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5HFHLYHG�$SULO��������
7KH� LQIOXHQFH� RI� LPSXULW\� RQ� HQHUJ\� EUHDGWK� RI� DQ� RSWLFDO� JDS� IRU� TXDQWXP� GRW� LV

VWXGLHG�ZLWKLQ�WKH�IUDPHZRUN�RI�GHIRUPDWLRQ�SRWHQWLDO�PRGHO���,W�LV�HVWDEOLVKHG�WKDW�ZLWK
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RI�TXDQWXP�GRWV�5��t����c�WKH�FRQYHUVH�HIIHFW�LV�REVHUYHG�
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2SWLFDO� SURSHUWLHV� RI� KHWHURVWUXFWXUHV
ZLWK� ,Q$V� VPDOO�VL]HG� TXDQWXP� GRWV� �DERXW
VHYHUDO� QDQRPHWHUV�� DUH� DFWLYHO\� VWXGLHG� LQ
RUGHU� WR� FUHDWH� VROLG�VWDWH� HPLWWHUV� LQ� WKH
UDQJH�O�a�����PP�

2QH�RI�WKH�SURPLVLQJ�ZD\V�WR�FRQWURO�WKH
HPLVVLRQ�UDQJH�LV�LQWURGXFWLRQ�RI�XQLW�LPSX�
ULW\�DWRP�LQWR�WKH�TXDQWXP�GRW��4'��>����@�
7KH� WHFKQRORJ\� RI� LPSXULW\� DWRP� LQWURGXF�
LQJ� LQWR� WKH� 4'� LV� EDVHG� RQ� WKH� XQLRQ� RI
KHWHURV\VWHP�JURZWK�SURFHVV�ZLWK�TXDQWXP
GRWV� �E\� PROHFXODU�UDGLDWLRQ� HSLWD[\�� DQG
VHOHFWLYH�GRSLQJ� >�@��7KLV�SUREOHP�LV�RI�VFL�
HQWLILF� DV� ZHOO� DV� RI� SUDFWLFDO� LQWHUHVW� IRU
PRGHUQ� RSWRHOHFWURQLFV�� LQ� SDUWLFXODU�� IRU
RSWRHOHFWURQLF� GHYLFHV� DSSOLFDEOH� LQ� TXDQ�
WXP� FRPSXWHUV� >�@�� ,Q� WKLV� OLJKW�� WKH� HVWL�
PDWHV�RI�WKH�EDVLF�RSWLFDO�WUDQVLWLRQ�HQHUJ\
LQ� VWUDLQHG� QDQRKHWHURV\VWHPV� ZLWK� 4'� LQ
WKH�SUHVHQFH�RI� LPSXULWLHV� DQG� WKH�DQDO\VLV
RI�WKLV�HQHUJ\��RU�IUHTXHQF\��GHSHQGHQFH�RQ
TXDQWXP�GRW�VL]H�DV�ZHOO�DV�RQ�WKH�LPSXULW\
W\SH�DUH�KHOSIXO���

7KH�H[SHULPHQWDO�VWXG\�RI�RSWLF�SKHQRP�
HQD� LQ� WKH� ,Q$V�*D$V� KHWHURV\VWHPV� ZLWK
GRSHG�4'�ZDV� FDUULHG� RXW� LQ� WKH�ZRUN� >�@�
7KH�VSHFWUD�RI�D�TXDVLSDUWLFOH�PRYLQJ�LQ�WKH
VXSHUSRVLWLRQ� RI� ILHOGV� ZLWK� &RXORPE� DQG
UDGLDO� UHFWDQJXODU� SRWHQWLDO�� WKH� IRUFHV� RI
WKH� ILHOGV� KDYLQJ� VKDUHG� FHQWUHV��ZDV� WKHR�
UHWLFDOO\�VWXGLHG�LQ�WKH�IUDPHZRUN�RI�GLHOHF�
WULF�IRUPDOLVP�>����@���

,Q� WKLV� SDSHU��ZH� DUH� JRLQJ� WR� FDOFXODWH
WKH� VL]H� RI� RSWLFDO� JDS� IRU� ,Q$V� FRKHUHQW�
VWUDLQHG� VSKHULFDO� 4'� GRSHG� ZLWK� VLOLFRQ
DQG� WR� DQDO\]H� WKH� GHSHQGHQFH� RI� WKLV� HQ�
HUJ\� VKLIW� RQ� WKH� 4'� VL]H�� WDNLQJ� LQWR� DF�
FRXQW�WKH�GHIRUPDWLRQ�SRWHQWLDO���

/HW� XV� FRQVLGHU� VSKHULFDO� ,Q$V� 4'� ZLWK
UDGLXV�5�� DQG� LQGXFWLYLW\� H��� SODFHG� LQWR� DVHPLFRQGXFWRU�*D$V�PDWUL[�ZLWK� UDGLXV�5�DQG�LQGXFWLYLW\�H���7KHUH�LV�LRQL]HG�GRQRU�6LLPSXULW\�ZLWK�FKDUJH��Ë�LQ�,Q$V�4'�FHQWUH��

,Q� RUGHU� WR� UHGXFH� WKH� SUREOHP� ZLWK� D
QXPEHU�RI�4'�WR�D�SUREOHP�ZLWK�RQH�4'��ZH
WDNH� WKH� IROORZLQJ� DSSUR[LPDWLRQ�� ZH� VXE�

)XQFWLRQDO�0DWHULDOV�����1R��������� �������Û�,QVWLWXWH�IRU�6LQJOH�&U\VWDOV

�� )XQFWLRQDO�PDWHULDOV�������������



VWLWXWH� WKH� SDLU�ZLVH� HODVWLF� LQWHUDFWLRQ� HQ�
HUJ\�RI�WKH�TXDQWXP�GRWV�E\�WKH�LQWHUDFWLRQ
HQHUJ\� RI� HYHU\� 4'� ZLWK� DYHUDJHG� HODVWLF
GHIRUPDWLRQ� ILHOG� VHI�1�Ü���� RI� WKH� UHVW� RI4'�V�

8QOLNH�>����@��RXU� ,Q$V�*D$V��ZLWK� ,Q$V
4'�� KHWHURVWUXFWXUH� PRGHO� WDNHV� LQWR� DF�
FRXQW� WKH� LQIOXHQFH� RI� LQWHUQDO� HODVWLF
VWUHVVHV�� FDXVHG� E\� WKH� GLVDJUHHPHQW� LQ
WKH�4'�ODWWLFH�PDWHULDO�SDUDPHWHUV�DQG�WKH
PDWUL[� I� �D,Q$V�Ü�D*D$V�� D,Q$V�|�����
/DSODFLDQ�SUHVVXUH�RQ�WKH�ERXQGDU\�EHWZHHQ
4'�DQG�WKH�PDWUL[� �FRQVLGHULQJ�VHOI�FRQVLV�
WHQW� GHIRUPDWLRQ� RI� 4'� PDWHULDO� DQG� VXU�
URXQGLQJ�ILQLWH�VL]HG�PDWUL[���WKH�GLIIHUHQFH
LQ� SK\VLFDO� FKDUDFWHULVWLFV� RI� QDQRREMHFWV
DQG� PDVVLYH� FU\VWDOV� �EDULF� FRHIILFLHQW�
PRGXOXV� RI� HODVWLFLW\�� 3RLVVRQ�V� UDWLR��� DV
ZHOO�DV�HOHFWURQ�GHIRUPDWLRQ�LQWHUDFWLRQ��

$V� WKH� ODWWLFH� FRQVWDQW� RI� ,Q$V� PDWHULDO
LV�PRUH� WKDQ� WKDW� RI�*D$V�PDWUL[�� WKHQ� LQ
FDVH� RI� KHWHURHSLWD[LDO� JURZWK� ZLWKLQ
SVHXGRPRUSKRXV� ,Q$V� JURZWK� RQ� *D$V
OD\HU�� ,Q$V� PDWHULDO� FDQ� EH� GHIRUPHG� E\
FRPSUHVVLRQ�DQG�*D$V�Û�E\�VWUHWFKLQJ��6R�
ZH� LQWURGXFH� WKH� VSKHULFDO� TXDQWXP� GRW
ZLWK�UDGLXV�5���FKDUJHG�E\�GRQRU�LPSXULW\�DV�DQ�HODVWLF�GLODWDWLRQ�PLFURLQFOXVLRQ�LQ�WKH
IRUP�RI�DQ�HODVWLF�EDOO�SODFHG�LQWR�D�VSKHUL�
FDO�HPSW\�VSDFH�ZLWK�WKH�YROXPH�'9�VPDOOHU
WKDQ� WKH� YROXPH� RI� WKH� PLFURLQFOXVLRQ�� LQ
WKH�*D$V�PDWUL[��7R�LQVHUW�VXFK�D�VSKHULFDO
PLFURLQFOXVLRQ�� RQH� VKRXOG� VTXHH]H� LW� DQG
VWUHWFK�WKH�*D$V�PDWUL[�LQ�WKH�UDGLDO�GLUHF�
WLRQV�� 7KH� VLPXOWDQHRXV� GHIRUPDWLRQ� UHVXOW
IRU� WKH� FRQWDFWLQJ� QDQRPDWHULDOV� LV� GH�
VFULEHG� E\� '9� YROXPH� FKDQJH� ZLWK� WKH� SD�
UDPHWHU�I�5���5�����

'9�5��5��� �I�5��5������S5��� ���
8QOLNH� >����@�� LQ� RXU�SDSHU� WKH�GLVDJUHH�

PHQW� SDUDPHWHU� I�5��5��� LV� WKH� IXQFWLRQ� RIVL]HV� 4'� �5��� DQG� WKH� UDGLXV� LI� WKH� VXU�URXQGLQJ�PDWUL[��5�����
I�5��5��� �I��5��5�����I��5��5��� ���

ZKHUH� I��5��5���� I��5��5��� DUH� PDWHULDOV� RI4'� DQG� WKH� VXUURXQGLQJ�PDWUL[� ODWWLFH� SD�
UDPHWHUV� UHODWLYH� FKDQJHV�� FDXVHG� UHVSHF�
WLYHO\� E\� WKH� GLIIHUHQFH� RI� UDGLDO� DU�L�� DQG
DQJOH� FRQVWLWXHQWV� DT�L��� DM�L�� RI� ODWWLFH� SD�
UDPHWHU� LQ� 4'� PDWHULDO� DV� ZHOO� DV� LQ� WKH
VXUURXQGLQJ�PDWUL[��UHODWLYH�WR�WKHLU�YDOXHV
DL�LQ�EXON�PDWHULDOV� ,Q$V�DQG�*D$V��
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&���L� ��&���L� �DUH�HODVWLF�FRQVWDQWV�RI�,Q$V��L� ���
DQG� *D$V� �L� ���� PDWHULDOV�� *��� *�� DUHPRGXOXV� RI� ULJLGLW\� IRU� WKH� PDWHULDOV� ,Q$V
DQG�*D$V��

$V�5��5��!!����WKHQ�I��I���������
7KH� VWUDLQ�VUU�L�� LQ� WKH�PDWHULDOV� ,Q$V� DQG

*D$V�LV�>��@������������������������
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ZKHUH�QL��pL�DUH�3RLVVRQ�V�UDWLR�DQG�PRGXOXVRI�HODVWLFLW\�IRU�WKH�PDWHULDOV�RI�4'�DQG�WKH
VXUURXQGLQJ� PDWUL[�� H[SUHVVHG� LQ� WKH
NQRZQ�ZD\� >��@� E\� WKH� HODVWLF� FRQVWDQWV� RI
WKHVH�PDWHULDOV�

7R�FOHDU�RXW�WKH�FRPSRQHQWV�RI�GHIRUPD�
WLRQ� WHQVRU�� ZH� QHHG� WR� ILQG� � WKH� H[SOLFLW
IRUP� RI� DWRPV� VKLIW�XU�����XU���� LQ� ,Q$V� DQG*D$V� PDWHULDOV�� UHVSHFWLYHO\�� 7R� GR� LW�� OHW
XV� ZULWH� GRZQ� WKH� HTXLOLEULXP� HTXDWLRQ
>��@�

��GLYX� �� ���
ZLWK� WKH� IROORZLQJ� HGJH� FRQGLWLRQV� IRU
VSKHULFDO�4'�
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�7KH� OHIW� SDUW� RI� WKH� ILUVW� HTXDWLRQ� LQ� WKH
VHW�����LV�REWDLQHG�DV�D�JHRPHWULF�GLIIHUHQFH
'9�RI�PLFURLQFOXVLRQ�YROXPH�DQG�WKH�HPSW\
VSDFH� YROXPH� LQ�*D$V� PDWUL[��� +HUH�5�� LV*D$V� PDWUL[� UDGLXV�� 3/� LV� /DSODFLDQ� SUHV�
VXUH�� D�H����� LV� 4'� �,Q$V�� VXUIDFH� HQHUJ\�
ZKLFK� LV� WKH� IXQFWLRQ�RI� VXUIDFH� VWUHVV� DQG
4'�GHIRUPDWLRQ�WHQVRUV�>��@�

2�2�'DQ�NLY��5�0�3HOHVKFKDN���,QIOXHQFH�RI�LPSXULW\����

)XQFWLRQDO�PDWHULDOV������������� ��
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RI�4'��VLMNO����LV�VHFRQG�RUGHU�VWUHVV�WHQVRU�7KH� VROXWLRQ� RI� HTXDWLRQ� ���� LV� WKH� IRO�
ORZLQJ�LQ�FDVH�RI�VSKHULFDO�4'�V�
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$V� LQ� WKH� GRW� U� ��� WKH� GLVSODFHPHQW
PXVW� EH� ILQLWH�� WKHQ� LQ� WKH� VROXWLRQ� ���� OHW
XV�DVVXPH�&�� ���7KH�ILHOG�RI�GLVSODFHPHQWV�GHILQHV�WKH�IRO�
ORZLQJ�FRPSRQHQWV�RI�GHIRUPDWLRQ�WHQVRU�
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:H�FDQ�ILQG�FRHIILFLHQWV�&���&���&��IURPWKH� VROXWLRQ� RI� WKH� VHW� ����� WDNLQJ� LQWR� DF�
FRXQW����Ü��������Ü�����

7KH� TXDVLSDUWLFOH� PRYHPHQW� LV� FRQVLG�
HUHG� LQ� WKH� VXSHUSRVLWLRQ� RI� &RXORPE� DQG
GHIRUPDWLRQ� SRWHQWLDO� �)LJ������ $V� RQH� FDQ
VHH� IURP� )LJ����� TXDQWL]LQJ� SRWHQWLDO� FKDU�
DFWHU� LV� GHILQHG� E\� WKH� ERWWRP�RI� FRQGXFWLRQ
EDQG� DQG� 4'� KHWHURVWUXFWXUH� YDOHQFH� ]RQH
SHDN� SURILOHV�� 7KH� HQHUJHWLF� GLVSODFHPHQWV� RI
SHUPLWWHG�EDQGV�HGJHV�LQIOXHQFHG�E\�HODVWLF�GH�
IRUPDWLRQV�DUH�UHVSHFWLYHO\�WKH�IROORZLQJ�>��@�

'(F�L�� �DF�L�H�L��5��5����
'(X�L�� �DX�L�H�L��5��5���

ZKHUH� H�L��5��5��� �6SH�L���DF�L���DX�L�� DUH� WKHFRQVWDQWV�RI�K\GURVWDWLF�GHIRUPDWLRQ�SRWHQ�
WLDO� RI� FRQGXFWLRQ� EDQG� DQG� YDOHQFH� EDQG�
UHVSHFWLYHO\��L� �®̄��{�,Q$V��{�*D$V����

7KH�SRWHQWLDO�HQHUJ\�RI�WKH�HOHFWURQ�DQG
KROH� LQ� WKH� VWUDLQHG� ,Q$V� 4'� LQ� WKH

,Q$V�*D$V� KHWHURV\VWHP� LV� GHWHUPLQHG� DV
IROORZV�

8H�K�U�� �
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+HUH�F���F���(J�����(J����DUH�HOHFWURQ�DIILQL�
WLHV� DQG� SHUPLWWHG� EDQG�ZLGWK� RI� ,Q$V� DQG
*D$V�PDWHULDOV��UHVSHFWLYHO\�

(QHUJ\� WUDQVLWLRQ� LQWR� WKH� IXQGDPHQWDO
VWDWH� LQ� D� VWUDLQHG� TXDQWXP� GRW� LV� GHWHU�
PLQHG�LQ�WKH�IROORZLQJ�ZD\�

)LJ����� 7KH� SRWHQWLDO� HQHUJ\� RI� HOHFWURQ� DQG
KROH�LQ�FRKHUHQW�VWUDLQHG� ,Q$V�4'�ZLWK�LRQL]HG
GRQRU� LPSXULW\��7KH�SRWHQWLDO�HQHUJ\� LV�FDOFX�
ODWHG� IURP� WKH� WRS� RI� WKH� SRWHQWLDO� EDUULHU� RI
WKH�TXDVLSDUWLFOH�LQ�4'�ZLWKRXW�LPSXULWLHV��

2�2�'DQ�NLY��5�0�3HOHVKFKDN���,QIOXHQFH�RI�LPSXULW\����

�� )XQFWLRQDO�PDWHULDOV�������������
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ZKHUH�(��H���(��K��DUH�WKH�IXQGDPHQWDO�VWDWHHQHUJLHV�RI�HOHFWURQ�DQG�KROH�LQ�WKH�VWUDLQHG
4'�� FRXQWHG� RII� WKH� OHYHO� RI� SRWHQWLDO� EDU�
ULHU�SHDN��DV�VKRZQ�LQ�)LJ����

7R�GHWHUPLQH�FKDUJH�FDUULHUV�VSHFWUXP�LQ
WKH� KHWHURV\VWHP� XQGHU� FRQVLGHUDWLRQ�� ZH
QHHG�WR�VROYH�6FKURGLQJHU�HTXDWLRQ
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7KH� 6FKURGLQJHU� HTXDWLRQ� ����� LQ� WKH
VSKHULFDO�FRRUGLQDWHV�V\VWHP�LV�VROYHG�LQ�WKH
IRUP�

<QOP�U�4�M�� �5QO�U����<OP�4�M�� ����
+HUH� <OP�4�M�� DUH� VSKHULFDO� /HJHQGUHIXQFWLRQV�>��@��
7KH� DQDO\WLF� IRUP� RI� HTXDWLRQ� ����� VROX�

WLRQV� GHSHQGV� RQ� WKH� HQHUJ\� VHFWLRQV� DQG
KHWHURV\VWHP�UHJLRQV�

:H� VKDOO� ILQG� UDGLDO� ZDYH� IXQFWLRQ�5�U�
E\�FKDQJLQJ�WR�U�U��IXQFWLRQ�

5�U�� �U�U�U � ����

/HW�XV�ILQG�WKH�ZDYH�IXQFWLRQ�RI�WKH�HOHF�
WURQ� LQ� HDFK� RI� WKH� HQHUJ\� VHFWLRQV� ,Ü,,,
�)LJ����� LQ� GLIIHUHQW� 4'� KHWHURV\VWHP� UH�
JLRQV�

���� /HW� XV� FRQVLGHU� WKH� FDVH� ��d�U�d�5��4'� ,Q$V�PHGLXP��
7KH� GLIIHUHQWLDO� HTXDWLRQ� ����� IRU� UDGLDO

ZDYH�IXQFWLRQ�ZLWK�UHVSHFW�WR������������ZLOO
KDYH�WKH�IRUP�

G�
GU�5��H��U�����U

G5��H��U�
GU ���O�O�����U� 5��H��U���

���
�P�H



K�� §©(�H����9�H���� H�
�SH�H�U

·¹5��H�� ���

����

7KHQ� ZH� FRQVLGHU� WKH� VROXWLRQ� RI� WKH
HTXDWLRQ� ����� LQ� FDVHV� _(�H�_�!�_9�H�_� DQG
_(�H�_���_9�H�_�

D���_(�H�_�!�_9�H�_��HQHUJ\�VHFWLRQ�,��(�H����:���:�� �Ü9�H��Ü�H���SH�H�5��LQ�)LJ�������$IWHU� WKH� IROORZLQJ� YDULDEOHV� DUH� LQWUR�
GXFHG���
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