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3K\VLFV�)DFXOW\��7�6KHYFKHQNR�.\LY�1DWLRQDO�8QLYHUVLW\����*OXVKNRY
$YH���������.\LY��8NUDLQH

7KH� UDGLDO� ZDYH� IXQFWLRQV� RI� 7O��� LRQ� GRSHG� LQWR� LQWURGXFHG�.&O� FU\VWDO� ODWWLFH� KDYH
EHHQ�FDOFXODWHG��7KH�FDOFXODWLRQV�ZHUH�FDUULHG�RXW�E\�D�+DUWUHH�)RFN�6ODWHU�PHWKRG�LQ�WKH
ILHOG� RI� WKH� �IUR]HQ�� IUDPH�� L�H�� ZLWKRXW� VHOI�FRQVLVWHQF\� ZLWK� WKH� ZDYH� IXQFWLRQV� RI
LQWHUQDO�HOHFWURQV��$�QHZ�PRGHO�WDNLQJ�LQWR�DFFRXQW�WKH�FU\VWDO�ODWWLFH�ILHOG�LQIOXHQFH�KDV
EHHQ�SURSRVHG��,Q�WKLV�PRGHO��WKH�H[FKDQJH�LQWHUDFWLRQ�LV�WDNHQ�LQWR�DFFRXQW�LQ�DGGLWLRQ�WR
HOHFWURVWDWLF� LQWHUDFWLRQ� ZLWK� WKH� ODWWLFH� LRQV�� 7KH� H[FKDQJH� LQWHUDFWLRQ� LV� WDNHQ� LQWR
DFFRXQW�XVLQJ�WKH�6ODWHU�FRUUHFWLRQ��,Q�WKH�DSSURDFK�RI�WKH�SUHVHQW�PRGHO��WKH��I�HOHFWURQ
ZDYH�IXQFWLRQ�FROODSVH�RI�7O���LRQ�LV�REVHUYHG��7KH�UHVXOW�REWDLQHG�WHVWLILHV�WR�DVVXPSWLRQ
WKDW�RQH�RI�7O���LRQ�DEVRUSWLRQ�EDQGV�LV�DWWULEXWHG�WR��G��mo�G��I�WUDQVLWLRQ�
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7KH� I�HOHFWURQ� FROODSVH� SRVVLELOLW\� LQ
H[°LWHG���G��V��I��7O��LRQ�LQWURGXFHG�LQWR�DQ
DONDOL�KDOLGH�FU\VWDO�PDWUL[�>�Ü�@�DV�D�UHVXOW
RI�WKH�QHDUHVW�HQYLURQPHQW�LQIOXHQFH�RQ�LWV
HOHFWURQLF�VKHOO�ZDV�SUHGLFWHG�LQ�>����@��6XFK
SUHGLFWLRQ�FRUUHODWHV�ZLWK�UHVXOWV�RI�H[SHUL�
PHQWDO� UHVHDUFK�RI� DEVRUSWLRQ� DQG� OXPLQHV�
FHQFH� VSHFWUD� RI� HOHFWURO\WH� VROXWLRQV� FRQ�
WDLQLQJ�RWKHUV�PHUFXU\�OLNH� LRQV�DV�DQ�DFWL�
YDWRU�>�Ü��@�

7KH� ZDYH� IXQFWLRQV� RI� D� IUHH� LRQ� DUH
RIWHQ�XVHG�DW� WKHRUHWLFDO� HVWLPDWLRQV�RI�WKH
OXPLQHVFHQFH� FHQWHUV�� 6XFK� DQ� DSSURDFK� LV
EDVHG� RQ� WKH� SUHGLFWLRQ� RI� VPDOO� LQIOXHQFH
RI� WKH� DFWLYDWRU� LRQ� HQYLURQPHQW� RQ� LWV
ZDYH� IXQFWLRQV�� 7KH� GLUHFW� FDOFXODWLRQV� RI
UDGLDO� ZDYH� IXQFWLRQV� RI� 7O�� LRQ� ��G���V��
LQWURGXFHG� LQWR� .&O�� .%U�� DQG� .,� FU\VWDOV
FRQILUPHG�WKLV�SUHGLFWLRQ�>��@��+RZHYHU�� LQ
VSLWH� RI� WKH� IDFW� WKDW� WKH� LQWURGXFWLRQ�RI�D
7O�� LRQ� LQWR� .&O� FU\VWDO� LV� DFFRPSDQLHG� E\
DQ�LQVLJQLILFDQW�FKDQJH�RI�G��DQG�V�HOHFWURQ

UDGLDO�ZDYH�IXQFWLRQV�>��@��WKH�HQYLURQPHQW
LQIOXHQFH�RQ�WKH�I�HOHFWURQ�UDGLDO�ZDYH�IXQF�
WLRQ� VRPHWLPHV� DSSHDUV� WR� EH� VLJQLILFDQW�
7KLV� PD\� EH� FDXVHG� E\� D� SRVVLELOLW\� RI
I�HOHFWURQ�UDGLDO�ZDYH� IXQFWLRQ�FROODSVH��7R
VLPSOLI\�WKH�FDOFXODWLRQV��WKH��I�HOHFWURQ�UD�
GLDO�ZDYH�IXQFWLRQ�RI�7O���LRQ��LQVWHDG�RI�7O�
RQH��IRU��G��I�HOHFWURQ�FRQILJXUDWLRQ�LV�FDO�
FXODWHG� LQ� WKLV� ZRUN�� $W� WKH� FDOFXODWLRQV�
WKH�LQIOXHQFH�RI�.&O�FU\VWDO�ODWWLFH�ILHOG�KDV
EHHQ� WDNHQ� LQWR� DFFRXQW�� 7KH� WHFKQLTXH� RI
WDNLQJ� LQWR�DFFRXQW� WKH�FU\VWDO� ODWWLFH� ILHOG
LQIOXHQFH�KDV� EHHQ� FKDQJHG� VLJQLILFDQWO\� LQ
FRPSDULVRQ�ZLWK�>��@�

7KH��I�HOHFWURQ�ZDYH�IXQFWLRQ�RI�7O���LRQ
ZLWK� �G��I� HOHFWURQ� FRQILJXUDWLRQ� LV� FDOFX�
ODWHG� E\� +DUWUHH�)RFN�6ODWHU� PHWKRG� �+)6�
LQ� WKH� ILHOG� RI� �IUR]HQ�� LQWHUQDO� HOHFWURQV�
)RU�WKLV�SXUSRVH��WKH�V\VWHP�RI�GLIIHUHQWLDO
HTXDWLRQV� ZDV� VROYHG�ZKLFK�� LQ� DWRPLF� V\V�
WHP�RI�XQLWV�ORRNV�OLNH

)XQFWLRQDO�0DWHULDOV�����1R��������� �������Û�,QVWLWXWH�IRU�6LQJOH�&U\VWDOV

)XQFWLRQDO�PDWHULDOV������������� ���
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3c� �:���� ���
ZKHUH� =� LV� WKH� HOHFWURQ� VKHOO� HIIHFWLYH
FKDUJH� LQWHQVLW\�� 3�� WKH� �I�HOHFWURQ� UDGLDO
ZDYH�IXQFWLRQ��H��GRXEOH�HQHUJ\�HLJHQYDOXH�
O�� WKH� RUELWDO� TXDQWXP� QXPEHU� �O� ��� IRU
I�HOHFWURQ��� 8HI�� HIIHFWLYH� SRWHQWLDO� FUHDWHGE\�D�QXFOHXV�DQG�RWKHUV�HOHFWURQV�RI�WKH�7O��
LRQ� EDVHG� RQ� WKH� GDWD� IURP� >��@�� 8DY� LVVSKHUH�DYHUDJHG� SRWHQWLDO� RI� WKH� ODWWLFH�
8/DW�[�\�]��� 7KH� IXQFWLRQV� LQFOXGHG� LQ� WKHV\VWHP� RI� HTXDWLRQV� ��Ü��� KDYH� WR� VDWLVI\
WKH�IROORZLQJ�ERXQGDU\�FRQGLWLRQV��=���� ���
=�f�� ���� 3���� �3�f�� ���� 7KH� UDGLDO� ZDYH
IXQFWLRQ�RI�I�HOHFWURQ�VKRXOG�KDYH�RQH�NQRW
ZLWKLQ� WKH� UDQJH� ����U��f�� 7KH� LQWHJUDWLRQ
RI� V\VWHP� ��Ü���ZDV�FDUULHG�RXW�IURP� ODUJH
YDOXHV�RI�U��a����

/HW�8HI� DQG�8DY� SRWHQWLDOV� SUHVHQWHG� LQ���� EH� FRQVLGHUHG� LQ� PRUH� GHWDLO�� $V� QRWHG
DERYH��WKH�LQWURGXFWLRQ�RI�WKDOOLXP�LRQ�LQWR
D�FU\VWDO�ODWWLFH�LV�DFFRPSDQLHG�E\�LQVLJQLIL�
FDQW� FKDQJHV� LQ� UDGLDO� ZDYH� IXQFWLRQV� RI
G�� DQG� V�HOHFWURQV�� 7KHVH� FKDQJHV� FDQ� EH
QHJOHFWHG�ZKHQ� SDVVLQJ� WR� YDULRXV� FRQILJX�
UDWLRQV� RI� H[WHUQDO� HOHFWURQ� VKHOOV� RI� WKDO�
OLXP�LRQ��WRR�>����������@��7KH�ZHDN�GHSHQG�
HQFH� RI� UDGLDO� ZDYH� IXQFWLRQV� RI� G�� DQG� V�
HOHFWURQV� RQ� WKH� H[WHUQDO� HOHFWURQ� VKHOO
FRQILJXUDWLRQ� DQG� HQYLURQPHQW� RI� WKH� LRQ
DOORZV� XV� WR� VLPSOLI\� WKH� FDOFXODWLRQV�� ,Q
FRQWUDVW� WR� WKH� PHWKRG� GHVFULEHG� LQ� >��@�
WKH� I�HOHFWURQ�ZDYH� IXQFWLRQ�ZDV�FDOFXODWHG
LQ�WKH�ILHOG�RI��IUR]HQ��G���V�DQG�RWKHUV�LQQHU
HOHFWURQV��,Q�WKDW�FDVH��WKH�SRWHQWLDO�8HI�FDQ�EHGHVFULEHG�DV

8HI� 
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ZKHUH� WKH� ILUVW� LWHP� WDNHV� WKH� HOHFWURVWDWLF
ILHOG� RI� �IUR]HQ�� LQWHUQDO� HOHFWURQV� LQWR�DF�
FRXQW�� WKH� VHFRQG� RQH� GHVFULEHV� WKH� ILHOG
FUHDWHG� E\� WKH� LRQ� QXFOHXV�� DQG� WKH� WKLUG
RQH� LV� WKH� 6ODWHU� VLPSOH� DSSUR[LPDWLRQ�
ZKLFK� WDNHV� LQWR� DFFRXQW� WKH� I�HOHFWURQ� H[�
FKDQJH� LQWHUDFWLRQ�ZLWK� RWKHUV� HOHFWURQV� RI
WKDOOLXP� LRQ��3L�U�� LV� UDGLDO�ZDYH� IXQFWLRQVRI� LQWHUQDO� HOHFWURQV� WDNHQ� IURP� >��@�� U� LV

GLVWDQFH� IURP� WKH� LRQ� FHQWHU�� =7O� LV� WKHFKDUJH� RI� WKDOOLXP� LRQ� QXFOHXV� �=7O� �����7KH�FDVH�RI�8HI�SRWHQWLDO�LQ�WKH�IRUPXOD����FRUUHVSRQGV�WR�D�IUHH�LRQ��,W�LV�QHFHVVDU\�WR
LQWURGXFH� DGGLWLRQDO� SRWHQWLDO� 8DY� WKDWZRXOG� WDNH� LQWR� DFFRXQW� WKH� FU\VWDO� ODWWLFH
VSKHUH�DYHUDJHG� ILHOG�� LQ� RUGHU� WR� FRQGXFW
RXU�FDOFXODWLRQ�IRU�WKH�FDVH�RI�WKH�LRQ�

$� QHZ� PRGHO� WDNLQJ� LQWR� DFFRXQW� WKH
FU\VWDO� ODWWLFH� LQIOXHQFH� RQ� ZDYH� IXQFWLRQV
RI�WKH�DFWLYDWRU�HOHFWURQV�LV�SURSRVHG�LQ�WKLV
ZRUN�� ,Q� WKLV� PRGHO�� WKH� ODWWLFH� VSDFH� LV
GLYLGHG�LQWR�HTXDO�FXELF�FHOOV��7KH�OHQJWK�RI
HDFK� FHOO� HGJH� LV� HTXDO� WR� WKH� GLVWDQFH� EH�
WZHHQ� QXFOHL� RI� WKH� QHDUHVW� LRQV�� G�� 7KH
FHOOV�DUH�ORFDWHG�LQ�VSDFH�VR�WKDW�WKH�FHQWHU
RI� HDFK� FHOO� FRLQFLGHV� ZLWK� WKH� QXFOHXV� RI
WKH�DSSURSULDWH�LRQ��$W�WKH�ILUVW�VWDJH��LW�LV
QHFHVVDU\� WR� ILQG� WKH� SRWHQWLDO� GLVWULEXWLRQ
LQ� HDFK� FHOO� XVLQJ� WKH� SRWHQWLDO� HVWLPDWLRQ
SURFHGXUH� DQG� DW� VHFRQG� RQH�� WR� DYHUDJH� LW
RYHU�D�VSKHUH�ZLWK�WKH�FHQWHU�LQ�WKH�DFWLYD�
WRU�LRQ�

7KH�SRWHQWLDO�LQVLGH�HDFK�FHOO�FDQ�EH�SUH�
VHQWHG�DV�WKH�VXP�RI�WKUHH�FRPSRQHQWV��7KH
ILUVW� RQH� LV� WKH�8P�SRWHQWLDO� FUHDWHG�E\�DOOLRQV�RI�WKH�ODWWLFH�H[FHSW�IRU�WKH�LRQ�ORFDWHG
LQVLGH�WKH�VXJJHVWHG�FHOO��7KH�VHFRQG�RQH�LV
WKH�8V� SRWHQWLDO� FUHDWHG� LQVLGH� WKH� FHOO� E\WKH� LRQ� ORFDWHG� WKHUHLQ�� 7KH� WKLUG� FRPSR�
QHQW� LV� FDXVHG� E\� H[FKDQJH� LQWHUDFWLRQ� RI
WKH� DFWLYDWRU� LRQ� I�HOHFWURQ� ZLWK� WKH� HOHF�
WURQV�RI�WKH�ODWWLFH�LRQV�

/HW� HDFK� FRPSRQHQW� EH� FRQVLGHUHG�� 7KH
SRWHQWLDO� FUHDWHG� DW� WKH� FHOO� FHQWHU� E\� DOO
RWKHU�LRQV�RI�WKH�ODWWLFH�LV�WKH�YDOXH�NQRZQ
DV� 0RXGHOXQJ� SRWHQWLDO� WDNHQ� ZLWK� DSSUR�
SULDWH�VLJQ�IRU�FDWLRQ�DQG�DQLRQ��,W�LV�QHFHV�
VDU\� WR� FRQVLGHU� WKH� EHKDYLRU� RI� SRWHQWLDO
FUHDWHG�E\�DOO� LRQV�RI�WKH� ODWWLFH�H[FHSW�IRU
WKH� QHDUHVW� RQHV� DW� YDULRXV� SRLQWV� RI� WKH
DSSURSULDWH� FHOO� �IRU� VKRUW��ZH�ZLOO� IXUWKHU
UHIHU� WR� LW� DV� WR� 0RXGHOXQJ� SRWHQWLDO��� 7R
WKDW� HQG�� LW� LV� QHFHVVDU\� WR� FRQVLGHU� WKH
VXPV�VLPLODU�RI�WKRVH�XVHG�ZKHQ�FDOFXODWLQJ
WKH� 0RXGHOXQJ� FRQVWDQW�� +RZHYHU�� LQ� WKLV
FDVH�� WKH� FDOFXODWLRQV� DUH�SHUIRUPHG� IRU� DQ
DUELWUDU\� SRLQW� ZLWKLQ� WKH� FHOO� DQG� QRW� IRU
LWV�FHQWHU�

/HW� WKH� IROORZLQJ� LQWURGXFH� GHVLJQDWLRQV
EH�LQWURGXFHG�

Q[� �URXQG�[�e�G���Q\� �URXQG�\�e�G��
Q]� �URXQG�]�e�G����Q� �Q[���Q\���Q]��

���

ZKHUH�Q[� VWDQGV� IRU� WKH�QXPEHU�RI�WKH�FHOOZLWK� WKH�SRLQW� �[��������� FRXQWLQJ�IURP�WKH
]HUR� FHOO� RFFXSLHG� E\� WKH� DFWLYDWRU� LRQ�� Q\

%�$�2NKULPHQNR��'�<X�6WDUNRY���&ROODSVH�RI�I�HOHFWURQ����

��� )XQFWLRQDO�PDWHULDOV�������������



DQG�Q]�QXPEHUV�KDYH�WKH�VLPLODU�VHQVH��7KHIXQFWLRQ�URXQG�[�G��DSSUR[LPDWHV�WKH�QXP�
EHU�[�G�XS�WR�LWV�QHDUHVW�LQWHJHU��7KH�FRRU�
GLQDWH�D[HV�DUH�GLUHFWHG�DORQJ�WKH��WK�RUGHU
FU\VWDOORJUDSKLF��7KH�FRRUGLQDWH�RULJLQ�LV�DW
WKH�FHQWHU�RI�WKH�FHOO�RFFXSLHG�E\�WKH�DFWLYD�
WRU�LRQ�

/HW�XV�FRQVLGHU�WKH�EHKDYLRU�RI�SRWHQWLDO
FUHDWHG�E\�DOO� LRQV�RI� WKH� ODWWLFH�H[FHSW�IRU
WKH� LRQ� ORFDWHG� LQ� WKLV� FXELF� FHOO��7KH� ORFD�
WLRQ� RI� HDFK� LRQ� RI� WKH� ODWWLFH� FDQ� EH� GH�
VFULEHG� E\� D� YHFWRU� D7N�O�P� �>GN�� GO�� GP@�ZKHUH�N�� O��P� DUH� LQWHJHUV��/HW�XV� FRQVLGHU
D�SRLQW�Uc7� �>[c��\c��]c@�ZLWKLQ�WKH�VXJJHVWHG
FHOO��7KH�GLVWDQFH�EHWZHHQ� WKH� �N�� O��P�� LRQ
DQG�SRLQW�ZLWK�FRRUGLQDWHV��[c��\c��]c�� LV�GH�
WHUPLQHG� E\� WKH� EN�O�P� �DN�O�P�Ü�Uc� YHFWRU�7KH�SRWHQWLDO�8N�O�P�Uc��FUHDWHG�DW�Uc�SRLQW�E\WKH� �N�� O��P�� LRQ� LQ� YLHZ� RI� LWV� VLQJ� LV� H[�
SUHVVHG�DV�

8N�O�P�[��\��]�� ��Ü��N�O�P��_EN�O�P�Uc�_��
7KH� SRWHQWLDO � 81�[ � � \ � � ]� � FUHDWHG� E\1� ���T���Ü��� LRQV� WKDW� DUH� FRQWDLQHG� LQ� D
FXEH� ZLWK� HGJH� OHQJWK� �TG� LV� FDOFXODWHG� DV
WKH�VXP
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$W�VXPPDWLRQ������WKH�SRLQW�N� �O� �P� ��
LV�H[FOXGHG�

&DOFXODWLRQV� IRU� YDULRXV� QXPEHU�1� WDN�
LQJ�LQWR�DFFRXQW�WKH�ODWWLFH�LRQV�KDYH�VKRZQ
WKDW� LW� LV� SRVVLEOH� WR� FRQVLGHU� WKH� SRWHQWLDO
FUHDWHG�E\�DOO�ODWWLFH�LRQV�H[FHSW�IRU�QHDUHVW
RQHV�LV�HVVHQWLDOO\�FRQVWDQW�DW�WKH�FXELF�FHOO
ERXQGDULHV�� $� FKDQJH� LQ� QXPEHU� RI� LRQV
WDNHQ� LQWR� DFFRXQW� FKDQJHV� RQO\� WKH� SRWHQ�
WLDO� DEVROXWH� YDOXH� ZLWKLQ� WKH� FHOO� OLPLWV�
:KHQ� WDNLQJ� LQWR� DFFRXQW� DOO� ODWWLFH� LRQV�
WKLV� YDOXH� VKRXOG� EH� HTXDOHG� WR�0RXGHOXQJ
SRWHQWLDO� IRU� WKH� JLYHQ� ODWWLFH� W\SH�� ,W� HQ�
DEOHV� WR� VWDWH� WKDW� LW� LV� SRVVLEOH� WR� SUHVHQW
0RXGHOXQJ� SRWHQWLDO� 8P�[�� \�� ]�� DW� WKHSRLQWV�RI�VSDFH�ILOOHG�ZLWK�WKH�ODWWLFH�DV�VWHS
IXQFWLRQ

8P�[�\�]�� �8P��������Q���6W�e�U� ���
ZKHUH� U� ��[����\����]������ LV� WKH� GLVWDQFH
IURP�WKH�DFWLYDWRU�LRQ�FHQWHU�DQG�Q�GHSHQGV
IURP�[��\��]�����

7KH�IXQFWLRQ�
6W� �H[S�Ü�OQ��H[S�Ü��U�Ü�ULRQ����

LV� HTXDO� WR� �� RXWVLGH� RI� WKH� DFWLYDWRU� LRQ
DQG�WR���LQVLGH�LW�ZKHUH�ULRQ�LV�WKH�WKDOOLXP
LRQ� UDGLXV� >��@�� ,W� LV� LQFOXGHG� LQWR� ���� IRU
WKH� IROORZLQJ� UHDVRQV�� 7KH� 0RXGHOXQJ� SR�
WHQWLDO� WDNHV� DFFRXQW� RI� SRWHQWLDOV� RI� DOO
LRQV� RI� WKH� ODWWLFH� LQFOXGLQJ� WKDW�RI�DFWLYD�
WRU� LRQ�Ü��U��+RZHYHU�� WKLV� SRWHQWLDO� LV� LQ�
FOXGHG� DOVR� LQWR�8HI� �HIIHFWLYH� SRWHQWLDO� RIDFWLYDWRU� LRQ��� ,Q� RUGHU� WR� QRW� WDNH� LW� LQWR
DFFRXQW� WZLFH�� RXWVLGH� RI� WKH� FHOO� LW� LV� H[�
FOXGHG� IURP� WKH� 0RXGHOXQJ� SRWHQWLDO� E\
PHDQV�RI�6W�U�LWHP�

7KH�VHFRQG�FRPSRQHQW�RI�HIIHFWLYH�SRWHQ�
WLDO� LV� FUHDWHG� E\� WKH� LRQ� ORFDWHG� LQ� WKH
VXJJHVWHG� FHOO�� ,W� LV� QHFHVVDU\� WR� NQRZ� WKH
HOHFWURQ� GHQVLW\� GLVWULEXWLRQ� RI� DSSURSULDWH
LRQ� WR� HVWLPDWH� WKLV� FRPSRQHQW�� 'LVWULEX�
WLRQV� RI� FDWLRQ� .�� DQG� DQLRQ� &O±� HOHFWURQ
GHQVLW\�ZHUH�FDOFXODWHG�XVLQJ�WKH�GDWD�IURP
>��@� DQG� >��@�� UHVSHFWLYHO\�� 7KH� GHVLJQHG
GLVWULEXWLRQV� RI� FDWLRQ� DQG� DQLRQ� HOHFWURQ
GHQVLW\� DUH� SUHVHQWHG� QXPHULFDOO\�� 7R� VLP�
SOLI\�DFFRXQW�IRU�WKRVH�HOHFWURQ�GHQVLW\�GLV�
WULEXWLRQV��WKRVH�DSSUR[LPDWHG�E\�IXQFWLRQV
RI�WKH�NLQG

UL�U�� �°L§©����H[S��ELU��·¹H[S��DLU�� ���
ZKHUH� WKH� LQGH[� L� FRUUHVSRQGV� HLWKHU� WR
DQLRQ�RU�WR�FDWLRQ��,Q�RUGHU�WR�FDOFXODWH�WKH
FRPSOHWH� HIIHFWLYH� SRWHQWLDO� FUHDWHG� E\� WKH
DSSURSULDWH�LRQ��LW�LV�QHFHVVDU\�WR�WDNH�LQWR
DFFRXQW�QXFOHXV�SRWHQWLDO�8QL�U���WRR�

8QL��U�� �=L�e�U� ���
ZKHUH� =L� LV� FKDUJH� RI� WKH� DSSURSULDWH� LRQQXFOHXV��,Q�VXFK�FDVH��WKH�FRPSOHWH�HIIHFWLYH
SRWHQWLDO�8VL�U�� FUHDWHG�E\� WKH� LRQ� LQ� D� FHOOZKLFK�LW�RFFXSLHV�ZLOO�EH�HTXDO�WR

8VL�U�� �8QL�U����8HL�U�� ����
7KH�XVH�RI�8VL�U��SRWHQWLDO�SUHVHQWHG�QX�PHULFDOO\�ZLOO�FDXVH�ODUJH�GLIILFXOWLHV�LQ�WKH

IXUWKHU� ZRUN�� DV� VSKHUH�DYHUDJLQJ� RI� WKH
ODWWLFH�SRWHQWLDO� LV�QHFHVVDU\��7R�DYRLG� WKLV
SUREOHP�� ZH� ZLOO� ILQG� WKH� YROXPH�DYHUDJHG
SRWHQWLDO� FUHDWHG� E\� WKH� DSSURSULDWH� LRQ� LQ
WKH� FHOO� RFFXSLHG� WKHUHZLWK�� 7KLV� DYHUDJH
YDOXH� LV� SRVVLEOH� WR� ILQG�E\� LQWHJUDWLQJ� WKH
8VL�U��SRWHQWLDO�RYHU�WKH�FHOO�YROXPH�DQG�GL�YLGLQJ� WKH� YDOXH� REWDLQHG� E\� WKH� FHOO� YRO�
XPH�

�8L!� �³�
�G�e��

G�e��
�����³�

�G�e��

G�e��
�����³�

�G�e��

G�e��
�8VL�[�\�]�GU

G� �
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,W�LV�QHFHVVDU\�WR�ILQG�DYHUDJH�YDOXH��8!
RI�SRWHQWLDO��8L!�RYHU� WKH� ODWWLFH��6LQFH� LQXVHG� DSSURDFK�� WKH� YROXPHV� RI� FHOOV� RFFX�
SLHG� E\� WKH� DQLRQ� DQG� FDWLRQ� DUH� LGHQWLFDO�
WKHQ��8!� ���8D!����8F!����)RU� .&O� ODWWLFH� WKH� FDOFXODWHG� DYHUDJH
YDOXHV� RI� WKH� SRWHQWLDO� RYHU� WKH� ODWWLFH� YRO�
XPH� DQG� RYHU� YROXPHV� RI� FHOOV� RFFXSLHG� E\
WKH�DQLRQ�DQG�FDWLRQ�DUH�SUHVHQWHG�LQ�7DEOH�

7KH�REWDLQHG�SRWHQWLDO�GLVWULEXWLRQ�FKDU�
DFWHULVWLF� LQ� WKH� ODWWLFH� LV� VLPLODU� WR� WKH
EHKDYLRU�RI� WKH�0RXGHOXQJ�SRWHQWLDO�GLVWUL�
EXWLRQ��WKDW�LV��WKH�SRWHQWLDO� LQ�HDFK�FHOO�LV
FRQVWDQW�DQG�LV�HTXDO��8D!�IRU�DQ�DQLRQ�RF�FXSLHG� FHOO� DQG��8F!� IRU� D� FDWLRQ�RFFXSLHGRQH�� 6LPLODUO\� WR� WKH� IRUPXOD� GHVFULELQJ
0RXGHOXQJ�SRWHQWLDO��LQ�VXFK�FDVH�LW�LV�SRV�
VLEOH�WR�ZULWH�H[SUHVVLRQ�IRU�GLVWULEXWLRQ�RI
SRWHQWLDO�8V�[��\��]��RYHU�WKH�ODWWLFH�YROXPH�

8V�[�\�]�� 
 ����8D!����8F!��e����������Q����8!�����

����

$� PRUH� VLPSOH� +)6� PHWKRG� LV� DSSOLHG
RIWHQ� ZKHQ� FDOFXODWLQJ� WKH� ZDYH� IXQFWLRQV
LQVWHDG� RI� D� UDWKHU� GLIILFXOW� +DUWUHH�)RFN
�+)��PHWKRG��7KLV�PHWKRG�SURGXFHV�UHVXOWV
FORVH� WR� WKRVH� REWDLQHG� E\� +)� PHWKRG�� ,Q
WKLV�FDVH��QRQ�ORFDO�H[FKDQJH�WHUP�8H[�U���U��LV� XVHG� LQVWHDG� RI� ORFDO� SRWHQWLDO� 8/�U�� LQ+)�HTXDWLRQV�>��@�

8/�U�� ����Uc�U��e�S���e���e���� ����
ZKHUH�Uc�U��LV�HOHFWURQ�GHQVLW\�

Uc�U�� �¦MM
M

�U����MM�U��

,Q�WKLV�FDVH��WKH�V\VWHP�RI�+)�HTXDWLRQV
LV� WUDQVIRUPHG� WR� D�PRUH� VLPSOH� V\VWHP� RI
HTXDWLRQV� VLPLODU� WR� WKDW� RI� WKH� +DUWUHH
HTXDWLRQV�ZLWK�WKH�DGGLWLRQDO�WHUP�LQ�SRWHQ�
WLDO�DV������ZLWK�QHJDWLYH�VLJQ�

,Q�WKLV�ZRUN��ZH�VKDOO�SURFHHG�IURP�WKH
DVVXPSWLRQ�WKDW������LV�DSSOLFDEOH�QRW�RQO\
WR� HOHFWURQV� RI� 7O�� LRQ�� EXW� DOVR� WR� HOHF�
WURQV� RI� WKH� ODWWLFH� LRQV��.QRZLQJ� WKH� UD�
GLDO� GLVWULEXWLRQ� RI� HOHFWURQ� GHQVLW\� UL�U�IRU� FDWLRQ� DQG� DQLRQ�� OHW� XV� WR� ILQG� WKH
HOHFWURQ� GHQVLW\� GLVWULEXWLRQ� RYHU� WKH� ODW�
WLFH�YROXPH��7R�WKDW�HQG��LW�LV�QHFHVVDU\�WR
WDNH� LQWR�DFFRXQW�WKDW�WKH�UDGLDO�GLVWULEX�

WLRQ� RI� HOHFWURQ� GHQVLW\�UL�Uc�� DQG� QRQ�UD�GLDO� GLVWULEXWLRQ� UcL�Uc�� IRU� D� ODWWLFH� LRQFRUUHVSRQGV� WR� U�Uc�� ��SUc�Uc�Uc��� ZKHUH� Uc
LV� FRXQWHG� IURP� WKH� FHQWHU� �Q[��Q\��Q]�� RIVXJJHVWHG� LRQ� FRQQHFWHG� WR� V\VWHP�RI� FR�
RUGLQDWHV� �[�� \�� ]�� ZLWK� WKH� RULJLQ� DW� WKH
DFWLYDWRU� LRQ�QXFOHXV� WKURXJK� D� UHODWLRQ
Uc�� ��[�Ü�Q[G�������\�Ü�Q\G�������]�Ü�Q]G���7DNLQJ� LQWR� DFFRXQW� ����� ����� ������ WKH
H[SUHVVLRQ� IRU� HOHFWURQ� GHQVLW\�GLVWULEXWLRQ
RYHU�WKH�ODWWLFH�YROXPH�FDQ�EH�SUHVHQWHG�DV

U�[�\�]�� 
 ����������

Q����UD�[�\�]�����������Q����UN�[�\�]�
� �

UL�[�\�]�� �U�LH[S��DLUc�§©����H[S��ELUc��·¹�
7KH� FRPSOHWH� HIIHFWLYH� SRWHQWLDO� RI� WKH

ODWWLFH�8/DW�[��\�� ]�� LV� HTXDO� WR� WKH� VXP�RISRWHQWLDOV�IRXQG�XVLQJ������������DQG������
�8/DW�[�\�]�� 

 �8P�[�\�]����8V�[�\�]����8S�[�\�]��
7KH�VSKHUH�DYHUDJLQJ�RI�8/DW�[��\��]��SR�WHQWLDO� LV� QHFHVVDU\� WR� FDOFXODWH� WKH�7O�� UD�

GLDO� ZDYH� IXQFWLRQV� LQ� DSSUR[LPDWLRQ� RI
VSKHULFDO�SRWHQWLDO�

8DY�U�� 

 �³�
�

S ³�
�

�S8/DW�UVLQTFRVM�UVLQTFRVM�UFRVT�VLQTGTGM
�S �

7KH� FDOFXODWHG� �I�HOHFWURQ� UDGLDO� ZDYH
IXQFWLRQ� RI� 7O��� LRQ� LQ� WKH� H[FLWHG� VWDWH
ZLWK� WKH� FRQILJXUDWLRQ� RI� H[WHUQDO� HOHF�
WURQLF� VKHOO� �G��I� WDNLQJ� SODFH� LQ� WKH� .&O
ODWWLFH� ILHOG� LV� SUHVHQWHG� LQ� )LJ����� 7KH
�I�HOHFWURQ� UDGLDO� ZDYH� IXQFWLRQV� RI� IUHH
XQLYDOHQW� WKDOOLXP�LRQ�WDNHQ�IURP�>��@�DQG
WULYDOHQW�RQH�FDOFXODWHG�XVLQJ�WKH�PHWKRG�RI
�IUR]HQ��LQQHU�HOHFWURQV�DUH�VKRZQ�IRU�FRP�
SDULVRQ�LQ�WKLV�)LJXUH��WRR�

,W� LV� VHHQ� WKDW� FROODSVH� RI� �I�HOHFWURQ
ZDYH� IXQFWLRQ� RI� 7O��� LRQ� LQWURGXFHG� LQWR
.&O� ODWWLFH� LV� REVHUYHG� DV� FRPSDUHG� WR� IUHH
7O�� LRQ��$� OLWWOH� VKLIW� RI� WKH��I�HOHFWURQ�UD�
GLDO� ZDYH� IXQFWLRQ� WRZDUG� WKH� QXFOHXV� RI
7O��� LRQ� LQWURGXFHG� LQWR�.&O� ODWWLFH�DV�FRP�

7DEOH��3DUDPHWHUV�RI�IXQFWLRQ�����DQG�YDOXHV�RI�DYHUDJHG�SRWHQWLDO�8VL

,RQ D E ° �8L!��D�X�V��
.� ������� ���������� �������� ���������8F!�
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SDUHG� WR� IUHH�7O��� LRQ� LV�REVHUYHG�� WRR��7KH
UHVXOW� REWDLQHG� FDQ� EH� LQWHUSUHWHG� VXJJHVW�
LQJ�WKDW�RQH�RI�7O���LRQ�DEVRUSWLRQ�EDQGV�LV
DWWULEXWHG�WR��G���o��G��I�WUDQVLWLRQ�

5HIHUHQFHV
� ���0�%�5RELQ��&KHP��3K\V��/HWW������������������
� ���5�,�.DUD]L\D��8VS��)L]��1DXN�����������������

� ���-�3�&RQQHUDGH�� 7KH� 3K\VLFV� RI� 1RQ�5\GEHUJ
6WDWH��(OVHYLHU�6FLHQFH�3XEO����������

� ���0�8�%HO\L�� 9�1�%LQG\XNHYLFK�� $�6�.ROHVQLN
HW�DO���=K��3ULNO��6SHNWU������������������

� ���0�8�%HO\L�� 6�(�=HOHQVN\�� %�$�2NKULPHQNR�
6�0�<DEORFKNRY��,]Y��$1� 6665�� 6HU��)L]��� ���
������������

� ���0�8�%HO\L�� %�$�2NKULPHQNR��8NU��)L]��=K��� ��
�����������

� ���0�8�%HO\L�� %�$�2NKULPHQNR��8NU��)L]��=K��� ��
������������

� ���0�8�%HO\L��%�$�2NKULPHQNR��2SWLND�L�6SHNWU��
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����0�8�%HO\L��%�$�2NKULPHQNR��,]Y��98=RY��6HU�
)L]������������������

����$�6�'RXJODV�� '�5�+DUWUHH�� :�$�5XQFLPDQ�
3URF��&DPEU��6RF������������������

����)LVFKHU�&��)URHVH��$WRPLF�'DWD�����������������
����'�5�+DUWUHH��:�+DUWUHH��3URF��5R\��6RF���1R����$�
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����+�$�%HWKH��,QWHUPHGLDWH�4XDQWXP�0HFKDQLFV�
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