in H, that are related by

Fi1 = FaFo (4.1)

for some F;. We assume that the first twist Fy is given by the propagator Gy as (3.3), which
defines a quantization scheme (background) as described in the previous section. In general, for
a given twisted Hopf algebra Hz, with a coproduct Az, a further twisting by F4 is possible
if F4 is a twist element in Hz, (not in H)

(Fa®id)(Ag, @id)Fy = (id ® Fy)(id @ Az, ) Fy . (4.2)

Then, Fi, = FgFo is also a twist element in H. This is because the l.h.s. of the 2-cocycle
condition (3.1) for F; can be written as

(.7:1 ® id)(A ® id)}—l = [(fd ® id)(A]:O & id)fd] [(.7:0 ® id)(A & id)j:o] ,

and similarly for the r.h.s., where (3.1) for Fy is used. Then by using (4.2), it is shown that F;
satisfies (3.1). Conversely, if two twist elements Fy and F; in ‘H have a relation F; = FyFo,
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then F; is a twist element in Hx, satisfying (4.2). In fact, the decomposition (4.1) defines two
successive twists of the Hopf algebra ‘H and the module algebra A:

twist by Fo twist by Fq
_— _—

(Ha -A) (Hfo ) -Afo) (Hfl ) A]-'l ) (4'3)

This means that the identities (Ax,)z, = Az, and (Sg,)z, = Sz hold for coproducts and
antipodes (see Appendix for the proof).

The main advantage to decompose a twist element is that we can use the isomorphism
Az, ~ Ay (3.6). Then, the second twist by Fy in (4.3) can also be regarded as a twist of
the normal ordered module algebra (vertex operators). This enables us to study the effect of
a change of background in terms of vertex operators, as we will see.

First, the twisted product of two local functional F,G € Ay, is rewritten by using (4.1) as

F*;IG:mo]-“l_lb(F@JG):moA(/\/O_l)(/\/'()@No) o (FRG)
= NylomoFy '(Nob FONy>G) =Ny to (:Fixp :G:), (4.4)

where the coboundary relation (3.4) for .7-'(; is used. Note that the dressed version of the twist
element, defined by Fy = (Np ® ./\fo)Fd(./\/'o ® ./\fo_ ) € Ho ® Ho appears in the expression,
because it should act on Ay ® Ag. In fact, it is shown that F; is a twist element in Ho. In the
same manner, the action of h € Hz, on the same product is written as

ho (F xz G) =Ny the (:F: *z G ) =N Dmo]:"dflAde(iL) >(:F:®:G:), (4.5)
where again i = NphN; ! acts on Ag. These relations (4.4) and (4.5) show that Ag, is iso-

morphic to the twisted module algebra (/10) #, under the map F' —:[F": by the Ny action. The
structure is summarized as

twist by Fo twist by Fg
Az, Ar, (4.6)
/\/’QDl \LJ\/’()D
~ twist by fd a
Ao (AO)]':d

The VEV for Ag, is also written in terms of (Ap) 7, 88
T(Fxp G)=ToNy > (:F: *z 1 G )= (F: 7, G )o.

Thus the effect of the second twisting by F,; is completely incorporated as the twisting of the
normal ordered Hopf algebra Ho and module algebra Ap. Tt means that under the decom-
position (4.1), the first twist Fy serves as a quantization w.r.t. a fixed background, and the
second twist Fy play the role of the deformation of the vertex operator product with keeping
the background.

4.1 Relating two backgrounds

The above procedure is possible for any Fy if it exists. Let us now specialize the situation, in
which F; has also the form (3.3) for some propagator G;1. Then it also defines a quantization
scheme, which is achieved by the twist element as in (3.3)

Fi:=exp {—/dQZ/de Gllw(z’w)éXi(z) ® 5Xf(w) } (4.7)
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Namely, we obtain the twisted pair (Hz,,.Ax,) as well as the normal ordered pair (Hy,.A;) of
Hopf and module algebras as in Section 3. We denote this normal ordering as - - -2, then for
example

oF x7 G = SF5Gs

holds.
From the assumption that both Fy and F; has the form (3.3), the deviation F; in (4.1) has
necessarily the form (3.3). It is equivalent to the decomposition of the propagator

G (z,w) = Gl (2, w) + G (2, w),

which is the situation discussed in [2]. It is now possible to relate A; and (A) 7, and this gives
an additional structure to (4.6) as follows. First, note that fd = F4 in this case. We denote
two normal ordered functionals as : F :€ Ay and SF2 € A;. According to (4.1), two normal
orderings are also related as N7 = NgNy. Then, we have a relation SFS = N> : F : between
them. The relation is such that the VEVs, each with respect to the corresponding quantization
scheme, give the same result

(QFoy1=171 (./\/1_1 >oFY) =7 (NO_ID (F:) = (:F:)o.

The difference of two quantization schemes lies in the Wick contraction of several local func-
tionals. In fact, applying 7 on both sides of (4.4) leads to the equation of the VEV

(FG1 =T(F x5, G) = (: F:xx, :G:)o.

On the Lh.s., the definition of the VEV as well as the normal ordering are with respect to
the new quantization F;. The r.h.s. is written in terms of the original quantization scheme Fy
except that the OPE is twisted by 7, that is (.Ao) 7, in (4. 6) Similarly, the tw1sted Hopf algebra
(Ho)#, is mapped to the normal ordered Hopf algebra H; by h — Nth = MhNT = Iy

and we have
<le >oFoeGo) = <7L> (:F:xz, :G2))o,

Let us summarize the whole structure:

4 twist by Fo Az, twist by Fy A, (4.8)
Nobi \LN o>
AO twist by Fq (AO)]:d
\LNdD
A

In this way, given two backgrounds Fy and Fi, the corresponding quantum operator algebras
and symmetries are related through the deformation F;, and since F; = FyFo = FoFg, we can
also exchange the role of Fy and Fy.

5 Applications

Here we apply the method given in Section 4 to three cases: the constant B-field background,
target space diffeomorphism, and extra twist in zero modes. The first is already appeared in [2]
and the others are new.
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5.1 Twist quantization with B field

As an application of the above mentioned method, let us consider the background with a constant
B-field. For simplicity, we take the worldsheet 3 to be the upper half plane of the complex plane.
Then, the propagator satisfying the mixed boundary condition is given as [12, 13, 14]

Z—w

G (z,w) = —d’ [n“” In|z —w| — 9" In|z — @ + G* In|z — @|> + O In

|- 6w

Z—w
where the open string metric G* and the antisymmetric tensor ©# are defined by

1 1 \™ o 1 1 \™
GW = ——np——= d oWW=_——_=———B—— .
(77+Bn17—B> an 2ma (77+B 77—B>

We take the twist F; of the form (3.3) with this propagator. Twisting by F; directly, we
obtain the normal ordered module algebra A;. The same normal ordering in the context of
operator formalism is given in the literature [15, 16, 17, 18]. Here we decompose Fi in two
different ways [2].

5.1.1 Relation to field theory and twisted Poincaré symmetry

The first decomposition is meaningful only for the open string case. By restricting the functional
space to the one corresponding to the open string vertex operators, we can derive the relation
to the twisted Poincaré symmetry in the field theory on the noncommutative space considered
in [4, 5, 6].

To this end, we decompose the propagator into the symmetric part Gg and the anti-symmetric
part G4 with respect to the tensor indices pv:

G (z,w) = Ggf’(z,w) + foly(z,w).

At the boundary s,t € 9% = R, they reduce to the form
Gl (s,1) = —a/G" In(s — t)? and G4 (s, t) = %9‘“’6(3 — 1),

where €(t) is the sign function. This implies the decomposition F; = FaFs (4.1). Under the
first twist, we have a twisted module algebra Ax, with the product * £, and the normal ordered
module algebra Ag (see (4.8)). We denote elements of Ag as $F & = Ng>F. Clearly, this defines
a quantization scheme w.r.t. the open string metric as a background, but it turns out that it is
natural only for boundary elements of H and A.?

The quantum (untwisted) symmetry in this case is easily found. Although the Lorentz
generator Ly, € P in (2.6) acquire the twist and become non-primitive, there are other boundary
elements L, € H of the form

5
L = dt G, , XP(t) ——
n /az e X 5T

such that L), and the translation generators P, (as boundary elements) constitute another
Poincaré-Lie algebra P’ when acting on boundary local functionals, where the commutation
relations are written with respect to the open string metric G,. It is easy to show that the
Hopf subalgebra U(P’) of H is invariant under the twist Fg. In terms of the normal ordered Hopf

algebra, this means P, = P, and I:;W = L;,, as boundary elements in Hg. Therefore, U(P’) is

2They are defined by the functionals and functional derivatives of the embedding X*(¢) of the boundary, or
equivalently, defined by inserting a delta function of the form faz dt5<2)(z —t) into H and A.
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considered to be a quantum Poincaré symmetry in this quantization scheme when restricted on
the boundary.

As a consequence, boundary elements of the module algebra Ag are classified by the represen-
tation of U(P’) with a fixed momentum k,. In general, a local boundary vertex operator Vj(t)
with momentum £k, consists of the worldsheet derivatives of X and e X having the form

Vii(t) = sP[oX (1)) X3, (5.2)

Here P[0X] denotes a polynomial. Note these vertex operators Vj(t) are equivalent to the
vertex operators used in [19], because their anomalous dimension and the on-shell condition are
determined with respect to the open string metric G,

Twisting by F4 further, we obtain the twisted Hopf algebra (ﬂg) 7, and the twisted module
algebra Ar, ~ (Ag)z, (see (4.8)). The twisted product #, in Ag, is seen as a deformation of
the product in fls as above:

(FoeGon = 7(Fxr G) = QF¢ x7, (Go)s-

By considering only the boundary vertex operators, the twist element acting on them has the
form

Fa= exp{_éel‘”/ds/dte(s — 1) 5)(2(5) ® 6Xi(t)}' (5.3)

Because worldsheet derivatives of X do not feel this deformation: e.g., 0, X" (s) *r, X"(t) =
0, XH(s)X"(t), for any correlation function of boundary vertex operators of the form (5.2), the
product *x, is only sensitive to the exponential part, and we have

(Vig (1) 7, -+ 774 Vi (En))s = €73 2oizg R0 hivetimti) (7 (1) W, (8,))s.

In order to move from correlation functions on the worldsheet to the effective theory on D-
branes, we should fix the cyclic ordering of the insertion points ¢t; >ty > -+ > ¢, [19]. Then
the extra phase factor in the r.h.s. above becomes independent of the precise locations, and
gives the factor of the Moyal product. This enables us to take the prescription [19]: replace
ordinary multiplication in the ef fective field theory written in the open string metric by the
Moyal product. In the Hopf algebra language, this means that with a fixed ordering the twist
element (5.3) acts as a Moyal-twist [20, 21]
Far = PRSP

on fields on the D-brane. Here, the integrals of functional derivatives in (5.3) are replaced by
its zero mode part, the translation generators P, € U(P’).

The Poincaré symmetry on D-branes is also read off under the above prescription. The
coproduct of the Lorentz generators L;“, € U(P') acting on boundary vertex operators is twisted
by Fa as

s ot ot
AfA(LW) = A(LW) + 29 ds [ dte(s t)GO‘[“(SX’/](s) ® XA ()

but it reduces by fixing the ordering s > ¢ to

1 167
Agy (L) = A(LL,) + 50°7 {GapuPy) ® Ps + Po ® Gy}

This is nothing but the twisted Poincaré-Hopf algebra Ur,, (P’) found in [4, 5, 6]. Note that
since the twist element itself now belongs to U(P') ® U(P’), the twisting is closed in U(P’).
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To summarize, the first twist is a quantization with respect to the open string metric, when
restricted to boundary vertex operators, and the second is its deformation, which reduces to
the Moyal-twist on the D-brane worldvolume. In other words, the twisted Poincaré symmetry
on the Moyal-Weyl noncommutative space is derived from string worldsheet theory in a B-field
background. Thus, we establish the diagram schematically

~ field th
(Hs)ry —— s Upy(P')
\% \%
- field th
(AS)]—‘A ield theory A]—‘M.

5.1.2 B field as a deformation

The next decomposition is more natural from the viewpoint of the twist quantization. There we
can see the relation between the standard quantization and the deformation caused by a B-field
background. With this decomposition, we obtain a new twisted Poincaré symmetry, which is
different from [4, 5, 6] realized only on D-branes.

Here we consider a decomposition of the propagator (5.1) into the B = 0 part and B-
dependent part:

Gy (z,w) = Gy (z,w) + G (2, w),

G (z,w) = —a' | (G —n)" In|z — w|* + @W]n Z ,

where Gb”(z,w) is given in (3.11). Accordingly, the twist element F; (4.7) is divided into
Fi1=FpFp.

Here the effect of the B-field is completely characterized as a (second) twist Fp of the Hopf
algebra Hz, and the module algebra Ax,, that are regarded as a deformation of Hp and the
vertex operator algebra Ajg:

(SF2GN1 = (:F: x5, :G:)o.

Let us now focus on the fate of the Poincaré symmetry U(P). Under the first twist, U(P) is
a twist invariant Hopf subalgebra of H;:O Equivalently, U(P) is a Hopf subalgebra of Ho with
Pu = P, and Luv = L,, as elements in Ho. Thus, U (P) remains a symmetry at the quantum
level, and each (normal ordered) vertex operator in Ay is in a representation of a Poincaré-Lie
algebra. We emphasize that this fact guarantees the spacetime meaning of a vertex operator.
For example, a graviton vertex operator V =:0X*0X"e*X : transforms as spin 2 representation
under U(P), corresponding to the spacetime graviton field Ay, (z).

However, in a B-field background, the second twist Ho — (Ho)
and antipode of the Lorentz generator in U(P) as

F modifies the coproduct

_ 2 2 aﬁ (5 5
Ary(Lyw) =Ly ®14+1® L, — 2/d zd*wn), Gy (2, w) 5X7(2) ® X0 (5.4)
5 5
L) = S(L*) +2 [ d*ud?z G . .
Sy (L) = S) 2 [ dud G (u.2) 55 e (5.5)

Apparently, this L, is not primitive and this means that the U(P) is twisted. We give several
remarks about this twisted Poincaré symmetry read from (5.4), (5.5):

1. The twisting of U(P) is only due to the second twist Fp. This guarantees that a single
local vertex operator : F': in (Ag)zx, is still Poincaré covariant after the twist, and thus
the spacetime meaning of a vertex operator is unchanged.
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2. The twisting is not closed within U(P), but the additional terms in (5.4) are in U(€)@U (C),
and similarly for (5.5). This shows that the twisting does not mix the Lorentz generator
with other diffeomorphisms even for products of vertex operators. Therefore, from the
spacetime point of view, a Poincaré transformation on products of fields is still a global
transformation even after the twist.

3. The twisted product *z, of two vertex operators reduces to the product of corresponding
spacetime fields, but the latter depends on the representations (spins) of U(P), because Fp
depends on the Green function Gp. For instance, the twisted product of two gravitons is
different from that of two tachyons due to this fact. Similarly, the Lorentz transformation
law for the product of two spacetime fields depends on their spins.

To summarize, from the decomposition of the twist element F; = FpFp, we obtain a de-
scription of a spacetime with a B-field background, such that the effect of background B-field
is hidden in the twist element Fp, while the other matter fields acquires a deformation caused
by this twist element. This description of spacetime is valid for closed strings as well, and is
different from the description formulated on a commutative spacetime with a matter field B,
or from the description using a noncommutative space as in the effective theory of open string.
Although it is not clear yet how this new description translates into the effective field theory
language, our method clearly demonstrates how a background field (other than the metric) can
be incorporated into a formulation of a stringy spacetime.

5.2 Twisted diffeomorphism

Here we discuss about the twisted diffeomorphism in the context of successive twists. For
simplicity, we fix a twist element Fy to be Minkowski background, but the following argument
can be applied to any fixed Fy of the form (3.3).

Let £ € X be a functional vector field of some target space vector field. Its finite version
u=¢e € H = U(X) is group-like A(u) = u ® u. It acts on the coordinate functional as
ubXH(z) = XH(2)+EH[X (2)]+0O(£2) = Y#(z). Thus the action of u is interpreted as a coordinate
transformation (from the passive viewpoint). Classically, it is a automorphism of the algebra
of functionals u> (F' - G) = Fy, - Gy, where F,[X] = (ur> F)[X] = F[Y] is understood as a new
functional written in the transformed coordinates. However, this is not the case for Az, that
is seen by rewriting the action of u on the twisted product

uv (Fxp G)=moFy'Ar,(u)> (F®G) =mF, v (us FRuvG) = F, xr, Gy.

Namely, from the passive viewpoint, the product is also needed to be transformed to give a new
twist element [1]

Fi = (u ® u)foA(ufl). (5_6)

Note that (5.6) is also a coboundary twist since it can be written in the form (3.4) with the new
normal ordering N7 = uNpu~!. As a consequence, there are two vertex operator algebras Ao
and A; and they are related by the u-action as 2F,2 = Njub F = uNg> F = u> : F:. Tt
is natural that the vertex operator algebra transforms under the diffeomorphism, because the
change of the background needs a new mode expansion in the operator formulation. However,
u > : F': is not well-defined as operators since u is not an element in Ho. In other words, ub> : F':
contains formal divergent terms. See [1] for more details to come to this point. Here we would
like to discuss that this difficulty is solved by applying the method in Section 4.

To this end, we will first decompose F; (5.6) to the form Fy = FyFp. It is easy to show that

Fa=ueu)Azru) (5.7)
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is the desired twist element in Hz,. Note that (5.7) is not in U(€) ® U(€) in general, nor of
the type (3.3). By applying the rule (4.6), the deformation of the vertex operator algebra Ay
to (Ao) £, is governed by

}:d = (No ®N0)fd(NO_l ®N0_1) = (No @ M) (u® u)fo(ufl & ufl)]'ﬂo_l (N()_l ®N[)_1)
= (N @N))(u@u) (Vg ' @ NG AN A HAWNG ) = (@@ a)A(a ).

This does not reduce to 1 because @ = NyuNj L e Hy is not group-like. Thus the twisting by F;
must deform the operator product. In (Ap) £ @ single vertex operator and a product of two

vertex operators are related to that of Ay as :Fy,:=a>:F:and

F,: * 7 :Gu::moj’:—d_lb(:Fu: ® :Gy:) :moA(ﬁ)(ﬁ_l®ﬁ_l)>(:Fu: ® :Gy:)
=u>(:F::G),

which are given by well-defined actions of .

We conclude that any background diffeomorphic to the original background Fy is also de-
scribed by a twist F; (5.6). In the vertex operator language, this causes a deformation of
the original OPE, without changing the background itself. We can now see the effect of
diffeomorphism by comparing A, and (/lo) #, instead of Ap and A;.

5.3 Zero modes

In this section, we discuss some results about the role of the zero modes in twist quantization.
Let us fix a twist element Fy for the Minkowski background, which is given by the Green
function (3.11). Our convention on the VEV defined in (3.2) for Ay has the properties

Mo=1, (XM=2)o=0,  (eFXE)5=1, (5.8)

These do not match with the conventional correlation functions, that have momentum conserva-

tion in target spacetime®. Here we argue that this difficulty can be removed easily by changing

the constant term in the propagator, or equivalently, a further twisting on the zero modes.
Motivated by a tachyon one point function satisfying the momentum conservation

(:e* X)) o (2m) 26D (k),

we define a map 7 : A — C by
F(F[X]) == /ddx FIX]|x=z (5.9)

that is, we set X#(z) = z* in the functional instead of setting X = 0 as in (3.2) and then
integrate over x. This is a consistent treatment comparing with the path integral quantization.
There, since the zero modes x* of X*(z) do not appear in the action, they are integrated out
separately from non-zero modes. (5.9) corresponds to this integration. Note that the integrand
in (5.9) is related to 7 as F[X]|x—; = 7(F[X +z]) = 7(e"®"Fu > F[X]), where P, € U(€) is the
translation generator in (2.6). If we use a following relation as an operator?

d
[tz B = 2m) 5D (P) = (2m) (f) ? - §wenp
s

C—o0

3They are conventional correlation functions as a two dimensional scalar field theory.
4The Wick rotation should be performed in the time direction.
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then the map 7 is also written as

7(FIX]) = lim (2rC)2

C—oo

T (N> FIX]),
where we defined a Hopf algebra element Ny € U(€) by

Ny = ez Pubs, (5.10)
In the following, C is always understood as a positive divergent constant. For example,

7(1) = 2r0)2, 7R X@) = (2m) 26D (k). (5.11)
By renormalizing the overall factor, we define a new map (with suffix d) as

T (FIX]) =71 (N > F[X]). (5.12)
For example,

, 2m) 45 (k
T4(1) =1, a (e X)) = ( (2;0)‘1/(2 )
The divergent overall factor (2rC)%? in (5.11) comes form the infinite volume ~ §%(0) in the
target space. Thus the relation between the two maps 7 and 74 is exactly the same as that
between the unnormalized and normalized path integrals.

This new definition of the VEV (5.12) suggests a relation to a new twisting. We define F;
of the form (3.3) with G; given by adding a (divergent) constant term C as

G (z,w) = G (2,w) + Cn*”.

This modification is, in fact, needed for the compact worldsheet [10]. When calculating the
Feynman propagator on the worldsheet, such a divergent term in the Green function appears as
an IR cut off, sometimes written as G{”(z,w) = —a/n* In pu|z — w| (0 < ), thus C = —a/In .
From the target space point of view, the term reflects the non-compactness of the Minkowski
spacetime (i.e., zero mode part (0|Z#Z"|0) in the two point function).

We can now apply the decomposition method to the twist F; = F;F; and the normal ordering
N1 = NgNp, where Ny is defined in (5.10) and

_ Cn"P,®P,
fd_e” wesyy

but in the present case it is more appropriate to take the first twist by Fy, and then to perform
the second twisting by Fy. This leads to a structure similar to (4.8) as

A M A, twist by Fo Ar, (5.13)
Ndbl l/\/dp
A twist by Fo (Ad) 7
l/\fob
Ay

In this diagram (5.13), we denote the “normal ordered” module algebra of the first twist F,; as Ay
(not as Ay), since the first twist by Fy is not regarded as a quantization. This is because Ny
acts only on the zero mode part of functionals F[X] and it does not cause any divergence coming
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from coincident points. For example, Ny > 9, X*(z)e*X(2) = e%kQC‘)aX“(z)eik'X(z) behaves as
a classical functional. Correspondingly, we prefer to write an element Ay > F; instead of N> F.
The map Ag — C induced by 7 : A — C also does not have an interpretation as a VEV, but
it is the map 74 given in (5.12). Indeed, we have a relation 74(Fy) = 7(N; 'Ny» F) = 7(F) as
well as Td(Fde) = T(FG)

Then, if we regard Ay as a classical module algebra of functionals, the second twist by Fy
(a sub-diagram staring from .4,) is interpreted as a quantization. In particular, the VEV
(Ag)z, — C is defined like (3.2) but based on 74 (not on 7). This is the main effect of the first
twist F4, which implies the momentum conservation. The vertex operator algebra is now given
by /ll, whose elements have the form : Fy;:, and the relation to (Ag) 7, is as usual:

Td (Fd) = Td (/\f()_l :Fd:) = <:Fd:>1, Td (Fd * Fo Gd) = <:Fd::Gd:>1.

Note the subscript 1 in the VEV (---);. Tt depends both on Ny ! (the quantization) and 74 (the
chosen vacuum state). Of course, they equal to 7(F') and 7(F xx G), respectively.

As an example, an ordinary tachyon n-point correlation function is given by setting each local
functional Fy[X] = e*X() in A, as

<:eik1X(Zl) . :eian(Zn) :> ’ik‘1X(z1)

. *fo...*fo

L =Ty (e eian(zn))

C : C :
_ T<677k§ezk1X(z1) S kR 675@6@1%)((%))

:e_

ds(d

(2nC L
1<)

which is equivalent to starting with local functionals F[X] = e~ 5K ¢k X(2) in A. This example
shows that all the constant C' appearing in the intermediate expression are cancelled among
them except for the overall normalization, and the latter is also cancelled with the momentum
delta-function in the case of a momentum conserving correlation function. Thus for renormalized
functionals Fy, it is designed so as to give a well-defined vacuum expectation values. On the
other hand, this example also suggests that a tachyon field T'(x) in spacetime corresponds to
an already renormalized functional Fy[X] = e”*X(?) on the worldsheet. At this point, we have
not yet fully understood the rule to give such a correspondence between spacetime fields and
worldsheet functionals. Since it needs both worldsheet and spacetime analysis, we leave it for
a further study.

In summary, the quantization with the momentum conservation is simply realized by starting
with renormalized classical functionals A, € Fy, and by quantizing it with respect to the twist Fy
and the map 74. On the other hand, this quantiztion is equivalent to the conbined twist F; (and
the map 7) from the point of view of the original functionals A.

Let us now focus on the symmetry. Of course, there is the same kind of structure as (5.13)
among corresponding Hopf algebras. It can be shown that the Poincaré—Hopf algebra U(P) is
a twist invariant Hopf subalgebra of both H; and (Hg)x,. This is proved in the same way as
was done in [1] for the twist Fp, because only the following properties of the Green function G
are used: G is proportional to 9, and it is symmetric G*(z,w) = G"*(w, z). Therefore,
U(P) remains algebraically a true symmetry under any step in (5.13). On the other hand, the
violation of the momentum conservation in the original quantization (5.8) is due to the bad
choice of a map 7, or equivalently the choice of a translation non-invariant vacuum state.

The argument in this subsection seems to indicate that the diffeomorphism or the B-field
background acquire some effect from the extra normal ordering Ny in the zero mode structure
and in the effective theory. We hope to come back to this point in the future reference.
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6 Discussion

As we have argued, one of advantages of the twist quantization is that there is a direct relation
between quantization and symmetry via the Hopf algebra. One typical example is the Poincaré
symmetry U(P) which is twisted by F; in a B-field background. In order to compare the twist
quantization with known formulations, we formulated a useful method to decompose the twist
into two successive twists. It is then applied to several examples, B-field background, finite
twisted diffeomorphism, and zero modes.

All the example of twist elements so far are coboundary, that are cohomologically trivial.
However, the decomposition is rather arbitrary and possible as far as the second twist satisfies
the cocycle condition under the first twist, the condition corresponding to (4.2). Therefore, the
method proposed in this paper can in principle be applied to more non-trivial backgrounds, such
as non-constant metric or B-field. For this, it is natural to ask whether the quantization in all the
backgrounds can be written as twist quantization, and if so, wheather the corresponding twist
elements are coboundary. We think naively that any background corresponds to a quantization
with a coboundary twist, since our star-products are the time ordered product, which is star-
equivalent to the ordinary commutative product, but this has still to be proven. The further
study along this line would help to get a better understanding of the structure of the stringy
geometry. Another important and interesting open question is the relation between a twist
element for a generic background and the conformal symmetry.

A Proof for successive twists

We show two relations (Ax))r, = Az and (Sg,)z, = Sz for successive twists (4.3). The
first equation is easily shown by definition Az (h) = FAWF, ! = FaFoAh)Fy ' Ft =
(Az))r,(h) for Vh. To show the second equation, we recall that the definition Sr(h) =
US(h)U~!. By using the notation F = f®®f, and F~! = f*® f,, operators U, U~ € H is writ-
ten as U = pu(id ® S)F = f*S(fa), and similarly, U™! = u(S @ id)F," = S(fa) f*. We denote
three U’s corresponding to Fy, F4 and Fi as Uy, Uy, and Uy, respectively. Then by using F; =
FaFo, we can rewrite Uy as U; = p(id®@ S)F1 = f£S(f1a) = fg‘foﬁS(fog)S(fda) = f3US(fan) =
(1@ Up)(id ® S)Fy = [p(1 @ Up)(id @ S)Fa(1 @ Uy M) - Uy = [pu(id @ Sx,)Fa) - Uy = Uy - Up.
Note that Uy € Hz,. Therefore, Sz, (h) = U1S(h)U; * = UgUsS(h) Uy Ut = UgSr, (R) U =
(S75) 7, (h).
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