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Àííîòàöèÿ. Ïîëó÷åíû àñèìïòî÷åñêèå îöåíêè òî÷íîñòè ñîáñòâåííûõ ÷èñåë

(ñ.÷.) îïåðàòîðà ÷åòâåðòîãî ïîðÿäêà ñî ñìåøàííûìè êðàåâûìè óñëîâèÿìè íà

ãðàíèöå ïðÿìîóãîëüíèêà. Çíàíèå ãëàâíîé ÷àñòè ïîãðåøíîñòè ñ.÷. ïîçâîëÿåò

îáîñíîâàííî óòî÷íÿòü ñ.÷. íà ïîñëåäîâàòåëüíîñòè ñåòîê, ïîëó÷àòü äèñêðåò-

íûå àíàëîãè ïîâûøåííîé òî÷íîñòè, ñòðîèòü äèñêðåòíûå àíàëîãè, ñ.÷. êîòî-

ðûõ äàþò äâóñòîðîííèå ïðèáëèæåíèÿ ê ñ.÷. èñõîäíîé çàäà÷è.

Êëþ÷åâûå ñëîâà: îöåíêè òî÷íîñòè, ýëëèïòè÷åñêèé îïåðàòîð, ñìåøàííûå

êðàåâûå óñëîâèÿ, ðàçíîñòíûå ñõåìû, ãëàâíàÿ ÷àñòü ïîãðåøíîñòè.

ÂÂÅÄÅÍÈÅ

Â ðàáîòàõ [1–4] óñòàíîâëåíû îöåíêè òî÷íîñòè ñîáñòâåííûõ ôóíêöèé (ñ.ô.) è

ñîáñòâåííûõ ÷èñåë (ñ.÷.) ýëëèïòè÷åñêèõ îïåðàòîðîâ âòîðîãî è ÷åòâåðòîãî ïî-

ðÿäêîâ. Ïðàêòè÷åñêèé èíòåðåñ ïðåäñòàâëÿåò àñèìïòîòè÷åñêèå îöåíêè òî÷íîñ-

òè, ò.å. ãëàâíàÿ ÷àñòü ïîãðåøíîñòè.

Â [5, 6] ïîëó÷åíû àñèìïòîòè÷åñêèå îöåíêè òî÷íîñòè ñ.÷. îïåðàòîðîâ âòîðîãî

ïîðÿäêà ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Â [7, 8] óñòàíîâëåíû ãëàâíûå ÷àñòè

ïîãðåøíîñòè ñ.÷. áèãàðìîíè÷åñêîãî îïåðàòîðà è áîëåå îáùåãî îïåðàòîðà

÷åòâåðòîãî ïîðÿäêà.

Çíàíèå ãëàâíîé ÷àñòè ïîãðåøíîñòè ñ.÷. ïîçâîëÿåò îáîñíîâàííî óòî÷íÿòü ñ.÷.

íà ïîñëåäîâàòåëüíîñòè ñåòîê, ïîëó÷àòü äèñêðåòíûå àíàëîãè ïîâûøåííîé òî÷íîñ-

òè, ñòðîèòü äèñêðåòíûå àíàëîãè, ñ.÷. êîòîðûõ äàþò äâóñòîðîííèå ïðèáëèæåíèÿ ê

ñ.÷. èñõîäíîé çàäà÷è. Cêàçàííîå âûøå îòðàæåíî â [9] äëÿ íåêîòîðûõ îïåðàòîðîâ

âòîðîãî è ÷åòâåðòîãî ïîðÿäêîâ ñ ïåðåìåííûìè êîýôôèöèåíòàìè.

Â íàñòîÿùåé ñòàòüå ïîëó÷åíû àññèìïòî÷åñêèå îöåíêè òî÷íîñòè ñ.÷. îïåðàòî-

ðà ÷åòâåðòîãî ïîðÿäêà ñî ñìåøàííûìè ãðàíè÷íûìè óñëîâèÿìè íà ãðàíèöå

ïðÿìîóãîëüíèêà.

ÈÑÕÎÄÍÀß ÇÀÄÀ×À
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Êðàåâûå óñëîâèÿ èìåþò âèä
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Ïðåäïîëîæèì, ÷òî âûïîëíÿþòñÿ óñëîâèÿ
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ÐÀÇÍÎÑÒÍÀß ÇÀÄÀ×À
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Äëÿ ïîëó÷åíèÿ äèñêðåòíîãî àíàëîãà çàäà÷è (1) âîñïîëüçóåìñÿ ñëåäóþùèìè

îïåðàòîðàìè ïðîåêòèðîâàíèÿ:
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Çäåñü è äàëåå èíäåêñû êîîðäèíàò òî÷åê ñåòêè îïóñêàåì, à òî÷êó ñåòêè îáîçíà-

÷àåì ( , )x x1 2 . Äëÿ ïðåîáðàçîâàíèÿ ñõåìû ó÷èòûâàåì ñëåäóþùèå ñâîéñòâà îïå-
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Çàïèøåì ðåçóëüòàò ïðîåêòèðîâàíèÿ óðàâíåíèÿ (1) â îêðåñòíîñòè óçëîâ äëÿ

ñîîòâåòñòâóþùèõ ìíîæåñòâ
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Äëÿ ïîëó÷åíèÿ ðàçíîñòíûõ óðàâíåíèé èñïîëüçóåì êâàäðàòóðíûå ôîðìóëû

ïðÿìîóãîëüíèêîâ è òðàïåöèé; àïïðîêñèìèðóåì ïðîèçâîäíûå ðàçíîñòíûìè âûðà-

æåíèÿìè, ïðèíèìàÿ âî âíèìàíèå êðàåâûå óñëîâèÿ; ïðåîáðàçóåì ìîìåíòû íà ãðà-

íèöå ïî ôîðìóëàì

34 ISSN 0023-1274. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç, 2017, òîì 53, ¹ 3



M p

p

p p

u

t

1 1
0

2

1 2

2

1

2
1� �

�

�

�

�

�

�

�

�

�

�

, ( , )x x1 2 2 2�
�

� �
�

, òàê êàê M 2 0� ,

M p

p

p p

u

t

2 2
0

2

1 2

2

2

2
1� �

�

�

�

�

�

�

�

�

�

�

, ( , )x x1 2 1
�

�

� , òàê êàê M1 0� .

(9)

Â óãëîâûõ òî÷êàõ
�

�

�
�

�

�

2

1

2

2

2

2
0

u

t

u

t

, òàê êàê p p p1 2 0

2
0� � .

Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó ðàçíîñòíûõ óðàâíåíèé

�y y
h

� � , (10)

ãäå

� y

m m m x x

n

t t t t t t

t t

�

� � �

�

( ) ( ) ( ) , ( , ) ,

( )

1 3 2 1 2

1

1 1 1 2 2 2

1 1

2 �

4 2

2 8 2

3 2 1 2 2

1
2

3

1 2

1

h

m

h

m x l

h

n

h

m

h

n

t t

t

( ) ( ) , ( , ) ,

( ) (

� �

� � �

�

�

2 1 1 2 2

1 3 2 1

2

1 1 1 2

4 2

) , ; ,

( ) ( ) ( ) , ( ,

t

t t t t

x l x l

n

h

m

h

m x

� �

� �
� �

0

2 4

2

2

1 3 2 1 2 11 2 2 2

) ,

( ) ( ) ( ) , ( , ) ,

�

� � � �

�

�

�

�

�

h

m

h

m n l x

h

t t t t

( ) ( ) , ; .n

h

m

h

n x l x
t t1

2
3 2 1 1 21 2

8 2
0� � � �

�

�

�

�

�

�

�

�
�

 

�

�

�

�

�
� �

�

�

(11)

Çäåñü

m p y p y
t t t t1 1 01 1 2 2

� � ; m p y p y
t t t t2 0 21 1 2 2

� � ; m p x
h

x
h

y
t t3 3 1 2

2 2 1 2

� � �
�

�

�
�

�

�, ;

m p x
h

x
h

y
t t3 3 1 2

2 2 1 2

� �

� � �
�

�

�
�

�

�, ; n q y
t t� �
� �

� , � �1 2, ; q p

p

p p
� �
� �

�

�

�

�

�

�

�

�
1

0

2

1 2

.

Êðàåâûå óñëîâèÿ íà ëåâîé ãðàíèöå èìåþò âèä
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Ñëåäóåò îòìåòèòü âàæíîå îáñòîÿòåëüñòâî. Ðàçíîñòíûå óðàâíåíèÿ (11) ïîëó÷å-

íû ïðîåêòèðîâàíèåì óðàâíåíèÿ ñ ïîìîùüþ «øàïî÷åê» Êóðàíòà. Ïðè ýòîì íå èñ-
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Ñëåäîâàòåëüíî, óðàâíåíèå (13) èìååò âèä
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Â ðåçóëüòàòå èñïîëüçîâàíèÿ ðàçíîñòíûõ àíàëîãîâ äëÿ (9) ïîëó÷èì
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Ïðèíèìàÿ âî âíèìàíèå íóëåâûå çíà÷åíèÿ ìîìåíòîâ íà ãðàíèöå, ïîëó÷àåì

êàê è â (11) ðàçíîñòíîå óðàâíåíèå â òî÷êå ( , )l l1 2 . Ñëåäîâàòåëüíî, ïðîäîëæåíèå

ðåøåíèÿ äàåò âîçìîæíîñòü íàïèñàòü îäíîðîäíóþ ðàçíîñòíóþ ñõåìó êàê âíóòðè

îáëàñòè, òàê è íà ãðàíèöå, ãäå çàäàíû åñòåñòâåííûå êðàåâûå óñëîâèÿ. Îäíàêî äëÿ

ðåàëèçàöèè ðàçíîñòíîé ñõåìû (10) çíà÷åíèÿ ðåøåíèÿ âíå îáëàñòè èñêëþ÷åíû.

Ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå
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Ðàçíîñòíûé àíàëîã ìèíèìèçèðóåìîãî êâàäðàòè÷íîãî ôóíêöèîíàëà ñ ïî-

ìîùüþ ôîðìóë ñóììèðîâàíèÿ ïî ÷àñòÿì ïðèâîäèòñÿ ê âèäó
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Ðàçíîñòíûé àíàëîã íîðìèðîâî÷íîãî ôóíêöèîíàëà èìååò âèä
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Ñîáñòâåííûå ÷èñëà îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:
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Îïåðàòîð Ò äåéñòâóåò ñîãëàñíî (8), à îïåðàòîð � äåéñòâóåò íà ñîáñòâåííóþ
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Ïîñêîëüêó íà ñâîáîäíîé ãðàíèöå óðàâíåíèå ðàáîòàåò òàê æå, êàê è âíóòðè

îáëàñòè, à ðåøåíèå ïðîäîëæåíî, òî 	 	1 2, èìåþò òàêîé æå âèä, êàê è âíóòðè �.

Êàê è â ðàáîòàõ [1, 2], äëÿ ïîãðåøíîñòè ïðîñòûõ ñîáñòâåííûõ ÷èñåë ñïðà-
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Ïðèíèìàÿ âî âíèìàíèå ôîðìóëó Òåéëîðà äëÿ u C�
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Êàê è â [3] ïåðåõîäèì ê ïðåäåëó èíòåãðàëüíûõ ñóìì â (17) ïðè h ' 0. Ñ ó÷å-

òîì ôàêòà ñõîäèìîñòè ñ.÷. è ñ.ô. [10] ïîëó÷èì
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Òàêèì îáðàçîì, êàê è äëÿ çàäà÷è ñ ãëàâíûìè óñëîâèÿìè íà ãðàíèöå [7, 8],

èìååì îäèíàêîâûå ïî ôîðìå àñèìïòîòè÷åñêèå âûðàæåíèÿ
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ÇÀÊËÞ×ÅÍÈÅ

Ïðåäñòàâëåííàÿ â íàñòîÿùåé ñòàòüå òî÷íàÿ ôîðìóëà ãëàâíîé ÷àñòè ïîãðåøíî-

ñòè ñ.÷. ñîâïàäàåò ñ èçâåñòíîé òî÷íîé ôîðìóëîé äëÿ òàêîãî æå îïåðàòîðà, êîãäà

íà ãðàíèöå çàäàíû òîëüêî ãëàâíûå êðàåâûå óñëîâèÿ. Ýòî î÷åðåäíîé ðàç äîêàçû-

âàåò ýêâèâàëåíòíîñòü åñòåñòâåííûõ êðàåâûõ óñëîâèé óðàâíåíèþ â òî÷êàõ ãðàíè-

öû êàê è âíóòðè îáëàñòè ñ ó÷åòîì ãëàäêîãî ïðîäîëæåíèÿ óðàâíåíèÿ ÷åðåç ãðàíè-

öó ïðÿìîóãîëüíèêà. Ðàáîòà ïðåäñòàâëÿåò òåîðåòè÷åñêèé è ïðàêòè÷åñêèé èíòåðåñ.
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ASYMPTOTIC ESTIMATES OF THE ACCURACY OF EIGENVALUES

OF FOURTH ORDER OPERATOR WITH MIXED BOUNDARY CONDITIONS

Abstract. We obtain the asymptotic estimates of the accuracy of the eigenvalues

of the fourth order operator with mixed boundary conditions on the boundary of

the rectangle. Knowledge of the main part of eigenvalues error allows us to

reasonably specify eigenvalues on a sequence of grids, receive discrete analogs

of high accuracy, construct discrete analogs whose eigenvalues give the bilateral

approximation to eigenvalues of the original problem.
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