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RI� FDOFXODWLRQV� DV� FRPSDUHG� WR� WKH� 06PRGHO�7KH�VHOHFWHG�VROLGLILFDWLRQ�PRGHO�LV�LOOXV�WUDWHG� E\� WKH� )LJ� SUHVHQWLQJ� D� TXLWH� UHDOFU\VWDO� JURZLQJ� VFKHPH� >�@� XVLQJ� WKH� WZR�IXUQDFH� SULQFLSOH� SURSRVHG� LQ� >�@� SURYLGLQJHDVLO\�WKH�VWDWLRQDU\�FU\VWDOOL]DWLRQ�UHJLPH�7KH� FUXFLEOH� �� FRQWDLQLQJ� WKH� VXEVWDQFH� WREH�FU\VWDOOL]HG�LV�SXOOHG�DW�D�FRQVWDQW�VSHHG�IURP� ULJKW� WR� OHIW� LQ� WKH� )LJXUH�� WKURXJKWZR� IXUQDFHV� �� DQG� �� IRUPLQJ� WKH� FU\VWDODQG�PHOW� ]RQHV�� UHVSHFWLYHO\�� 7KH�PRGHO� LVEDVHG� RQ� WKH� DVVXPSWLRQ� WKDW� WKH� IXUQDFHVGR� QRW� LQIOXHQFH� WKH� SKDVH� LQWHUIDFH� �3,�GRPDLQ�LWVHOI��/HW�WKLV�GRPDLQ��UHVWULFWHG�E\WKH� 36� DQG� 3/� SRLQWV� LQ� WKH� )LJXUH�� EHGHILQHG� DV� D� �K ZLGH� EDQG� ZKHUH� K LV� DFHUWDLQ� FKDUDFWHULVWLF� GLPHQVLRQ� �GLVFXVVHGEHORZ��� 7KH� SDUW� SOD\HG� E\� WKH� IXUQDFHV� LQRXU�PRGHO� LV�UHGXFHG�WR�WKH�PDLQWDLQLQJ�RIWKH�WHPSHUDWXUH�YDOXHV�76 DQG�7/ DW�WKH�36DQG�3/ SRLQWV��UHVSHFWLYHO\��7KXV��LW�LV�VXS�SRVHG�WKDW�WKHUH�DUH�QR�KHDW�VRXUFHV� LQ�WKH3,� GRPDLQ�� H[FHSW� IRU� WKH� &)� LWVHOI�� 1RWHWKDW�WKH�VDPH�DVVXPSWLRQ�LV�WKH�EDVLV�RI�WKH06� PRGHO�� KRZHYHU�� WKH� 3,� GRPDLQ� LV� RILQILQLWH�VL]H�WKHUHLQ�DQG�76 → −∞ >�@��,W�RE�YLRXV�WKDW��E\�UHJXODWLQJ�WKH�SRZHU�DSSOLHGWR� WKH� IXUQDFHV� DQG� WKXV� VHOHFWLQJ� WKH�76DQG�7/ YDOXHV��ZH�FRXOG�DWWDLQ�DOZD\V�WKDWWKH� &)� �SURYLGLQJ� RI� FRXUVH� LW� LV� IODW�� ZLOOEH� SRVLWLRQHG� DW� WKH� PLGGOH� RI� WKH� DERYH�PHQWLRQHG�EDQG�

/HW� WKH� RUWKRJRQDO� FRRUGLQDWH� V\VWHP�[�] EH� FKRVHQ� ZKHUH� WKH� 2] D[LV� LV� GLUHFWHGWRZDUGV� WKH�PHOW� DQG�] LV� FRXQWHG� VWDUWLQJIURP� WKH� IODW� &)� SRVLWLRQ�� 7KH� IROORZLQJQRWDWLRQ�ZLOO�EH�XVHG�IURP�KHUH�RQ�]  �ϕ�[��LV�WKH�&)�OLQH�HTXDWLRQ�&�[�]�� LV� WKH� LPSXULW\� FRQFHQWUDWLRQ� LQ� WKH�[�]��SRLQW�RI�WKH�PHOW��] ³ ϕ��&∞ LV�WKH�LPSXULW\�FRQFHQWUDWLRQ�LQ�WKH�PHOWDW�LQILQLW\�IURP�WKH�&)�Y LV�WKH�FU\VWDOOL]DWLRQ�VSHHG�' LV� WKH� LPSXULW\� GLIIXVLRQ� FRHIILFLHQW� LQWKH�PHOW�P LV� WKH� OLTXLGXV� OLQH� VORSH� LQ� WKH� SKDVHGLDJUDP�RI�WKH�ELQDU\�V\VWHP�XQGHU�FRQVLG�HUDWLRQ�N LV�WKH�LPSXULW\�GLVWULEXWLRQ�FRHIILFLHQW�7�[�]�� LV� WKH�WHPSHUDWXUH� LQ�WKH� �[�]��SRLQWRI�WKH�PHOW��] ³ ϕ��RU�WKH�FU\VWDO��] ≤ ϕ��7� LV� WKH� VROLGLILFDWLRQ� WHPSHUDWXUH� RI� WKHPHOW�DW�WKH�LPSXULW\�FRQFHQWUDWLRQ�&∞�N�./�.6�� LV� WKH� KHDW� FRQGXFWLYLW\� FRHIILFLHQWRI�WKH�PHOW��FU\VWDO��/ LV� WKH� VSHFLILF� ODWHQW� PHOWLQJ� KHDW� SHUXQLW�YROXPH�/HW�WKH�VROXWLRQ�GHILQLWLRQ�GRPDLQ�Ω EH�VHWE\� WKH� LQHTXDOLWLHV� � ≤ [ ≤ O DQG� ÜK ≤ ] ≤ KZKHUH�O LV�WKH�FHOOXODU�VWUXFWXUH�KDOI�SHULRG�/HW�WKH�K YDOXH�EH�VHOHFWHG�VR�WKDW�WKH�FRQ�GLWLRQ�'�Y ���K ���'7�Y LV� PHW� ZKHUH�'7LV� WKH� WHPSHUDWXUH� FRQGXFWLYLW\� FRHIILFLHQWLQ�WKH�FU\VWDO�RU�LQ�WKH�PHOW��7KLV�FRQGLWLRQLV� HDV\� WR�PHW�� VLQFH� LQ�DFWXDO� V\VWHPV��'7H[FHHGV� ' E\� VHYHUDO� GHFLPDO� RUGHUV� >�@�7KHQ� ZH� FDQ� WDNH� &�[�K�� �&�[�∞�� �&∞�� ,IZH� WDNH� LQWR� DFFRXQW� WKDW� LW� LV� WKH� FDVHVZKHUH� O ���'7�Y WKDW�DUH�RI�D�SUDFWLFDO� LQ�WHUHVW� >�@�� WKHQ� ZH� FDQ� PDNH� XVH� RI/DSODFLDQ�HTXDWLRQ�WR�ILQG�RXW�WKH�WHPSHUD�WXUH� ILHOG� LQ� WKH�Ω GRPDLQ��7KH� FRQYHFWLRQLQ�WKH�PHOW�DQG�WKH�GLIIXVLRQ�LQ�WKH�FU\VWDODUH� DVVXPHG� WR� EH� QHJOLJLEOH� DQG� WKH� HTXL�OLEULXP� LV� DVVXPHG� WR� H[LVW� DW� WKH� SKDVHLQWHUIDFH�7KH� FRQFHQWUDWLRQ� DQG� WHPSHUDWXUH� GLV�WULEXWLRQ�LQ�WKH�GRPDLQ�Ω DW�WKH�VWDWLRQDU\UHJLPH� FDQ� EH� GHWHUPLQHG� E\� VROYLQJ� WKHIROORZLQJ�SUREOHP�'∇ �& + Y&] = ��� ���
'>&](ϕ([))−ϕ[&[(ϕ([))@ + Y(�−N)&(ϕ([)) = �� ���
&([�∞) = &∞� &[(��]) = &[(O�]) = ��� ���
∇ �7 = ��� ���

)LJ���6FKHPH�RI�FU\VWDO�JURZLQJ��D��DQG�WHP�SHUDWXUH�7 GLVWULEXWLRQ� DW� WKH� IODW� SKDVH� LQ�WHUIDFH� FU\VWDO�PHOW� �E���&UXFLEOH�ZLWK�D� VXE�VWDQFH�EHLQJ�FU\VWDOOL]HG�DW�D�UDWH�Y �����IXU�QDFHV� ���� ���� 36�� 3/�� WKH� WHPSHUDWXUHREVHUYDWLRQ�SRLQWV�LQ�WKH�FU\VWDO��76��DQG�WKHPHOW��7/���UHVSHFWLYHO\�
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7([�−K) = 76� 7([�K) = 7/�� ���
7[(��]) = 7[(O�]) = ��� ���

.6>7](ϕ − �) − ϕ[7[(ϕ − �)@ −
− ./>7](ϕ + �) − ϕ[7[(ϕ + �)@ = Y/� ���

7(ϕ − �) = 7(ϕ + �) =
= 7� + P>&(ϕ([)) − &∞ ⁄ N@� ���

+HUH��LQGLFHV�DUH�XVHG�WR�GHQRWH�WKH�SDU�WLDO�GHULYDWLYHV�RI�& DQG�7 ZLWK�UHVSHFW�WR�[DQG� ] DV� ZHOO� DV� WKH� XVXDO� GHULYDWLYH� RI�ϕZLWK� UHVSHFW� WR� [�� ∇ �� WKH� WZR�GLPHQVLRQDOQDEOD� RSHUDWRU�� 1RWH� WKDW�� WDNLQJ� LQWR� DF�FRXQW� WKDW� WKHUH� LV� D� VWDWLRQDU\� VWDWH� DQGWKH�VXUIDFH�HQHUJ\�RI�WKH�SKDVH�LQWHUIDFH�LVQHJOLJLEOH� DV�ZHOO� DV� VRPH� LQVLJQLILFDQW� GH�WDLOV�� WKH�SUREOHP� ���Ü����GLIIHUV� IURP�WKDWIRUPXODWHG�LQ�>�@�RQO\�LQ�WKH�ERXQGDU\�FRQ�GLWLRQV�����)RU�WKH�IODW�FDVH��ϕ  �����WKH�VROXWLRQ�RIWKH�SUREOHP����Ü����KDV�WKH�IRUP&(]) = (&∞ ⁄ N)>N + (� − N)H[S(−Y] ⁄ ')@� ����
7(]) = 7� + *6] DW ] ≤ ��7(]) = 7� + */] DW ] ³ ��� ����

+HUH��*6  ��7�Ü�76��K DQG�*6  ��7/ Ü�7���K�,W� LV� MXVW� WKH� SRO\JRQDO� VHFWLRQ� RI� WKH�7�]�SORW�SUHVHQWHG�LQ�WKH�)LJ����E��WKDW�DQVZHUVWR� WKH� WHPSHUDWXUH� GLVWULEXWLRQ� ����� LQ� WKHÜK ≤ ] ≤ K UHJLRQ�6XEVWLWXWLQJ� WKH� GLVWULEXWLRQ� ����� LQWR�����ZH�REWDLQ�WKH�H[SUHVVLRQ.6*6 − ./*/ = Y/�� ����ZKHUH� IURP� LW� LV� VHHQ� WKDW� DW� SUHVHW� QRQ�YDU\LQJ� SDUDPHWHUV�.6��./�� DQG�/�� RQH� RIWKH� SDUDPHWHUV� *6�� */�� RU� Y WKDW� FDQ� EHYDULHG� LV� WKH� GHSHQGHQW� RQH�� 7KLV� LV� WR� EHWDNHQ� LQWR� DFFRXQW� ZKHQ� FDUU\LQJ� RXW� WKHH[SHULPHQWV�RQ�WKH�&&*�DV�ZHOO�LQ�WKH�FU\V�WDO� JURZWK� SUDFWLFH�� )RU� H[DPSOH�� ZKHQYDU\LQJ� WKH� FU\VWDOOL]DWLRQ� VSHHG�� LW� LV� LP�SRVVLEOH�WR�IL[�WKH�DYHUDJHG�KHDW�FRQGXFWLY�LW\�FRHIILFLHQW�XVHG�LQ�WKH�&&*�WKHRU\�>����@
*__ =

.6*6 + ./*/.6 + ./ � ����
EXW� HLWKHU�*6 RU� */ FDQ� EH� UHPDLQHG� FRQ�VWDQW��)URP�WKH�VWDQGSRLQW�RI�WKH�&&*�SURE�

OHP�� LW� LV� WKH�*/ FRQVWDQF\� WKDW� LV�RI�PRUHLPSRUWDQFH�� WKXV��ZKHQ�YDU\LQJ�Y�� LW� LV�GH�VLUDEOH�WR�FRUUHFW�*6��6R��ZKHQ�LQFUHDVLQJ�YDQG�PDLQWDLQLQJ�76 DQG�7/ DW�FRQVWDQW�OHY�HOV� �)LJ��E��� LW� LV�QDWXUDO�WR�H[SHFW�WKDW�WKH&)�ZLOO�EH�GLVSODFHG�IURP�WKH�]  ���SRVLWLRQWR�OHIW��L�H���ERWK�*6 DQG�*/ ZLOO�FKDQJH��,WLV� REYLRXV� WKDW� WR� UHVWRUH� WKH� IRUPHU� */YDOXH��WKH�&)�VKRXOG�EH�UHWXUQHG�WR�WKH�]  ��SRVLWLRQ� E\� ORZHULQJ� WKH�76 YDOXH�� L�H�� WKHSRZHU� DSSOLHG� WR� WKH� IXUQDFH� �� VKRXOG� EHORZHUHG��VHH�)LJ��D���7KH�*6 LQ�WKLV�FDVH�ZLOOLQFUHDVH�E\�WKH�YDOXH�WKDW�FDQ�EH�FDOFXODWHGXVLQJ�(T������,W� LV� WR�QRWH� WKDW� WKH� ULJKW�KDQG� VLGH� RILQHTXDOLW\� ����� FDQ� EH� QHJOHFWHG� LQ� PDQ\FDVHV� RI� SUDFWLFDO� LPSRUWDQFH�� ,Q� IDFW�� DV/��./ ��.6� ≈ ����.⋅V�FP� >�@�� WKHQ� DW*/ a���� .�FP� DQG� Y a���Ü� FP�V� �FRUXQ�GXP��<$*��$+&��HWF����WKH�Y/��./*/��YDOXHLV� RI� WKH� RUGHU� RI� ��Ü��� VR� WKH� DERYH�PHQ�WLRQHG�)&�GLVSODFHPHQW�UHPDLQV�XQDSSUHFLD�EOH� HYHQ� LI� WKH� FU\VWDOOL]DWLRQ� VSHHG� LVFKDQJHG�E\�RQH�GHFLPDO�RUGHU�,W� LV� PRUH� FRQYHQLHQW� WR� FDUU\� RXW� WKHIXUWKHU� FDOFXODWLRQV� LQ� GLPHQVLRQOHVV� YDUL�DEOHV��WKDW�DUH�GHILQHG�DV
&′ =

N(& − &∞)&∞(� − N)
� 7′ =

7 − 7�7/ − 7�� O′ = Y'O�������
ZKHUH�O LV�DQ\�RI�OLQHDU�GLPHQVLRQV��[��]��O�K���/HW�WKH�GLPHQVLRQOHVV�FRHIILFLHQWV�EH�LQ�WURGXFHG�GHILQHG�DV

θ =
7� − 767/ − 7�� η =

./.6� λ = /'.6(7/ − 7�)�0 =
(N − �)P&∞.(7/ − 7�)� % =

N*/'
(N − �)PY&��

����
$V�D�UHVXOW�RI�VXFK�D�UHSODFHPHQW��WKH���LQSXW�SDUDPHWHUV�RI� WKH� LQLWLDO�SUREOHP�DUHUHGXFHG�GRZQ�WR�ILYH�RQHV��N DQG�ILUVW�IRXUSDUDPHWHUV�RI��������7KH�SDUDPHWHU�O′ LV�RQHWR�EH�VRXJKW�ZKLOH�K′ LV�H[SUHVVHG� LQ�WHUPVRI�RWKHU�RQHV�DV

θ − η = λK′� ����WKDW�LV�HTXLYDOHQW�WR�������7KH�FRHIILFLHQW�%LV�QRW�DQ�LQGHSHQGHQW�RQH��%  ����0K′���EXWLW� LV� YHU\� FRQYHQLHQW� LQ� FRQVLGHUDWLRQV� RIWKH�&&*�SUREOHP�>����@�EHFDXVH�LQ�XQLWHV�DOOWKH� SDUDPHWHUV� WKDW� DUH� SRVVLEOH� WR� EH� YDU�LHG�LQ�H[SHULPHQW�/HW�D�SHUWXUEDWLRQ������EH�LPSRVHG�RQWR�DIODW�3,��ϕ′  ���
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ϕ′ = δFRVω[′�� ����ZKHUH� δ LV� WKH� SHUWXUEDWLRQ� SDUDPHWHU� DQG
ω  �π�O′��,Q�WKH�ILUVW�DSSUR[LPDWLRQ�ZLWK�UH�VSHFW�WR�δ��LW�LV�WKH�SHUWXUEHG�FRQFHQWUDWLRQILHOG� &′ = H−]′ + $δH[S(−T]′)FRVω[′�� ����WKDW�DQVZHUV�WR�WKH�SHUWXUEDWLRQ��,Q�������TLV�FDOFXODWHG�DVT = ���+√ ���� + ω� ����ZKLOH� WKH� FRQVWDQW� $ LV� WR� EH� GHWHUPLQHG�3URFHHGLQJ�IURP�����DQG�WDNLQJ�LQWR�DFFRXQW������ZH�REWDLQ

$ = NT + N − �� ����
6XEVWLWXWLQJ������LQWR�������ZH�REWDLQ�LQ�WKHVDPH�DSSUR[LPDWLRQ

&′(ϕ′) = � − T − �T + N − �δFRVω[′� ����
8VLQJ�WKH�IRUPXODH������������������DQG������ZH�REWDLQ�WKH�FRQGLWLRQ�

7′(ϕ′) = 0 T − �T + N − �δFRVω[′� ����
WKDW� PDNHV� LW� SRVVLEOH� WR� REWDLQ� WKH� KHDWFRQGXFWLYLW\�SDUW�RI�WKH�SUREOHP�LQ�WKH�ILUVWDSSUR[LPDWLRQ�

7′ = θ]′K′
+ 



0 T − �T + N − � − θK′





×

× δVKω(K′ + ]′)VKωK′
FRVω[′� −K′ ≤ ]′ ≤ ϕ′�

����

7′ = ]′K′
+ 



0 T − �T + N − � − �K′





×

× δVKω(K′ − ]′)VKωK′
FRVω[′� ϕ′ ≤ ]′ ≤ K′�

����

6XEVWLWXWLQJ� ����� DQG� ����� LQWR� ���� XQGHUDFFRXQW� IRU� ����� DQG� ������ LQ� WKH� ]HUR� DS�SUR[LPDWLRQ� ZH� REWDLQ� WKH� H[SUHVVLRQ� �����7DNLQJ� LQWR� DFFRXQW� WKH� LWHPV� SURSRUWLRQDOWR�δFRVω[′��ZH�REWDLQ�T − �T + N − � = %θ + η� + η
� ����

$FFRUGLQJ�WR�������WKH�OHIW�KDQG�VLGH�RI�����FDQQRW�H[FHHG����7KXV��WKH�QRQ�IODW�VROXWLRQRI�WKH�SUREOHP�PD\�H[LVW�RQO\�XQGHU�FRQGLWLRQ

% < � + η
θ + η

� ����
,W� LV� WKH� XSSHU� OLPLW� RI� WKDW� LQHTXDOLW\WKDW� ZLOO� GHWHUPLQH� WKH� FULWLFDO� YDOXHV� RIWKH�FU\VWDOOL]DWLRQ�SDUDPHWHUV�7KH�SDUDPHWHU�% LV�FRQYHQLHQW�LQ�WKDW�LILW� LV� OHVV� WKDQ� ��� D� FRQFHQWUDWLRQ� RYHUFRRO�LQJ��&2��]RQH�DSSHDUV�LQ�WKH�PHOW�>�@��7KXV�LI�WKH�ULJKW�KDQG�VLGH�RI�WKH�LQHTXDOLW\�����LV� ODUJHU� RU� VPDOOHU� WKDQ� ��� WKLV� HYLGHQFHVWKH�H[LVWHQFH�RI�D�QRQ�IODW�SUREOHP�VROXWLRQSULRU�WR�WKH�&2�]RQH�DSSHDUDQFH�RU�ZKHQ�LWH[LVWV�DOUHDG\��UHVSHFWLYHO\��6R��DW�θ  �η  ���WKH� VLPSOHVW� �'� VROLGLILFDWLRQ� PRGHO��� ZHREWDLQ� IURP� ����� WKH� FODVVLFDO� &2� FULWHULRQ>�@�� ,I� ZH� WDNH� θ  �η  ���� IRU� VLPSOLFLW\VDNH�� WKDW� LV� HTXLYDOHQW� WR�.6  ��./ �UHOD�WLRQ�FORVH�WR�WKH�UHDOLW\�IRU�PHWDOV�>�@���DQG/  ���� WKHQ� LQ� WKH�� ≤ % ������ WKH�QRQ�IODWVROXWLRQ�ZLOO�H[LVW�LQ�WKH�DEVHQFH�RI�WKH�&2LQ� WKH�PHOW�� ,I�.6  �./ DQG�/ ≠ ��� WKHQ�DW�������λK′� ≤ % �����WKH�VROXWLRQ�ZLOO�EH�VWLOOIODW� DOWKRXJK� WKH�PHOW�ZLOO� FRQWDLQ� DOUHDG\D�&2�]RQH�8VLQJ� ����� LW� LV� HDV\� WR� FKHFN� WKDW� WKHLQHTXDOLW\� ����� DQVZHUV� H[DFWO\� WR� WKH� VR�FDOOHG�PRGLILHG�&2�FULWHULRQ�>�@�

*__Y <
(N − �)P&∞N' � ����

ZKHUH�*__ LV�JLYHQ�E\�������,W� LV�WR�QRWH�WKDWWKH�H[SUHVVLRQ������LV�YHU\�HOHJDQW�DQG�HDV\WR�UHPHPEHU�EXW�LV�LPSUDFWLFDO�LQ�XVH��7DN�LQJ�LQWR�DFFRXQW�������LW�LV�EHWWHU�WR�ZULWH�LWLQ�WKH�IRUP*/Y < ��./


(.6 + ./)

(N − �)P&∞N' − /


� ����

7KH� ODWWHU� LQHTXDOLW\� VKRZV� KRZ� WKH�/�./ DQG� .6 SDUDPHWHUV� LQWURGXFHG� LQ� WKHPRGHO� HIIHFW� WKH�*/ DQG� Y FULWLFDO� YDOXHV�EXW� LW� GRHV� QRW� SURGXFH� DQ� LOOXVLRQ� RI� VLJ�QLILFDQFH�RI�WKH�*6 SDUDPHWHU�5HIHUHQFHV���9�1�.DQLVFKHY��)XQFWLRQDO�0DWHULDOV����� �������������9�1�.DQLVFKHY�� )XQFWLRQDO� 0DWHULDOV� ���������������:�:�0XOOLQV��5�)�6HNHUND��-��$SSO��3K\V��������������������'�-�:ROONLQG��/�$�6HJHO��3KLO��7UDQV��5R\��6RF�/RQGRQ��6FU��$���������������������6�9�%DUDQQLN�� $�<D�'DQ�NR�� 9�1�.DQLVFKHY�)XQFWLRQDO�0DWHULDOV����������������
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��� )XQFWLRQDO�PDWHULDOV�������������



���+�6�%DJGDVDURY�� LQ��0RGHUQ�&U\VWDOORJUDSK\�HG��E\�%�.�9DLQVKWHLQ��1DXND��0RVFRZ��������YRO����S�����>LQ�5XVVLDQ@����:�$�7LOOHU�� &U\VWDO� *URZWK� IURP� D�0HOW�� LQ�7KH� $UW� DQG� 6FLHQFH� RI� *URZLQJ� &U\VWDOV�
-RKQ�:LOH\� 	� 6RQV�� ,QF��� 1HZ� <RUN�/RQGRQ����������$�$�&KHUQRY��LQ��0RGHUQ�&U\VWDOORJUDSK\��HG�E\� %�.�9DLQVKWHLQ�� 1DXND�� 0RVFRZ� �������YRO����S���>LQ�5XVVLDQ@�
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