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Abstract. In a recent work, we proposed the coupled Painlevé VI system with A(QQ 1
symmetry, which is a higher order generalization of the sixth Painlevé equation (Pyr). In
this article, we present its particular solution expressed in terms of the hypergeometric
function ,41F,. We also discuss a degeneration structure of the Painlevé system derived
from the confluence of ,, 41 F,.
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1 Introduction

The main object in this article is the coupled Painlevé VI system with ASB | 1-Symmetry given

in [1, 4], or equivalently, the Hamiltonian system H,, 411 given in [6]. It is expressed as a Hamil-
tonian system on P!(C)
dq; oOH dp; oH

-1 =5, oD =-5-  i=l.o.n (1)

with

n n i—1 n
H= E Hvn E Qojy1 — Q-1 — 1], E aj, E 24, A2i—17; Gis Di
i—1 =0 j=0 j=i

+ Y (@i — (g5 — D{(api + 02i-1)p; + pilaip + a25-1)},
1<i<j<n

where Hvyrp is the Hamiltonian for Py defined as

Hyilko, k1, ke, 554, p] = q(q — 1)(q — t)p* — ko(q — 1) (g — t)p
— k1q(qg —t)p — (ke — 1)g(qg — 1)p + Kq.

2n+1
Here oy, ..., as,+1 and 7 are fixed parameters satisfying a relation Y «; = 1. We assume that
i=0
the indices of a; are congruent modulo 2n+ 2. Note that the system (1) includes Py as the case
n = 1. The aim of this article is to present a particular solution of the system (1) expressed in

terms of the hypergeometric function 1 F,.

*This paper is a contribution to the Special Issue “Relationship of Orthogonal Polynomials and Spe-
cial Functions with Quantum Groups and Integrable Systems”. The full collection is available at
http://www.emis.de/journals/SIGMA /OPSF.html
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The hypergeometric function ,41F;, is defined by the power series

ao, - an | = (@0)i(ar)i -+ (an)i ;
wifn [ b1, .-, bn ’t] N ; Wilbo) - Gadi

where (a); stands for the factorial function

I'(a +1)
I'(a) ~

(a)i=ala+1)---(a+i—1)

Denoting by § = td/dt, we see that © = ,1F), satisfies an (n 4 1)-th order linear differential
equation

[6(5+b1—1)--- (6 +by—1)—t(d+ag) - (6 +an)]z =0, (2)

which is called the generalized hypergeometric equation [3]. The equation (2) is of Fuchsian type
with regular singular points at t = 0,1, co and the Riemann scheme

t=0 t=1 t=o00 |
0 0 ao
1—-0b; 1 al
1—bn,1 n—1 Ap—1
n n
1—bn —Z(l—bi)—Zai (0799
L =1 1=0 .

Note that ,,41F}, includes the Gauss hypergeometric function as the case n = 1.

In this article, we clarify a relationship between the system (1) and the function ,F,. For
n = 1 among them, the relationship between Pyt and the Gauss hypergeometric function is well
known. Under the system (1) of the case n = 1, we consider a specialization p = n = 0. Then
we obtain a Riccati equation

dg

Ht - 1)~

=ag® + {(az + ag)t — (ap + 1)} ¢ — ast.

Via a transformation of a dependent variable

#(1

—t)d

— T log{ (1 = 1)a(t),

we obtain the Gauss hypergeometric equation
00 +as+a3—1)—t(6+ a1+ a2+ a3)(d+a3)lx =0.

The result of this article gives a natural extension of the above fact. For general n, we consider
a specialization p; = --- = p, = 1 = 0. Then we obtain the generalized hypergeometric equation
by a certain transformation of dependent variables.

We also discuss a degeneration structure of the system (1) derived from the confluence
of n+1F,. The confluent hypergeometric functions ,_,1F, (r = 1,...,n + 1) are defined
by the power series

(7

vy o (ar)i - (an)i
n—r Fn ;t = Tt
o [bl,...,bn } ; (b1)i -+ (bn)i
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The process of confluence ,,_,12F, — n—rt1F), is given by a replacement

t — et, Apr—1 — 8_1,

and taking a limit ¢ — 0. We see that x = ,_,41F), satisfy the confluent hypergeometric
differential equations

06 +b1— 1) (8 +bp—1) =t +ay) (6 +an)z = 0. (3)

In this article, we propose a class of higher order Painlevé systems which admit particular
solutions expressed in terms of ,,_,41 F},.

Remark 1. In this article, we study a higher order generalization of Py;. On the other hand,
for a multi-time generalization, it is known that the Garnier system admits a particular solution
in terms of the Appell-Lauricella hypergeometric function Fp [2].

This article is organized as follows. In Section 2, we derive a system of linear differential
equations from the system (1) by a specialization p; = -+ = p, = n = 0. In Section 3,
we give its fundamental solutions expressed in terms of the hypergeometric function ,41F), in
a neighborhood of the singular point ¢ = 0. In Section 4, we discuss a degeneration structure of
the system (1) derived from the confluence of ;41 F),.

2 Linear differential equations
In this section, we derive a system of linear differential equations from the system (1) by a spe-
cialization p;1 =---=p, =n=0.

We first consider a symmetric form of (1) in order to derive a system of linear differential
equations. Let z;, y; (i =0,...,n) be dependent variables such that

d n
t(1 - t)@ logn = Y _{(q — 1)(¢; — )pi + 0i—1¢i} + togn 1 — (E+ 1),
i=1
and
t Tn Tn

n
Tng; tp; ) 1
Ti—1 = nl7 yi—lziv Z:]-a'”vna Yn = ——— E QJP]+77
=1

Then we obtain a Hamiltonian system of (2n + 2)-th order

dr; 0H  dy;  OH

it~ oy’ dt — Oz i =0,...,n, (4)
with a Hamiltonian
1< 1 ) i—1
H = . 2 ixfyf — ag;:;z—lxiyi + Zoxl(xlyl + 2i41)Y;
i= j=

n

1 n
+ 1-¢ Z; Z; zi(xy; + a2i41)Yj,
1=0 j=

where

O, l e Z<0,

o = Kkt
Z a;, L€ ZZ[}.
i=k
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The dependent variables x;, y; and the fixed parameter 7 satisfy a relation

n
> zyi+n=0.
i=0

Remark 2. The symmetric form (4) is suggested by the Hamiltonian system given in Theo-
rem 3.2 of [4]. Their relationship is given by

i—n+p1+K2n+1—kKo
L 1 o W2i41 o T i
t?—H ’ t tlfn+p1+f€2n+1*ﬁo ! Yi n+1 ’
and
n
N = Z p1 + K2i — K2i41 oo 1+ Roi—1 — 2K2; + Kait1
= 9 =
= n+1 ’ ’ n+1 ’
N _ K2i — 2K2i41 + K2i42
2i+1 =
1+ n + 1 ’
fori=0,...,n.

Remark 3. The system (4), or equivalently the system (1), admits the affine Weyl group

symmetry of type A;B +1; see Appendix B.

We can derive easily a system of linear differential equations from the symmetric form by
the specialization yg = - -- = y, = n = 0, which is equivalent to p; = --- =p, =n = 0. Let E; ;
be the matrix unit defined by

Eij = (0ixd '»Z)Z,I:O :

For example, in the case n = 2, it is explicitly given as

1 0 0 1 0 0 0 0
El,1—[0 0], E1,2—[0 0], E2,1—[1 0]7 Ez,z—[o J-

Then we obtain

Proposition 1. The system (4) admits a specialization

y; =0, 1=0,...,n, n = 0.

Then a vector of the variables x = *(xo, ..., x,) satisfies a system of linear differential equations
on PL(C)
dx A A
& _ (Lo, Ay (5)
dt t 1—t
with
n—1 A n—1 n n n
AO = Z ( — Oé%?_;ZQZ_l)EZ‘7i + Z Z a2j+1E¢7j, A1 = Z Za2j+1Ei,j-
i=0 i=0 j=i+1 i=0 j=0

Furthermore, the system (5) is of Fuchsian type with regular singular points att = 0,1,00. The
data of eigenvalues of its residue matrices is given as

—a3" o —ad 0 at t=0,
n

0,...,0,—20421-“ at t:1,
1=0

2 —
o’y .., 05, 1,041 ab T = o0.
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Remark 4. The system (4) also admits a specialization
z; = 0, t=0,...,n—1, TpYn +1 =0, N — a2p41 =0,

which is equivalent to ¢ = -+ = ¢, = n — agp+1 = 0. Then a vector of the variables y =
Y(yo, .. ,yn) satisfies a system of linear differential equations

dy (Ao, A
dt_<t+1—t)y’

with
n—1 n—11i—1
A _ 2n—21— 1E E
0= Aoit9 ii T+ a21+1 i,J + a2n+1 n,js
=0 =1 j= 0
n—1 n n
A= E E —agip1)Eij + E aon1By ;.

=0 j=0

We always assume that
n
agglgéZ, Za2i+1¢Z, agillgéZ, i=1,...,n, j=1,...,n—1+ 1.

In the next section, we describe fundamental solutions of the system (5) in a neighborhood of
the singular point ¢ = 0 explicitly.
3 Hypergeometric function ,1F),

In this section, we give fundamental solutions of the system (5) expressed in terms of the
hypergeometric function ,1 F), in a neighborhood of the singular point ¢ = 0.

For each k= 0,...,n, we consider a gauge transformation
o2k 1 n—k—1 n
=0 i=n—k
Then the system (5) is transformed into
dx* Ak Ak &
dt < t o 1—t ’ (6)
with
n—1
k 2n—2i 1
A =S BB+ S Y anpianiali
=0 =0 j=i+1
n n
Al = Z Z agjyory3bi ;.
i=0 j=0

Recall that indices of the fixed parameters o; are congruent modulo 2n + 2, from which we have
a%k tont2 = a%k. We also consider a formal power series of x* at t = 0

&)
_ ki
= E X;t.
i=0
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Then the system (6) implies
Abxk =0,

{Ab — i+ D)I}xE,, = (Af — A} —aD)x?, i € Z>o, (7)

where I stands for the identity matrix. The matrices A% and Af — (i 4+ 1)I are of rank n and
n + 1, respectively. It follows that the recurrence formula (7) admits one parameter family of
solutions.

For each kK =0,...,n, we can show that a sequence of vectors

1, 2 -

nH (A% —2j41)i+1 . (03%43)i
271 2n+1

(azifzj)ile (a22+2)i

=0

n—2

n—2

25 2
H (Oé2?c7_2j+1)i+1 . (a2k+5)i(°‘32+3)i

J=0

(cokq1)it1

PrES
(azi—zj)l”rl

n—1 (

In—1
(0‘2Z+4)i(

2n—2j
Yok+2j+3

2n+1y |
Aopy2)i

)i

(a3 )i+1

n

1

J=0

j=o (@

In—2;+1
2k+2;5+2

2n—2j3 X
( 2k+2j+3)1

(a

2n—72j+1) ]
2k+2j42/1

)i

)

1€ Zzo,

2n+1

satisfies the recurrence formula (7) by a direct computation. Note that a3 7, = 1. Therefore
we arrive at

Theorem 1. On a domain |t| < 1, the system (5) admits fundamental solutions

- fk’,k’ .
2n—2k—1 k70
x =t “2k+2 t{;k,n ’ k= 07 , 1,
_tfk7k+1_

where
I 2i-2

kl _ Aok 913 po| @05 n
f — 2i—1 ‘n+14n b b
=1 Y2k—2i42 Ly-=s%n

with

_ . 2n
ap = Qgp_2n+15

_ 2i-2 _ 2i-1 -
ai =1+ a5, %, s, bi =14 a5 949, i=1,....1
_ 212 o 2i—1 -
a; _a2k_2i+37 b’L _a2k—2i+2’ Z—l+1,...,n.

Corollary 1. If the vector x = Y(xq, ..., x,) satisfies the system (5), each component x; satisfies
the generalized hypergeometric equation (2) with

2n
QO == Odl 5
- 2j-2 o 2j—1 . .
aj =1+ a5, 53, bJ—l—I—a2n72j+2, ji=1,....,n—1,
202 21 - .
Aj = Qop 943 b = Qop 242 j=n—1it+1,...,n.

Remark 5. The system (5) have been already studied by Okubo-Takano—Yoshida [3]. They
considered the Fuchsian differential equation of Okubo type and obtained its fundamental so-
lutions at singular points t = 0, 1.
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4 Degeneration structure

In this section, we discuss a degeneration structure of the system (1) derived from the confluence

of n+1Fn'
For each r=1,...,n + 1, we consider a Hamiltonian system
dv; OH dy; oH .

n—r+1Hnp E:ayzf E:_ﬁxi’ 1=0,...,n,

with a Hamiltonian
r—2
tH = Z 5LilYi xzyz 20‘%::_221 ! +Zml+lyz+ Z txo + Z T ':E]yj +()é2]+1) Yi-
=0 =0 i=r—1 j=i+1

Here ; (1 =0,...,2n+ 1) and 7 are fixed parameters satisfying

n n
ay =0, +1=0,...,r—1, Zagj+1+2agj:1,

and
n
> ajyi+n=0.
Jj=0
Note that
2n+1 n
2n 2i—-1 _
Q2it2 Z a; = Z Qgj+1 + Z ;.
j=2i+2 j=i+1 j=max(r,i+1)

The system ,_,41H, is obtained from ,_,1oH, by a replacement
t — et, Qor_g — —€ 1, Qor—1 — Qop1 + €77,
xi—>s_1:pi, Yi — EYi, 1=0,....,7r—2.

and taking a limit € — 0, where ,,1H,, stands for the system (4).

Remark 6. Such degenerate systems also can be rewritten into the Hamiltonian systems in
terms of the canonical coordinates. We give their explicit formulas for n = 1 and n = 2 in
Appendix A.

The system ,_,1H, admits a specialization

v, =0, 2=0,...,n, n=0.

Then a vector of the variables x = (o, ..., ,) satisfies a system of linear differential equations
dx AO
—pa1ly s — = + A
n—r+4+1kn dt < / 1>
with
n—1
A = Z ( 04%11222 ! Ei; + ZEz i+1 T Z Z azj+1Fij,
=0 i=r—1j=i+1
n
A1 = Z Ei,O-
1=r—1

Note that ,,_,1+1L, is obtained from ,_,2L, through the above process of confluence.
In a similar manner as Section 3, we arrive at
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Theorem 2. On a domain |t| < 1, the system 1L, admits fundamental solutions

F bk
'
k,0
2n—2k—1 ’
X =t~ “2k+2 Tkn , k=0,...,n,
tf/]'"
kk+1
[t
where
kil __ 21—2 1 Qpy.ovoyQp |
[t = H Qo —2i+3 2L “n—r+1Fn [ bi.....b it
1<i<li 1<i<l ~2k—2i42 ’ »on
mod[k—i+1,n+1]>r
and

mod[i,n+ 1] =i —m(n+1) for mn+1)<i<(m+1)(n+1).

Here the parameters a,., . ..,a, are given by
_2k—2r42i42 .
;= 05 o5 17, T=r,...,n,

fork+1<randl<k+2;

2k —2r+2i+2 .
ai:1+a27lf72:jlz+7 Z:T,...,T—k—Fl—Q,
_ 2k—2r42i42 -
a; = Qg 51, it=r—k+1-1,...,n,

fork+1<randk+2<I;

2k —2r42i+2 .
aiza%f%fl'k, i=r,...,n+r—k—1,
a; = 1+ agh =2t 2it2, i=n+r—Fk....n+r—k+1-1,
2k—2r+2i+2 .
ai:aQr—Z{jlz+v i=n+r—k+1,...,n,

forr<k+landl<k—r+1;

_2k—2r+42i+2 .
a; =5, 5,1 ', i=7r,...,n+r—k—1,
2k—2r+2i+2 .
ai:1+a2r—2z‘nj12+’ Z:n—i—r—k‘,...,n,

forr<k+landk—r+1<I<k+2;

2k—2r+2i+2 .
ai:1—|—0627,_2;_+12+’ Z:T,...,T—k+l—2,
ai:agf:gijHQ, t=r—k+1l-1,....n+r—k—1,
aizl—i-oz%]::gfjf’“, i=n+r—=k,...,n,

forr <k+1and k+2 <I. The parameters by,...,b, are given by

2i—1 .
bi =1+ ag_ 940 1=1,...,1,
2i—1 ,
bi = %) _9i 0 i1=1+1,...,n.
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Corollary 2. If the vector x = t(xo, ..., Ty) satisfies the system p_,41L,, each component x;
satisfies the confluent hypergeometric equation (3) with

2n—2r42j42

aj:1+a2r_2j_1 , j=r...,n,
fori<r—1,
_ 2n—2r+2542 . .
ajfl—i—az?,_zj_l , j=nr....n+r—i—1,
_ 2n—2r42j+2 . .
aj = Qo 95 1 R J=n—+r—1,...,n,

forr—1<1 and

2j—1

bj =1+ a5, 5549 j=1....,n—1,
2j—1 . .
bj:a2n—2j+27 j=n—1+1,...,n,

for any 1.

A Canonical Hamiltonian system

The systems ,_,4+1H, can be rewritten into the Hamiltonian systems in terms of canonical
coordinates. In this section, we give their explicit formulas for n = 1 and n = 2. Note that
3_,H2 appear in the classification of the fourth order Painlevé type differential equations [5].

Al Casen=1,r=1
Under the system 1H;, we take canonical coordinates

) (T + a3)
q=— pP=-——""":
T Zo

Via a transformation of the independent variable ¢ — —t, we obtain a Hamiltonian system

dg 9H  dp  OH

d — op’  dt  dq’
with a Hamiltonian
tH = q(q — )p(p+1) — qp(n + a2z — az) + (n — az)p + tasq.

It is equivalent to the fifth Painlevé equation.

A2 Casen=1,r =2

Under the system ¢H1, we take canonical coordinates

I

q=— b = Zoy1.
Zo

Then we obtain a Hamiltonian system

dg _OH  dp OH
dt  op’ dt  9q’

with a Hamiltonian
tH = ¢*p(p — 1) + (n + az)ap + tp — ngq.

It is equivalent to the third Painlevé equation.
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A3 Casen=2,r=1

Under the system 3H2, we take canonical coordinates

) _ x(myr + o) ) _ ma(22y2 + 5)
q = —, n=—-——"—" qQ = —, pp=-—""
€1 ) T2 Zo

Via a transformation of the independent variable ¢ — —t, we obtain a Hamiltonian system

dgg OH  dpi  OH
dt — Op;’ dat  0g’

1=1,2,
with a Hamiltonian

tH = qi(q1 — )p1(p1 +t) — (n+ a2 — a3 — as)qip1 + (n — a3 — as)p1
+ astqr + (@1 — 1)p1gep2 + (@1 — 1)(q1p1 + a3)p2
+ q2(q2 — Dp2(p2 +t) — (n+ a2 + aa — as)q2p2 + (1 — as)p2 + astqo.

A4 Casen=2,r=2
Under the system 1Ho, we take canonical coordinates

T €2

q=—-——, p1=1—2zoy1, G2 =——"; b2 = —Toy2.
X0 Lo

Via a transformation of the independent variable ¢ — —t, we obtain a Hamiltonian system

d _OH  dpi  OH
dt N 8pi’ dt N Oqi’

1=1,2,
with a Hamiltonian

tH = qip1(p1 — 1) + (n + az)qip1 + tp1 — asq1 + aip1gepe + p1ga(geps + as)
+ @Bpa(pa — 1) + (1 + az + as + as)@ps + tps — asge.

A5 Casen=2,r=3
Under the system oHa, we take canonical coordinates

T To

q=—-—, p1=1—zoy1, G2 =—— b2 = —Toy2-
X0 Lo

Via a transformation of the independent variable ¢ — —t, we obtain a Hamiltonian system

dgi  0H dpi _ OH
dt N 8])1'7 dt N 8(]2"

1=1,2,
with a Hamiltonian

tH = qip1(p1 — 1) + (n + a3)qip1 — asq1 + qip1g2p2 + P12
+ @ps + (N + a3 + a5)q2p2 + tp2 — go-
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B Affine Weyl group symmetry
The system (4) admits the affine Weyl group symmetry of type A(211) 41- In this section, we
describe its action on the dependent variables and parameters.

Recall that the affine Weyl group of type Agil) 41 1s generated by the transformations r;
(i=0,...,2n+ 1) with the fundamental relations
r? =1, i=0,...,2n+1,

(rirj)® %9 =0,  i,j=0,....2n4+1, i#j

where
am-:2, 1=0,...,2n + 1,
Qi it1 = A2n41,0 = Qi1 = A0 2n+1 = —1, t=0,...,2n,
a;j =0, otherwise.

We define the Poisson structure by

{zi,y;} = —dij, ,j=0,...,n.

Then the Hamiltonian system (4) is invariant under the birational transformations ro, . .., 72,41
defined by
— +— @0 __ 4Q0 o
TU(.’L']') =t "Pxj, To(yj) =1 yj‘i‘i{xn_twmyj} )
T, —txg

a2i+1 .
T2i+1(xj) ::E]—i_i{ylax]}a 7’2i+1(yj) :y]7 ZZO?"‘7n_17
(A
Qg4 .
roi(x;) = x5, r2i(yj) = yj + —————{wi1 — w4, y;}, i=1,...,n,
Ti—1 — T4

Qi _

7'2n+1(xj) — $o2nt1 <l’j + n+1 {yn,xj}> , 7'2n+1(yj) =1 a2n+1yj7
n

for j=0,...,n and
ri(og) = o — a; o, ri(n) :77+(—1)ial-, 7,7=0,...,2n+ 1.

(1)

The group of symmetries (ro,...,r2,41) is isomorphic to the affine Weyl group of type A5,/ ;.
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