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Completion and extension of operators
in Krein spaces

DMYTRO BAIDIUK

(Presented by M.M. Malamud)

Abstract. A generalization of the well-known results of M.G. Krein
about the description of selfadjoint contractive extension of a hermi-
tian contraction is obtained. This generalization concerns the situation,
where the selfadjoint operator A and extensions A belong to a Krein
space or a Pontryagin space and their defect operators are allowed to have
a fixed number of negative eigenvalues. Also a result of Yu. L. Shmul’yan
on completions of nonnegative block operators is generalized for block
operators with a fixed number of negative eigenvalues in a Krein space.

This paper is a natural continuation of S. Hassi’s and author’s recent

paper [7].
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1. Introduction

Let A be a densely defined lower semi-bounded operator in a sepa-
rable Hilbert space £, A > mal. A problem of existing of selfadjoint
extensions preserving the lower bound m4 of A was formulated by J. von
Neumann [4]. He solved it for the case of an operator with finite deficiency
indices. A solution to this problem for operators with arbitrary deficiency
indices was obtained by M. Stone, H. Freudental, and K. Friedrichs [4].
M. G. Krein in his seminal paper [19] (see also [1]) described the set
Ext 4(0,00) of all nonnegative selfadjoint extensions A of A > 0 as fol-
lows

(Ap+a) ' <(A+a) ' <Ag+a)™", a>0, AeExt,(0,00).
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Here Ap and A are the Friedrichs (hard) and Krein (soft) extensions of
A, respectively.

To obtain such a description he used a special form of the Cayley
transform

Ty=(I-A)I+A)7, T=(I-AT+A)",

to reduce the study of unbounded operators to the study of contractive
selfadjoint extensions 7' of a Hermitian nondensely defined contraction
Ty € [91,9], where $; = ran (I+A). The set of all selfadjoint contractive
extensions of 77 is denoted by Ext 1, (—1,1). M.G. Krein proved that the
set Ext, (—1,1) forms an operator interval with minimal and maximal
entries T;, and Ty, respectively,

T <T <Ty, T€EBxty(—1,1).

T. Ando and K. Nishio [2] extended main results of the Krein theory
to the case of nondensely defined symmetric operators A. For the case
of linear relations (multivalued linear operators) A > 0 it was done by
E.A. Coddington and H.S.V. de Snoo [9].

With respect to the orthogonal decomposition § = ;1 ® H2 a con-

. . . : T
traction Th € [91, 9] admits a block-matrix representation 77 = <Tn>'
21
Block matrix representations of the operators T;, and Tj; were obtained

in [6,18], and [16], (see also [4,12,13,27| Namely, it is shown that

T o_ T11 D, V*
m=\VDp, —I1+VI-T)V*)’ w1)
7o T Dr,, V* ’
M=\VDp, I-VI+Tn)V*)’

where Dry, := (I —T})"/? and V is given by V := clos (Tng[T_H”). Based
on these formulas a complete parametrization of the set Extp, (—1,1) as
well as main results of the Krein theory have also been obtained there.
In turn, the proof of formulas for 7}, and Th; was based on a result of
Yu. L. Shmul’yan [26] (see also [27]) of nonnegative completions of a
nonnegative block operator.

Recently, S. Hassi and the author [7] extended the main result of [16]
to the case of “quasi-contractive” symmetric operators T7. Recall, that
the “quasi-contractivity” means that v_(I — T*T) < oo, where

v_(K) = dim (Fx(—00,0)9).

For this purpose the above mentioned result of Shmul’yan was generalized
there. Also an analog of block matrix formulas for the operators 7,, and
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Ty was established. Formulas T;,, and T in this case look similar to
(1.1) but the entries V(I +T31)V* are replaced by V(I +T11)JV*, where
J =sign (I — TY) and Dr,, := | — T?|Y/2.

The first result of the present paper is a further generalization of
Shmul’yan’s result [26] to the case of block operators acting in a Krein
space and having a fixed number of negative eigenvalues.

In Section 4 a first Krein space analog of completion problem is for-
mulated and a description of its solutions is found. Namely, we consider
classes of “quasi-contractive” symmetric operators 77 in a Krein space
with v_ (I —T7T1) < oo and describe all possible selfadjoint (in the Krein
space sense) extensions 7" of T7 which preserve the given negative index
v_(I =T*T) = v_(I — TyTy). This problem is close to the completion
problem studied in [7] and has a similar description for its solutions. For
related problems see also [3-5,10-16, 18, 20, 2225, 27].

The main result of the present paper is Theorem 5.7. Namely, we
consider classes of “quasi-contractive” symmetric operators 77 in a Pon-
tryagin space (9, J) with

v_[I =TT = v (I = THT)) < 0 (1.2)

and we establish a solvability criterion and a description of all possi-
ble selfadjoint extensions T" of 77 (in the Pontryagin space sense) which
preserve the given negative index v_[I — THT] = v_[I — Tl[*]Tl]. The
formulas for T}, and Tj; are also extended in an appropriate manner (see
(5.16)). It should be emphasized that in this more general setting for-
mulas (5.16) involve so-called link operator Ly which was introduced by
Arsene, Constantintscu and Gheondea in [5] (see also [4,10,11,21]).

2. A completion problem for block operators in Krein
spaces

By definition the modulus |C] of a closed operator C' is the nonneg-
ative selfadjoint operator |C| = (C*C)'/2. Every closed operator admits
a polar decomposition C' = U|C|, where U is a (unique) partial isometry
with the initial space ran|C| and the final space Tan C, cf. [17|. For a
selfadjoint operator H = thdEt in a Hilbert space $ the partial isome-
try U can be identified with the signature operator, which can be taken
to be unitary: J = sign (H) = [, sign (¢) dE;, in which case one should
define sign (t) = 1 if ¢ > 0 and otherwise sign (t) = —1.

Let ‘H be a Hilbert space, and let Jy be a signature operator in it,
ie., Jy=Jj = Jﬁl. We interpret the space H as a Krein space (H, Jy)



D. BAIDIUK 455

(see [6,8]) in which the indefinite scalar product is defined by the equality

[, V] = (Jup, ¥)n-

Let us introduce a partial ordering for selfadjoint Krein space operators.
For selfadjoint operators A and B with the same domains A >; B if and
only if [([A—DB)f, f] > 0 for all f € dom A. If not otherwise indicated the
word "smallest" means the smallest operator in the sense of this partial
ordering.

Consider a bounded incomplete block operator

An A (91, J1) (91, J1)
40— (An 12) ( 11 ) ( 51
<A21 * (92, J2) - (92, J2) (2.1)
in the Krein space = (91592, J), where (1, J1) and (99, J2) are Krein

spaces with fundamental symmetries J; and Jo, and J = <{)1 ;)
2

Theorem 2.1. Let $ = ($1 ® H2,J) be an orthogonal decomposition of
the Krein space $) and let A° be an incomplete block operator of the form
(2.1). Assume that A = A[l*l] and A9 = A[I*Q] are bounded, the num-
bers of negative squares of the quadratic form [Anf, f] (f € dom Aqy)
v_[A11] == v_(J1411) = k < 00, where kK € Z4, and let us introduce
Ji1 :=sign (J1A11) the (unitary) signature operator of JyA11. Then:

(i) There exists a completion A € [(9,J)] of AY with some operator
Agy = A[Q*Q] € [(92, J2)] such that v_[A] = v_[A11] = K if and only
if

ran J1 A9 C ran |A11|1/2.

(ii) In this case the operator S = \AH\[_I/Q]JlAlg, where |A11|[_1/2}
denotes the (generalized) Moore—Penrose inverse of |A11|Y/2, is well
defined and S € [(H2,J2), (H1,J1)]. Moreover, ST J11S is the

“smallest” operator in the solution set
A= { Az = AL € (82, )] - A= (A2, v (4] = )
and this solution set admits a description

A= {A22 € (92, )]+ Aza = Jo(S*J11S +Y) = SHL IS + Y,

where Y =Y* > 0}.
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Proof. Let us introduce a block operator
a0 — A:n Ajy _ (/1A 1A
A21 * J2A21 * ’

The blocks of this operator satisfy the identities A;; = g’{l, 231 = Ay
and

ran J; A1 = ran A1y C ran \211\1/2 = ran (ghgn)lm

= ran (A%, A1)Y* = ran | A |V/2.

Then due to [7, Theorem 1] a description of all selfadjoint operator

411 412 with AVQQ =
A 22
g*Jug—l- Y, where g = |Av11|[71/2}212 and Y =Y* > 0.

This yields description for the solutions of the completion problem.

The set of completions has the form A = A Ai , where
Agr Ago

completions of A® admits representation A= (

Agy = JoAgy = Jo Aoy J1| A |V 200 | A VAT A 4+ oY
= JoS*J11S + oY = S[*]Jljus + JoY. O

3. Some inertia formulas

Some simple inertia formulas are now recalled. The factorization H =
BMEB clearly implies that vi[H] < vi[E], cf. (1.2). If H; and H, are
selfadjoint operators in a Krein space, then

[+]
N\ H 0N (1
mem= () (5 ) ()
shows that vy[Hy + Hs] < vi[H1] + vi[Hs]. Consider the selfadjoint
block operator H € [(£1,J1) ® (92, J2)], where J; = JF = J 1, (i =1,2)

of the form "
_ ol A BX
H—n (B . )

By applying the above mentioned inequalities shows that
vi[A] < vilA — BFIB] + i (). (3.1)

Assuming that v_[A — B*JyB| and v_(J) are finite, the question when
v_[A] attains its maximum in (3.1), or equivalently, v_[A — B*JoB] >
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v_[A] — v_(J2) attains its minimum, turns out to be of particular in-
terest. The next result characterizes this situation as an application of
Theorem 2.1. Recall that if J1A = J4|A| is the polar decomposition of
J1A, then one can interpret 4 = (tan J1 A4, J4) as a Krein space gener-
ated on Tan J1 A by the fundamental symmetry J4 = sign (J1 A).

Theorem 3.1. Let A € [(91,J1)] be selfadjoint, B € [(H1, 1), (92, J2)],
Ji=Jr =J7 e 9], (i=1,2), and assume that v_[A],v_(Js) < co. If
the equality

v_[A] = v_[A— BYB] + v_(J)

holds, then ran.J;BM¥ C ran|A|'? and JiBF = |A|'Y2K for a unique
operator K € [($2, J2), 9 4] which is J-contractive: Jo — K*J4K > 0.

Conversely, if B¥ = |A|1/2K for some J-contractive operator K €
(92, J2), H 4], then the equality (3.1) is satisfied.

Proof. Assume that (3.1) is satisfied. The factorization

H_AB[*l_IBM A-BMB 0\ (I 0
“\B 1) \0 I 0 I)\B I

shows that v_[H] = v_[A — B B] + v_(Js), which combined with the
equality (3.1) gives v_[H] = v_[A]. Therefore, by Theorem 2.1 one
has ran.J; B¥ C ran|A|'/? and this is equivalent to the existence of
a unique operator K € [(£2,.J2), $4] such that J; Bl = |A|'2K; ie.
K = |A|F-Y2A,BH. Furthermore, KU.J,J4K <j, I by the minimal-
ity property of K.J;J4K in Theorem 2.1, in other words K is a J-
contraction.

Converse, if J; B = \A|1/2K for some J-contractive operator K €
(52, J2),94], then clearly ran.; B < ran|A|'2. By Theorem 2.1
the completion problem for H° has solutions with the minimal solution
SFLJ1J4S, where

S =AYV BN = A2 A1 2K = K.

Furthermore, by J-contractivity of K one has K [+] JiJaK <y, I, ie 1
is also a solution and thus v_[H] = v_[A4] or, equivalently, the equality
(3.1) is satisfied. O

4. A pair of completion problems in a Krein space

In this section we introduce and describe the solutions of a Krein
space version of a completion problem that was treated in [7].
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Let ($i,(Ji,-)) and ($,(J-,-)) be Krein spaces, where $) = $; &

$o,J = <{)1 ?), and J; are fundamental symmetries (i = 1,2), let
2

T = Tl € [(91, J1)] be an _operator such that v_ (I —=T7,T11) = k < 0.
Denote T11 = JiT11, then T11 = T11 in the Hilbert space £1. Rewrite
v_(I —TyTy) = v_(I —T2). Denote

Jy =sign (I —T1y), J_ =sign(I 4+ T11), and Jy; = sign (I — T3),

and let ky = v_(J;) and k- = v_(J_). It is easy to get that J;; =
J_Jy = JyJ_. Moreover, there is an equality K = k_+#r (see [7, Lemma
5.1]). We recall the results for the operator T1; from the paper |7] and
after that reformulate them for the operator T7;. We recall completion
problem and its solutions that was investigated in a Hilbert space setting
in [7]. The problem concerns the existence and a description of selfadjoint
operators T such that A+ = J+T and A_ = I—T solve the corresponding
completion problems

~ I+Ty +T:
AL =72 T (4.1)
:tTQl *

under minimal index conditions v_(I +T) = v_(I +Ti1), v—(I = T) =
v_(I —Tyy), respectively. The solution set is denoted by Ext 7L 1)

The next theorem gives a general solvability criterion for the comple-
tion problem (4.1) and describes all solutions to this problem.

Theorem 4.1. ([7, Theorem 5]) Let T, = (Tfn> 1 H — <21> be a
21 2

symmetric operator with Ty = T3, € [91] and v_(I—T%) = k < oo, and
let Jyy = sign (I — T%). Then the completion problem for A% in (4.1)
has a solution I £ T for some T = T* with v_ (I — fQ) = k if and only
if the following condition is satisfied:

v_(I=T%) =v_(I-T;Ty). (4.2)
If this condition is satisfied then the following facts hold:

(i) The completion problems for AY in (4.1) have minimal solutions
Ay

(ii) The operators Ty, := AL — I and Tpy :=1 — A_ € Ext ﬁﬁ(fl, 1).
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(iii) The operators Ty, and Ta have the block form
7o T DTHK* ’
Vl)f11 -1+ V(I — TH)JHV*

Ty = Ty e
Vl)f11 I — V(I+T11)J11V* ’

(4.3)

where DTH = |1 — Tfl‘1/2 and V is given by V := clos (Tnggll]).

(iv) The operators Trn and Ty are extremal extensions of Ty :

Tebxty (~1,1) iff T=T"€[®], Tn<T<Tu.

(v) The operators T, and Ty are connected via

(=T)m = ~Trni,  (=T)pp = =T

For what follows it is convenient to reformulate the above theorem in
a Krein space setting. Consider the Krein space (9, J) and a selfadjoint
operator 7" in this space. Now the problem concerns selfadjoint operators
Ay =1+ T and A_ = I — T in the Krein space ($),J) that solve the
completion problems

g0 _ (1T 213 (1.4)
:|:T21 * ’

under minimal index conditions v_(I + JT) =v_(I+ Ji1T11) and v_(I —
JT) = v_(I — J1T11), respectively. The set of solutions T" to the problem
(4.4) will be denoted by Ext j,7, »(—1,1).

penete Ty = (21) L (91,01) = <Eg;§;§) ’ .

so that T} is symmetric (nondensely defined) operator in the Krein space

[(’617 Jl)], i.e. Tll — Tl[i]

Theorem 4.2. Let T7 be a symmetric operator in a Krein space sense
as in (4.5) with Ty = Tl[i] € [(91,1)] and v—(I — T}1T11) = Kk < o0,
and let J = sign (I — T} T11). Then the completion problems for AY in
(4.4) have a solution I + T for some T = TH with v_(I — T*T) = & if
and only if the following condition is satisfied:

v_(I —T{\T11) =v_(I = T{T). (4.6)
If this condition is satisfied then the following facts hold:
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i) The completion problems for AY in (4.4) have “minimal” (Jo-mi-
+
nimal) solutions A .

(ii) The operators Ty, := Ay —J and Ty := J—A_ € Ext 71, x(—1,1).

(iii) The operators T,, and Thr have the block form

T, = ( Tn JlDTuV* )
" \JVDy, —Jo+ LV — L Tn)JuV*)’ (47)
Ty = < T JIDTMV* > .
JQVDTH Jo — JQV(I + JlTll)Jllv* ’

where Dpy, = |[I=T3Ti1|"/? and V is given by V := clos (J2T21D£11]
(iv) The operators T,, and Ty are Ja-extremal extensions of 11 :

T € Ext J2T17,{(*]., 1) ’Lﬁ T = T[*] S [(f_),J)], T SJQ T §J2 T

(v) The operators T,, and Typ; are connected via
(=) = =Ty, (=T)pp = =T

Proof. The proof is obtained by systematic use of the equivalence that T'
is a selfadjoint operator in a Krein space if and only if Tisa selfadjoint
in a Hilbert space. In particular, T' gives solutions to the completion
problems (4.4) if and only if T solves the completion problems (4.4). In
view of
I—THTy =1-THJJTy =1 T3,

we are getting formula (4.6) from (4.2). Then formula (4.7) follows by
multiplying the operators in (4.3) by the fundamental symmetry. O

5. Completion problem in a Pontryagin space

5.1. Defect operators and link operators

Let (9, (+,-)) be a Hilbert space and let J be a symmetry in $, i.e.
J = J* = J7! so that ($,(J-,-)), becomes a Pontryagin space. Then
associate with T' € [§)] the corresponding defect and signature operators

Dy =|J—=T*JT|"?, Jp=sign(J —T*JT), Dp =rtanDr,

where the so-called defect subspace ®1 can be considered as a Pontryagin
space with the fundamental symmetry Jp. Similar notations are used
with T™:

Dp- = |J =TJT*Y?,  Jpe =sign(J — TJT*), Dp- =tan Dp-.
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By definition JTD% = J —-T*JT and JrDyr = DpJp with analogous
identities for D7~ and Jp+. In addition,

(J = T*JT)JT* = T*J(J — TJT), (J — TJT*)JT = TJ(J — T*JT).

Recall that T € [9)] is said to be a J-contraction if J —T*JT > 0, i.e.
v_(J—=T*JT) = 0. If, in addition, 7™ is a J-contraction, 7" is termed as
a J-bicontraction.

For the following consideration an indefinite version of the commuta-
tion relation of the form T'Dp = Dp«T is needed; these involve so-called
link operators introduced in [5, Section 4] (see also [7]).

Definition 5.1. There exist unique operators Lt € [Dp, Dp«] and Ly« €
[D7«, D7 such that

DT*LT = TJDT[CDT, DTLT* = T*JDT* r:DT*a (51)

in fact, Ly = DY T IDr [ ©1 and Ly = DY T I D [ D1

The following identities can be obtained with direct calculations; see
[5, Section 4]:

L3 Jp+ | D+ = JpLps;
(Jr — DrJDy)| ©1 = LiJp- L (5.2)
(Jr+ — Dy« JDps) | Dps = L JyLp-.

Now let T' be selfadjoint in Pontryagin space (9, J), i.e. T* = JTJ.
Then connections between D7+ and Dy, Jr« and Jp, L7+~ and L can be
established.

Lemma 5.1. Assume that T* = JT.J. Then Dy = |I — T?|Y/? and the
following equalities hold:

Dy« = JDrpJ, (5.3)

in particular,
QT* = J@T and ©T = J@T*;

Jpe = JJpJ; (5.4)
Ly« = JLgJ. (5.5)

Proof. The defect operator of T' can be calculated by the formula

Dr = ((I - (T*)Q) JJ(I — TQ))1/4 _ ((I _ (T*)z) (I - TQ))1/4'
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Then

Dre = (J (1~ (T*2) (1 = 7)) = 7 (1 - (1)) (1 — 7)™

= JDrJ

J

i.e. (5.3) holds. This implies

JO7r« CDp and JD7 C D+
Hence from the last two formulas we get

D« = J(JDp+) C JD7 C D=

and similarly
Dpr = J(J@T) C JD7p« C D

The formula

JrD2 =J —T*JT = J(J = TJT*J = JJp+« D%.J = JJpr« JD%JJ
T T T
= JJr-JD%

yields the equation (5.4).
The relation (5.5) follows from

DypLp« =T*JDps« | Dp« = JTIDpJ| ®p« = JDp« LpJ = DpJ Ly J.

5.2. Lemmas on negative indices of certain block operators

The first two lemmas are of preparatory nature for the last two lem-
mas, which are used for the proof of the main theorem.

Lemma 5.2. Let <J T) : (ﬁ) — (ﬁ) be a selfadjoint operator in

T J K3) )
the Hilbert space D2 =9H9H. Then
J T 1/2_U |J+T’1/2 0 U*
T J - 0 J—T|V/?) ">

I 1
where U = 7 ( I I> 18 a unitary operator.
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Proof. 1t is easy to check that

<; :§>_U<JJ(;T J8T>U*' (5.6)

Then by taking the modulus one gets

O RN ) BTGt

The last step is to extract the square roots (twice) from the both sides
of the equation:

)

The right hand side can be written in this form because U is unitary. [

1/2_U T + T2 0 -
B 0 |J —T|'/? ‘

Lemma 5.3. Let T = T* € 9 be a selfadjoint operator in a Hilbert
space $ and let J = J* = J~! be a fundamental symmetry in § with
v_(J) < oo. Then

v (J-TIT)+v_(J)=v_(J-T)+v_(J+T). (5.7)
In particular, v—(J — TJT) < oo if and only if v_(J £ T) < co.

. J T J+T 0
Proof. Consider block operators (T J> and ( 0 g_ T>' Equal-

ity (5.6) yields v_ (J T) =v_ <J T 0 > The negative index

T J 0 J-T
<J+T 0
of

0 g T) equals v_(J —T)+v_(J+T) and the negative index

of (J T> is easy to find by using the equality

T J
<IJ’ ?) - (TIJ ?) (g J—OTJT> <é J[T> (5.8)

Then one gets (5.7). O

Let (9, (Ji-,+)) (1 =1,2) and (9, (J-,-)) be Pontryagin spaces, where

H=0H®H and J = <‘]1 0

; _ [
0 J) Consider an operator T11 = T}, €
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(91, J1)] such that v_[I — T3] = k < oo; see (1.2). Denote Tu = JiT11,
then 711 = T}, in the Hilbert space £;. Rewrite

v [I=Th) = v (h(I - TH)) = v-(Ji = TuJiTh)
= v_((J1 — T11)J1(J1 + T11)).
Furthermore, denote
J+ = Sign (Jl(I — TH)) = sign (Jl — TH),

J_ = sign (Ji(I + T1y)) = sign (J1 + Th1), (5.9)
Ju = sign (Ji(I = Tf))

and let r4 = v_[I — Ty and k_ = v_[I + T11]. Notice that |I FT1;| =
|J1 F T11| and one has polar decompositions

I:FTH = Jle:‘I:FTlﬂ. (510)

]ﬁmma&&LdTH:TmeKmNM]de:(ﬂljh)eKﬁJﬂ
To1 Tao

be a selfadjoint extension of the operator T with v_[I +T1;1] < oo and
v_(J) < oo. Then the following statements

(i) v—[I £Tn] =v_[I £TJ;
() o1 = %) = {1 ~ T3] ~ ()
(iii) ran JlTQ[ﬂ{} Cran|I +T11|'/?
are connected by the implications (i) < (i1) = (1i1).

Proof. The Lemma can be formulated in an equivalent way for the Hil-

bert space operators: the block operator T =JT = 1:11 212 is a
Tor T
selfadjoint extension of Tj; = ffl € [91]. Then the following statements
) vo(Jy£Ty) =v_(J+T)
(ii’) I/_(J - ij) = V_(Jl - fllJlfll) - I/_(Jz);
(1117) I‘anj:'u C ran ‘Jl + f11‘1/2

are connected by the implications (i') < (ii") = (ii7’).
Hence it’s sufficient to prove this form of the Lemma.
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Let us prove the equivalence (i') < (i’). Condition (ii’) is equivalent

v (D Ty (LT, (5.11)
T11 Jl T J

Indeed, in view of (5.8)

to

J T T T
vo [ 24 TR ) = v () 4o (S — T JiTh)
T N1

and

v_ (TJv ?) =v_(J)+v_(J=TJT)

=v_(J1) +v_(Jo) +v_(J = TJT).
By using Lemma 5.3, equality (5.11) is equivalent to
vo (=T +v_(Ji+Tn) =v_(J=T)+v_(J+T). (5.12)

Hence, (i') = (ii').
Because v_(J, +T11) < v_(J+T), then (5.12) shows that (ii') = (i').
Now we prove implication (it') = (iii');the arguments here will be
useful also for the proof of Lemma 5.5 below. Use a permutation to
transform the matrix in the right hand side of (5.11):

B Ju 0 Ty Tip Jio T 0 T
. ({ T) _ 0 S Tor Ty _ . Ty Ji Tz 0
To1 T 0 Jo Tor 0 Ty Jo

Then condition (5.11) implies to the condition

0 T12 J1 Tll
ran | ~ Cran || <
T2 O T N

(see Theorem 2.1). By Lemma 5.2 the last inclusion can be rewritten as

= = 1/2
ran NO T19 Cranl |J1 + 111 0~ o | U
Tiz O 0 |Jy — 111"

1/2
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I I\, . . . .
where U = % < ) is a unitary operator. This inclusion is equiva-

I -1
lent to
ran U™ ~0 ge U =ran ge 9
T, O 0 —Tis
C ran ’Jl—i_ﬁl’lﬂ 0
0 |Jy — T11|Y/?

and clearly this is equivalent to condition (iii’).
Note that if 777 has a selfadjoint extension T satisfying (i’). Then by
applying Theorem 2.1 (or [7, Theorem 1]) it yields (iii’). O

Lemma 5.5. Let T = TH] € [(91, J1)] be an operator and let
n= (i) v (52)

be an extension of Th1 with v_[I — T3] < oo, v_(J1) < 00, and v_(J3) <
o0o. Then for the conditions

(i) v = Th) = v (I = T T + v (),

(1) ranJlTQ[y{} C ran |I — T}|Y?;

(iii) ranJlTQ[i} C ran |I £ Ty|"/?
the implications (i) = (it) and (i) = (iti) hold.
Proof. First we prove that (i)=-(ii). In fact, this follows from Theorem
3.1 by taking A =1 —T? and B = Ty;.

A proof of (i)=-(iii) is quite similar to the proof used in Lemma 5.4.
Statement (i) is equivalent the following equation:

J1 fn J j\:‘1
V_ ~ = 1U_ ~ . .
Tn Jl Tl J1

(N ﬁl_y<h 0 ~)
\Tu 4 \0 S —TuuiTi

= l/,(Jl — Tvnjlfn) + l/,(z]l) < 00

Indeed,
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and

LI Ty, (7 0
“\7y o) T\ L -T7ITh
= l/_(Jl — Tnjlfn — T;]_JQTQl) + V_(J1) + V_(JQ).

Due to (i) the right hand sides coincide and then the left hand sides
coincide as well.
Now let us permutate the matrix in the latter equation.

~ J1 0 Tvu J1 j—‘Vll 0

J T = T T

v_ f* J =Vv_ 0 Jo To | =v— | Ty Ji T21
1 Ty Ty N 0 Tnn Jo

It follows from [7, Theorem 1] that the condition (i) implies the condition

~ 1/2
( 0 > Ji Tn
ran | =, C ran ~
15 T N
7 1/2
=ranU |1+ T 0 19 U~
0 |J1 — T11|

I

— 1
where U = <I 7

V2
equivalently,

) is a unitary operator (see Lemma 5.2). Then,

ran Ty, C ran|J; + Ti1|"2.

O

5.3. Contractive extensions of contractions with minimal neg-
ative indices

Following to [7, 16, 18] we consider the problem of existence and a

%hﬂv

description of selfadjoint operators 7" in the Pontryagin space (

(92, J2)
such that Ay = I4+T and A_ = I —T solve the corresponding completion
problems

[+]
AQ = (1T £or) (5.13)
:tTQl *
under minimal index conditions v_[I +T) = v_[I + T, v_[I = T] =

v_[I — Ti1], respectively. Observe, that by Lemma 5.4 the two minimal
index conditions above are equivalent to single condition v_[I — T?] =
v_[I = T3] —v_(J2).
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[+]

It is clear from Theorem 2.1 that the conditions ran J; T,y C ran|I —
T11\1/2 and ran J1T2[i] Cran|I +T11\1/2 are necessary for the existence of
solutions; however as noted already in [7] they are not sufficient even in
the Hilbert space setting.

The next theorem gives a general solvability criterion for the com-
pletion problem (5.13) and describes all solutions to this problem. As
in the definite case, there are minimal solutions A4 and A_ which are

connected to two extreme selfadjoint extensions 71" of

n-(g) e (G). o

now with finite negative index v_[I — T? = v_[I — T%4] — v_(J2) >
0. The set of solutions T to the problem (5.13) will be denoted by
Ext Tl,n(_la ].)J2.

Theorem 5.1. Let Ty be a symmetric operator as in (5.14) with Th; =
Tl[i] € [(91,J1)] and v_[I — T}] = k < oo, and let Jy,, = sign (J1(I —
T%)). Then the completion problem for AY. in (5.13) has a solution [ +T
for some T = TW with v_[I-T?] = k—v_(Js) if and only if the following
condition is satisfied:

v [I=T%) = v_[I - T + v (). (5.15)
If this condition is satisfied then the following facts hold:

(i) The completion problems for AY in (5.13) have “minimal” solu-
tions Ay (for the partial ordering introduced in the first section).

(ii) The operators Tpy, := Ay —1 and Ty :=1—A_ € Extp x(—1,1),.

(iii) The operators T, and Tpr have the block form

r _( Tn J1Dp, V*

m JQVZ)T11 -1+ JQV(I — L;Jl)JHV* ’ (5 16)
o ( T J\Dp, V* '

M=\ RVDy, I—JLV(I+LAJ)JnV*)’

where Dy, = |I=T2|Y? and V is given by V := clos (J2T21D[TT111])~
(iv) The operators Ty, and Tp; are “extremal” extensions of T :

T e EXtTl’K(—l, ].)J2 iff T = T[*] S [(ﬁ, J)], T <J, T <J, T
(5.17)
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(v) The operators T,, and Ty are connected via

(=T)m = =Ty, (=T)rpr = =T (5.18)

Proof. Tt is easy to see by (3.1) that k = v_[[ — T3] < v_[I — Tl[*]Tl] +
v_(J2) < v_[I-T?+v_(J3). Hence the condition v_[[-T?] = k—v_(J2)
implies (5.15). The sufficiency of this condition is obtained when proving
the assertions (i)—(iii) below.

(i) If the condition (5.15) is satisfied then by using Lemma 5.5 one

gets the inclusions ran J; 7. ;{1 C ran |I & T11|"/?, which by Theorem 2.1
means that each of the completion problems, AY in (5.13), is solvable.
It follows that the operators

= [T+ Ty |FY2nT sy =1 — 1y V2Tl (5.19)

are well defined and they provide the minimal solutions A1 to the com-
pletion problems for AY in (5.13).

(i) & (iii) By Lemma 5.5 the inclusion ran JyT}} C ran |I — T%[1/2
holds. This inclusion is equivalent to the existence of a (unique) bounded
operator V* = D[Tzll]Jsz[T] with ker V' D ker Dr,,, such that J1T2[>;} =
Dr,,V*. The operators T, := Ay — I and Tyy := I — A_ (see proof
of (i)) by using (5.1), (5.2), and 5.1 can be now rewritten as in (5.16).
Indeed, observe that (see Theorem 2.1, (5.9), and (5.10))

JoS* J_S_ = JoV Dy, I + T |V J_ |1+ 1|V Dy Ve
= JoVDrp, (J1(I+Tn)UDp, v*
= L,V Dy, Dy (I + Ly )" YDgy, Ji Dy, V
= LV + L*THJl)[—U(J11 — Ly, Jre Ly )V
= BV(I + Ly, J)T (g — (L, J1)?Tin)V*
= V(I + Ly, J)TU(T + LTHJ1)(I Ly J)JuV*
= LV(I — Ly, J1)JuV*

where the third equality follows from (5.1) and the fourth from (5.2).
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And similarly for

JoS% T4 Sy = JoV Dy, [T — Ty [TV |1 = T [PV Dy Ve
= JyV Dy (LI —Ti)) Dy, V*
= J,V Dy, DY (1 — 1, )Y Dgy, Sy Dy v
= LV (I — Ly, JOT (I = Ly, Jre, Ly, )V*
= RV — Ly, JO)TN (T — (L, J1)?Jin)V*
= BV — Ly, JO)TNT — L3 J)(I+ Ly ) Ju V*
= RV + Ly, J1) V",

which implies the representations for T, and T in (5.16). Clearly, T,
and Ty are selfadjoint extensions of 77, which satisfy the equalities

v_[I+Ty| =k, v_[I—Ty|]=rt.

Moreover, it follows from (5.16) that

0 0
Tar =T = (o 2(I — JQVJHV*)) ' (5.20)

Now the assumption (5.15) will be used again. Since v_[I —TIM T =
v_[I-T3]—v_(J2) and Toy = JoV Dry, it follows from Theorem 3.1 that
V* € [92,97,] is J-contractive: Jo — VJ;1V* > 0. Therefore, (5.20)
shows that T >z, T}, and I +Ts >, I + 15, and hence, in addition to
I+ T, also I 4+ Ty is a solution to the problem AS)F and, in particular,
v_[I +Ty| = ke = v_[I +Ty]. Similarly, I — Ty <;, I — T}, which
implies that I — T}, is also a solution to the problem A? . in particular,
v_[I —Ty) =kt = v_[I — Ty. Now by applying Lemma 5.4 we get

v [I-T%) =k —v_(J),
v [I =T =k —v_(Ja).

Therefore, T, Ths € Ext, (—1,1) which in particular proves that
the condition (5.15) is sufficient for solvability of the completion problem
(5.13).

(iv) Observe, that T' € Extr, .(—1,1),, if and only if T = TF > 1)
and v_[I £ T] = k. By Theorem 2.1 this is equivalent to

JQSiJ_S_ -1 SJ2 Ty SJ2 I — JQSj_J+S+. (5.21)

The inequalities (5.21) are equivalent to (5.17).
(v) The relations (5.18) follow from (5.19) and (5.16). O
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Remark 5.1. In case of a contraction operator 77 this result coincides
with the main result of [16] and in case of a “quasi-contraction” operator
T, with finite negative index it coincides with the result of [7, Theorem 5.
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