
1XPHULFDO�VLPXODWLRQ�LQ�SURFHVVLQJ�RIH[SHULPHQWDO�GDWD�RQ�PHFKDQLFDO�VSHFWURVFRS\RI�PDWHULDOV
$�9�0R]JRYR\��9�6�$EUDPFKXN��,�9�$EUDPFKXN

0�.RWV\XE\QVN\�9LQQLWVD�6WDWH�3HGDJRJLFDO�8QLYHUVLW\���2VWUR]VN\�6W���������9LQQLWVD��8NUDLQH
9LQQLWVD�1DWLRQDO�7HFKQLFDO�8QLYHUVLW\�����.KPHOQLWVN\�KLJKZD\�$YH��������9LQQLWVD��8NUDLQH

([SDQVLRQ�RI�FRPSOH[�PHFKDQLFDO�VSHFWURVFRS\�VSHFWUD�LQWR�FRPSRQHQWV�GHILQHG�E\�GHSHQG �HQFHV�ZLWK�'HE\H�PD[LPD�DQG�K\VWHUHVLV�FXUYHV�KDV�EHHQ�SURSRVHG��$Q�DOJRULWKP�IRU�DSSUR[L �PDWLRQ�RI�H[SHULPHQWDO�GDWD�EDVLQJ�RQ�JHQHUDOL]HG�'HE\H�IXQFWLRQV�KDV�EHHQ�GHYHORSHG�
Íénlsv ntv�éjosv ntqn�xsv t�}�xwnrzévk�un}jtq·nxrvp�xwnrzévxrvwqq�tj�xvxzjk�s¹í�qn��rvzvé�n�vwénlns¹ízx¹�ojkqxquvxz¹uq�x�lnijnkxrquq�ujrxquyujuq�q�mqxznén�oqxt�uq�réqk�uq��èjoéjivzjt�jsmvéqzu�wéqisq ntq¹�ërxwnéquntzjs�t�}�ljtt�}�tjvxtvkn�vivi�ntt�}�lnijnkxrq}�{ytr|qp�

7KH�PHFKDQLFDO� VSHFWURVFRS\� VXJJHVWV� H[ �DPLQDWLRQ� RI� PHFKDQLFDO� V\VWHPV� H[KLELWLQJERWK�ZHDN�DQG�VWURQJ�QRQOLQHDULW\�WR�SURYLGHLQIRUPDWLRQ� RQ� WKH� SURSHUWLHV� DQG� VWUXFWXUHVWDWH� WKHUHRI�� 7HPSHUDWXUH�� IUHTXHQF\�� DQGDPSOLWXGH� VSHFWUD� DUH� XVHG��7KH� HQJLQHHULQJPDWHULDOV� VKRZ� DV� D� UXOH� FRPSOH[� UHOD[DWLRQVSHFWUD�SUHVHQWLQJ�D� VXSHUSRVLWLRQ�RI� VHYHUDOQRQ�HODVWLF�SURFHVVHV�DW�GLIIHUHQW�PHFKDQLVPVRI� WKH� SURFHVVHV� UXQQLQJ�� $� QHFHVVLW\� DULVHVWR�DQDO\]H�WKH�PHFKDQLFDO�VSHFWUD��WR�H[SDQGWKRVH� LQWR� FRPSRQHQWV� DV�ZHOO� DV� WR�GHVFULEHWKH� REMHFW� SK\VLFDO� PRGHO�� ,W� LV� MXVW� WKH� GH �VFULSWLRQ� XVLQJ� PDWKHPDWLFDO� FKDUDFWHULVWLFVZLWK� SDUDPHWHUV� DGHTXDWH� WR� WKH� QDWXUH� RISURFHVVHV� RFFXUULQJ� LQ� WKH�PDWHULDO� WKDW�ZLOOEH�WKH�PRVW�FRPSUHKHQVLYH�/HW�D�WHPSHUDWXUH�GHSHQGHQFH�RI�4�� EH�SUHVHQWHGE\�D�EDFNJURXQG�DQG�D�VXP�RI�P PD[LPD�>�@�4−�(7) = 4�−�H[S(−+ϕ ⁄ 57) +

+ ∑N=�
P 4P(N)
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ZKHUH�WKH�LQGH[�N QXPEHUV�LQGLYLGXDO�PD[�LPD��4��� LV�WKH�SUH�H[SRQHQWLDO�EDFNJURXQGIDFWRU�� +ϕ�� WKH� DFWLYDWLRQ� HQHUJ\�� 7P�N��

WHPSHUDWXUH�RI�WKH�PD[LPXP�DW�WKH�VSHFLILHG�IUH�TXHQF\�I��7KH�VSHFWUXP�FRQVLVWV�RI�D�OLPLWHG�QXP�EHU� RI� PD[LPD� KDYLQJ� WKH� UHJXODU� 'HE\H� VKDSHZLWK�WKH�EURDGHQLQJ�SDUDPHWHU�β  ���,Q�PRVW�FDVHV��WKH�PHDVXUHG�PD[LPD�RI�4��DUH�ZLGHU�WKDW�WKH�'HE\H�SHDN�GXH�WR�VXSHUSR �VLWLRQ� RI� VHYHUDO� UHOD[DWLRQ� SURFHVVHV�� HDFKKDYLQJ� LWV� SURSHU� UHOD[DWLRQ� WLPH� τS�� 7KHPD[LPXP� REWDLQHG� LQ� H[SHULPHQW� FDQ� EH� H[ �SDQGHG�LQWR�D�VXP�RI�'HE\H�RQHV�LI�WKH�UHOD[D �WLRQ� WLPH� VSHFWUXP� LV� GLVFUHWH�� WKDW� LV�� WKHQXPEHU�RI�SURFHVVHV�LV�VPDOO�HQRXJK�DQG�WKH� τSYDOXHV� FRUUHVSRQGLQJ� WKHUHWR� GLIIHU� VLJQLIL �FDQWO\��:KHQ� WKH� VSHFWUXP� LV� FRQWLQXRXV� >�@�WKH� GLVWULEXWLRQ� SDUDPHWHU� β LV� LQWURGXFHGWKDW�� DV� ZHOO� DV� WKH� τS SDUDPHWHU� �UHOD[DWLRQWLPH��DQG�+ �DFWLYDWLRQ�HQHUJ\��� LV�DQ� LPSRU�WDQW� FKDUDFWHULVWLF� RI� SK\VLFDO� SURFHVVHV�� 7KH
β YDOXH�GHILQHV�FKDQJHV� LQ�WKH� 4�� PD[LPXPKHLJKW�DQG�VKDSH�DV�FRPSDUHG�WR�WKH�'HE\H�RQHKDYLQJ�β  ����(YHQ�DW� ORZ� β YDOXHV�ZKHQ�WKHSHDN�EURDGHQLQJ�U��β� GRHV�QRW�H[FHHG�������WKH�+YDOXH� �GHWHUPLQHG� IURP�WKH� SHDN�KDOI�ZLGWK� >�@�EHFRPHV�FKDQJHG�VXEVWDQWLDOO\��7KHQ�WKH�LWHPV�RI����DUH�FKDQJHG�E\�IXQFWLRQV�>�@
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7KH�KLJKHU�LV�JUDG 7��WKH�PRUH�EURDGHQVWKH� PD[LPXP� ZKLOH� LWV� KHLJKW� LV� ORZHUHG�7KH� GHFUHDVH� RI� 4P(N)
−� LV� WKH� PRUH�� WKHKLJKHU� LV� WKH� DFWLYDWLRQ� HQHUJ\� +N FKDUDF�WHUL]LQJ� WKH� PD[LPXP� WR� EH� PHDVXUHG� >�@�7KH�+N YDOXHV� GHWHUPLQHG� XVLQJ� GLIIHUHQWPHWKRGV� FDQ� EH� GLIIHUHQW� �VRPHWLPHV� E\� DIDFWRU� RI� WZR�� >�@�� EHFDXVH� DOO� WKH�PHWKRGVLQ� XVH� ZHUH� HODERUDWHG� XQGHU� DVVXPSWLRQWKDW�WKH�PD[LPXP�KDV�WKH�'HE\H�VKDSH�>�@�,W� LV� LPSRVVLEOH� WR� DVVHVV� WKH� HUURUV� RI� +NGHWHUPLQDWLRQ�DV�ZHOO�DV�WR�H[SDQG�WKH�VSHF �WUXP�LQWR�LWV�FRPSRQHQWV�JN ZKHQ�WKH�VKDSHYDULDWLRQV� RI� WKH� LWHPV� JN DUH� QRW� NQRZQH[DFWO\��7KHUHIRUH��RI�D�JUHDW�LPSRUWDQFH�LVWKH�FKRLFH�RI�D�PDWKHPDWLFDO�FXUYH�KDYLQJ�DPRUH�JHQHUDO�IRUP�WKDQ� WKH�IXQFWLRQ�RI� ���W\SH�DQG�LQFOXGLQJ�SDUDPHWHUV�KDYLQJ�D�GH �ILQLWLYH�SK\VLFDO�VHQVH�DW�WKH�VDPH�WLPH��/HWD� IXQFWLRQ� ϕN�[�� �ϕN�[�� $N�� αN�� βN�� γN�� [N�EH�FKRVHQ�DV�VXFK�D�IXQFWLRQ��ZLWK�DEVWUDFWSDUDPHWHUV� XVHG� LQ� RUGHU� WR� SURYLGH� LQGH �SHQGHQFH� RI� WKH� FRPSXWHU� SURJUDP� RI� DQ\VSHFLILF�SUREOHP��

ϕN([) =
$NH−αN([−[N)� + γHN−βN([−[N)

�
$N > ��αN > ��βN > ��γN > �� ���

WKDW�FRLQFLGHV�ZLWK�WKH�'HE\H�FXUYH�IRU�βN  ��αN�
γN  ����$N  ���

ϕN([���αN��αN���[N) = �H−αN([−[N)� + H−�αN([−[N) =

= FK−�([�αN�[N)

���
DV�ZHOO� DV� FRLQFLGHV�ZLWK�WKH�FXUYH� ���� �WKH'HE\H�RQH�DW�D�EURDGHQHG�SHDN��LI� βN  ��αN�$N ≠ �� DQG� γN ≠ ���:KHQ� WKH� DEVROXWH� YDOXHRI�WKH�FXUYH�ϕN�[��FKDQJH�UDWHV�LQ�WKH�SRLQWVSRVLWLRQHG� WR� OHIW� RI� LWV� PD[LPXP� DQG� WRULJKW� WKHUHRI� DUH� GLIIHUHQW�� WKHQ� βN ≠ �αN�6XFK� GHSHQGHQFHV� DUH� REVHUYHG� IRU� DPSOL �WXGH�GHSHQGHQW� LQWHUQDO� IULFWLRQ� ZKHQVWXG\LQJ� PDJQHWR�PHFKDQLFDO� GDPSLQJV� LQPDJQHW�ILHOGV�RI�GLIIHUHQW�VWUHQJWK�>����@��,WLV�HDV\�WR�SURYH�WKDW�WKH�IXQFWLRQ� ϕN�[��KDVD� PD[LPXP� RQO\� ZKHQ� βN !�αN !���� WKHPD[LPXP�SRLQW�LV�GHWHUPLQHG�E\�IRUPXODV

[PD[ = [N − �
βNOQ αN

γN(βN − αN)
�

ϕPD[�N = $N(� − αN⁄βN)>γN(βN⁄αN − �)@−αN⁄ βN�� ���
1RWH� WKDW� ϕN�[N�� �$N�����γN��� DQG� [PD[  �[NRQO\�ZKHQ� γN = (βN⁄αN − �)−���7KH� FXUYH� V\PPH�WU\� ZLWK� UHVSHFW� WR� [  �[PD[  �[N LV� SRVVLEOHRQO\�DW�βN  ��αN�:KHQ� VWXG\LQJ� WKH� FRQFHQWUDWLRQ� GHSHQG�HQFHV�RI�WKH�6QRRN�K\GURJHQ�PD[LPXP�LQ�QLR �ELXP�>�@��QRQ�HODVWLF�*RUVN\�UHOD[DWLRQ�>�@���DQXQV\PPHWULFDO� H[SHULPHQWDO� FXUYH� RI� ���� W\SHKDV�EHHQ�REWDLQHG�7KH�UHOD[DWLRQ�PD[LPD�FDXVHG�E\�LQWHUVWL �WLDO� DWRPV� LQ� KH[DJRQDO�PHWDOV� H[KLELW� VRPHVLQJXODULWLHV��7KH�PD[LPXP�VKDSH�LV�FORVH�WRWKH�'HE\H�RQH�ERWK�LQ�SRO\FU\VWDOV�>����@�DQGLQ�VLQJOH�FU\VWDOV�>��@��,Q�KLJK�SXULW\�PHWDOV�QR�PD[LPD�DUH�REVHUYHG�DW�DOO�DW�ORZ�FRQFHQ �WUDWLRQV�RI�LQWHUVWLWLDO�DWRPV�>��@��,I�WKH�ϕN�[�IXQFWLRQ� LV� FKRVHQ� DV� WKH� PDWKHPDWLFDOPRGHO��WKHQ�αN ≥ βN !���VKRXOG�EH�SRVHG�7KH� DPSOLWXGH� GHSHQGHQFH� RI� LQWHUQDOIULFWLRQ� DVVRFLDWHG� ZLWK� GLVORFDWLRQ� PRWLRQ>������@� PD\� EH� RI� OLQHDU�� H[SRQHQWLDO�� RUPRUH� FRPSOH[� FKDUDFWHU� >�����@�� $V� WKHPRGHOLQJ� IXQFWLRQ�� OHW� ϕN�[�� IRU� βN  �αN EHFKRVHQ� KDYLQJ� WZR� KRUL]RQWDO� DV\PSWRWHV�
ϕN�� ZKHQ� [ → +∞ DQG� ϕN��  �$N ⁄ γN ZKHQ[ → −∞�� $� SDLU� RI� VXFK� IXQFWLRQV� ϕN(�)  
ϕN�[��$N��αN��βN��γN��[N(�)���ϕN(�)  �ϕN�[��$N��αN�
βN�� γN�� [N(�)�� ZLWK� ELDVHG� FHQWHUV� [N(�) ≠ [N(�)IRUPV� D� K\VWHUHVLV� ORRS�� :KHQ� VWXG\LQJFRQWLQXRXV� VSHFWUD�� DUELWUDULO\� EURDGHQHGPD[LPD�FDQ�EH�FRQVWUXFWHG�XVLQJ�WKH�GLIIHU �HQFH�RI�WKRVH�IXQFWLRQV�

ψN([) =
$NH−αN([−[N(�))� + γNH−αN([−[N(�))

−
$NH−αN([−[N(�))� + γNH−αN([−[N(�))

����
7KH� IXQFWLRQ� ψN�[�� DWWDLQV� LWV�PD[LPXPLQ�WKH�SRLQW

[PD[ =
[N(�) + [Q(�)� + �

αNOQγN�
ψPD[�N =

$N�γN
VK(αN[N(�) − [N(�)� )

FK�(αN[N(�) − [N(�)� )

�
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:KHQ� γN  ���� WKHQ�[PD[ =
[N(�) + [N(�)� ��7KHIXQFWLRQ� ψN�[�� KDV� D� 'HE\H� FKDUDFWHU� EXWZLWK� PRUH� LQGHSHQGHQW� SDUDPHWHUV�� WKXVPDNLQJ� LW� SRVVLEOH� WR� GHVFULEH� WKH� SK\VLFDOSURFHVV�LQ�D�PRUH�FRPSUHKHQVLYH�IDVKLRQ��WKH'HE\H� FXUYH� KDV� WKUHH� LQGHSHQGHQW� SDUDPH �WHUV�� WKH� ψN�[��� IRXU� RQHV��� $� JHQHUDOL]DWLRQRI�WKH�ψN�[��GHSHQGHQFH�LV�WKH�IXQFWLRQ

ξN([) =
α�NH−αN[� + γ�Nα�NH−αN[ −

α�NH−βN[� + γ�Nα�NH−βN[�
α�N
γ�N =

α�N
γ�N �DOORZLQJ� WR� VWXG\� FKDUDFWHULVWLFV� RI� PRUHFRPSOH[�IRUPV�DV�FRPSDUHG�WR�WKH�'HE\H�RQH�DV\PPHWULF�FXUYHV�ZLWK�UHVSHFW�WR�[  �[PD[��6XEVWLWXWLQJ�IXQFWLRQV� ϕN�[���ψN�[���ξN�[�IRU� 'HE\H� RQHV� TN([�EN�[N) = �DN + EN([ − [N)�LQ� ���� DQG� DSSUR[LPDWLQJ� 4�� DFFRUGLQJ� WRYDULRXV�FULWHULD��ZH�REWDLQ�WKH�VSHFWUXP�H[ �SDQVLRQ� LQWR�FRPSRQHQWV�PDNLQJ�LW�SRVVLEOHWR�FRQVLGHU�WKH�SK\VLFDO�SURFHVVHV�LI�WKH�SD �UDPHWHUV�KDYH�D�SK\VLFDO�VHQVH�,W�LV�MXVW�WKH�OHDVW�VTXDUH�PHWKRG�WKDW�LVFKRVHQ� XVXDOO\� DV� WKH� DSSUR[LPDWLRQ� FULWH �ULRQ� �IRU�H[SHULPHQWDO� FXUYHV�VHW�GLVFUHWHO\RU�FRQWLQXRXVO\���6XFK�D�FKRLFH�LV�MXVWLILHG�VLQFH�� ILUVW�� LW�PDNHV� LW� SRVVLEOH� WR� SURFHVVH[SHULPHQWDO�GDWD�LQFOXGLQJ�HUURUV�DQG��VHF �RQG�� WKH� PHWKRG� DOJRULWKP� LV� HDV\� WR� EHSURJUDPPHG��7KH�PHWKRGV�GUDZEDFNV�DUH�DVWURQJ�GHSHQGHQF\�RQ�WKH�VHOHFWLRQ�RI�LQLWLDOSDUDPHWHUV� DQG� D� VORZ� FRQYHUJHQFH�� 0RUHUREXVW�UHVXOWV�FDQ�EH�REWDLQHG�XVLQJ�D�FULWH �ULRQ�ZLWK�ZHLJKW� FRHIILFLHQWV�� LI� WKHUH� LV� DFRQILGHQFH� WKDW� WKH� VSHFLILHG� VHFWLRQ�RI� WKHWHPSHUDWXUH� RU� IUHTXHQF\� GHSHQGHQFHVLPDJH�WKH�DFWXDO�SURFHVV�DW�D�KLJKHVW�DFFX �UDF\��1RWH�WKDW�LI�WKH�LWHPV�RI�����DUH�OLQH �DUO\� LQGHSHQGHQW� IXQFWLRQV� LQ� WKH� VHFWLRQXQGHU�VWXG\��WKHQ�WKH�DSSUR[LPDWLRQ�ZLOO�EHDOZD\V� KLJKO\� DFFXUDWH� DOWKRXJK� LW� PD\� EHSK\VLFDOO\� VHQVHOHVV�� 7KHUHIRUH�� D� PDWKH �PDWLFDO�PRGHO��WKDW�LV��WKH�FKRLFH�RI�PDWKH �PDWLFDO� IXQFWLRQV�� ZLOO� EH� DGHTXDWH� WR� WKHDFWXDO�SURFHVV�RQO\�ZKHQ�WKH�SDUDPHWHUV�DUHSURYHQ�LQ�H[SHULPHQW�:H�KDYH�GHYHORSHG�DQ�DOJRULWKP�WR�DSSUR[L�PDWH�WKH�H[SHULPHQWDO�FXUYHV�E\�D� SRO\QRPLDO�

3Q�[�� �$Q ��∑N=�
Q $NTN([�EN�[N)

ZLWK EDVLF 'HE\H� IXQFWLRQV� �SDUDPHWHUV� $��^$N��EN��[N`�DUH�DEVWUDFW�TXDQWLWLHV��EN !����N ���� �����Q��� /HW� DQ� H[SHULPHQWDO� FXUYH� EHVSHFLILHG� E\� D� GDWD� VHW� �;L�<L��� L  �������P�P !!�Q�� ,W� LV� QHFHVVDU\� WR� GHWHUPLQH� WKHPLQLPXP� QXPEHU� RI� LWHPV� Q DQG� SDUDPH�WHUV�$���^$N��EN��[N`��N  ������Q XQGHU�FRQGL�WLRQ
δQ = PLQ∑(L=�

P 3Q([L) − <L)� < εQ� FQ∈ Ω� ���
ZKHUH� εQ LV� WKH� SUH�VSHFLILHG� HUURU�� FQ  ^$��^$N�EN�[N`�� N  �����Q`�� Ω  �^$��� $������$Q∈5�� EN ≥ E� !���� [N ≥ ��� N  �����Q`�� WKHFRQYH[�FORVHG�VHW��7KH�SUREOHP�����LV�D�QRQ �OLQHDU� RQH�� VR� WKDW� LW� LV� QHFHVVDU\� WR� SUH�VSHFLI\� WKH� LQLWLDO� SDUDPHWHUV� D� SULRUL� RUEDVLQJ�RQ�WKH�H[SHULPHQWDO�FXUYH�VKDSH�7KH�GHWHUPLQDWLRQ�SURFHGXUH� IRU� WKH�SD �UDPHWHUV� FRQVLVWV� LQ� WKH� GHWHUPLQDWLRQ� RIWKH� LQLWLDO� YHFWRU� �$�E�Z�� IURP� WKH� FKDUDF�WHULVWLFV� RI� WKH� PD[LPXP� SHDN� �[N LV� WKHSHDN� FHQWHU�� EN GHILQHV� LWV� KDOI�ZLGWK�� DQGRSWLPL]DWLRQ� RI� WKH� GHYLDWLRQ� δQ XQWLO� WKHFRQGLWLRQ�����ZLOO�EH�PHW��$W�HDFK�SURFHGXUHVWHS�� WKH� OHDVW� VTXDUH� PHWKRG� ZDV� XVHG� LQWKH� YLFLQLW\� RI� WKH�PD[LPXP�SHDN� IRU� VXF �FHVVLYH� URXJK� GHWHUPLQDWLRQ� RI� HDFK� EN SD�UDPHWHU��:KHQ� WKH� SDUDPHWHUV� �$N�� EN��[N�ZHUH� GHWHUPLQHG�� DQ� DOJRULWKPLFDOO\� QHZQHWZRUN� IXQFWLRQ� ^;N�� <N�[�`� ZDV� FRQ�VWUXFWHG� E\� VXEWUDFWLQJ� WKH�'HE\H� IXQFWLRQTN�[��� 8VLQJ� WKH� 1HZWRQ� PHWKRG�� WKH� QRQ �OLQHDU�V\VWHP�RI�HTXDWLRQV�ZDV�VROYHG�PDN �LQJ� LW� SRVVLEOH� WR� ILQG� DSSUR[LPDWHO\PLQδQ�FQ��� 7KLV� ZDV� WKH� HQG� RI� WKH� ILUVWSURFHGXUH� VWHS� RI� D� 3Q�[�� SRO\QRPLDO� FRQ�VWUXFWLRQ�� $W� WKH� VHFRQG� VWHS�� WKH� FRPSR �QHQWV� �EN�� [N�� RI� WKH� YHFWRU� FQ ZHUH� IL[HGDQG�WKH�IXQFWLRQ� δQ�DQ���DQ  ��$���$������$Q�ZDV� PLQLPL]HG� DV� WKH� FRQYH[� IXQFWLRQ� RIWKH� SDUDPHWHU� YHFWRU� DQ�� WKXV� DOORZLQJ� WRILQG� WKH�YHFWRU� DQ ZKHQ� WKH�FRPSRQHQWV� �EN�[N���N  �������Q ZHUH�VSHFLILHG��7KH�SURFHGXUHZDV�UHSHDWHG�XQWLO�WKH�LWHUDWLRQ�FRQYHUJHQFH�7KH�FRQVWUXFWLRQ�DOJRULWKP�IRU�D�SRO\QR �PLDO�ZLWK�'HE\H�IXQFWLRQV�TN�[��FDQ�EH�XVHGWR�FRQVWUXFW�WKH�SRO\QRPLDO�3Q�[��ZLWK�EDVLVIXQFWLRQV�ϕN�[���ψN�[���ξN�[���7KH�DOJRULWKPZDV� JHQHUDOL]HG� IRU� WKH� PXOWLGLPHQVLRQDOFDVH�XVLQJ� WHQVRU� FRQFHSWV��)LJV������� VKRZWKH� VWHSV� RI� H[SHULPHQWDO� GDWD� SURFHVVLQJ�WKDW� LV�� WKH� VSHFWUXP�H[SDQVLRQ� LQWR�'HE\HFRPSRQHQWV�� 1RWH� WKDW� WKH� OLQHDUL]DWLRQ� RIQRQOLQHDU�HTXDWLRQV�LQ�WKH�OHDVW�VTXDUH�PHWKRG>�@� FDQ� EH� XVHG�RQO\� WR� REWDLQ� WKH� LQLWLDO� DS �
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SUR[LPDWLRQV�� 7KLV� LV� GXH� WR� D� OLQHDU� FRQ �YHUJHQFH� UDWH� LV� REVHUYHG� DW� WKH� OLQHDUL]D �WLRQ�7KXV��IXQFWLRQV�KDYH�EHHQ�SURSRVHG�WKDWJHQHUDOL]H� WKH� 'HE\H� FKDUDFWHULVWLFV�� 7KRVHIXQFWLRQV�KDYH�EHHQ�XVHG�WR�H[SDQG�WKH�PH �FKDQLFDO� VSHFWUD� LQWR� FRPSRQHQWV� DQG� WRDQDO\]H�WKH�SK\VLFDO�PRGHO�RI�DQ�REMHFW��7KHPXOWLGLPHQVLRQDO� IXQFWLRQV� FDQ� EH� XVHG� WRFRQVWUXFW� WKH� QXPHULFDO�DQDO\WLFDO� PHWKRGVIRU� VROXWLRQ� RI� ERXQGDU\� SUREOHPV� EHLQJPDWKHPDWLFDO� PRGHOV� RI� PDJQHW�PHFKDQLFDOSURFHVVHV�LQ�PDWHULDOV�>��@�5HIHUHQFHV���0�6�%ODQWHU�� ,�6�*RORYLQ�� 6�$�*RORYLQ� HW� DO��0HFKDQLFDO� 6SHFWURVFRS\� RI� 0HWDO� 0DWHULDOV�0,$��0RVFRZ��������>LQ�5XVVLDQ@����$�6��1RZLFN��%�6��%HUU\��$QHODVWLF�5HOD[DWLRQLQ� &U\VWDOOLQH� 6ROLGV�� $FDGHPLF� 3UHVV�� 1HZ<RUN�DQG�/RQGRQ�����������:�-XQLFKL�� (�6WROWH�� -�%UDXQWHU�� 7HFK��0LW�.UXSS��������������������.�,ZDVDNL��3K\V��6WDW��6RO���$����.��������������1�<D�5RNKPDQRY�� ,]Y��7XOD*8��6HU��)L]����VW,VVXH��7XOD���������S����

���$�9�� /XFNH�� .�-�� /XFNH� -�$SSO�� 3K\V��� ������������������3�6LOOHU��1XRYR�&LPHQWR��%������������������3�*�)LOOHU�� '�5�0LOOHU�� 0HWDO��6FL��� ���� ������������(�%LVRJQL�� *�0DQ�� &�:HUW�� -��/HVV�&RPPRQ0HWDOV��������������������,�*�5LWFKLH�� +�(�5RVLQJHU�� $�$WUHQV�� 1XFO�0DWHU��������������������-�/�*DFRXJQROOH�� 6�6DUUDVLQ�� -�)RXTXHW�� LQ��WK ,QW��&RQI��,QWHUQDO�)ULHWLRQ�DQG�8OWUD]RQLF$WWHQXDWLRQ� LQ� &U\VWDO� 6ROLGV�� %HUOLQ� �������Y����S���������0�5�%UR]HO��*�0�/HDN��1XRYR� &LPHQWR��%������������������$�*UDQDWR�� .�/XFNH�� -��$SSO��3K\V��� ���� ��������������:�'HMRQJKH��5�%DWLVW��/�'HODH\��6FULSW�0HW�DOOXUJLD����������������������*�9�0DUNRYD�� ,]Y��7XOD*8�� 6HU��0DWHULD�ORYHG����VW�,VVXH��7XOD���������S��������9�/�9LQRJUDGRYD�� *�9�0DUNRYD�� 6�$�*RORYLQ�,]Y��7XOD*8�� 6HU��0DWHULDORYHG��� �VW� ,VVXH�7XOD���������S��������6�$�*RORYLQ��,�6�*RORYLQ��)L]��0HWDOORY�0HWDO�ORYHG��������������������*�9�6HU]KDQWRYD�� 5�9�=KDUNRY�� ,]Y��7XOD*8�6HU��0DWHULDORYHG��� �VW� ,VVXH�� 7XOD� �������S��������,�9�$EUDPFKXN�� 9LVQ��93,�� 1R���� 9LQQLWVD��������S�����
ïqxns�tn�uvlnsíkjtt¹�wéq�viévi|Lnrxwnéquntzjs�tq}�ljtq}�un}jtL·tv¢�xwnrzévxrvwL¢ujznéLjsLk�

|�{�lºÏ�ºmÒ®��{�v�k­¯Èä��}��,�{�k­¯Èä��}�
djwévwvtvkjtv� évorsjljtt¹� xrsjltq}� xwnrzéLk� un}jtL·tv¢� xwnrzévxrvwL¢� tj� xrsj�lvkL���v�kqotj·jíz�x¹� ojsn tvxz¹uq� o�lnij¢kx�rquq�ujrxquyujuq�zj�mLxznénoqxtquqréqkquq��èvoévisntqp�jsmvéqzu�tjisq ntt¹�nrxwnéquntzjs�tq}�ljtq}�tj�vxtvkL�yoj�mjs�tntq}�lnij¢kx�rq}�{ytr|Lp�

)LJ�����5HVXOWDQW�FKDUDFWHULVWLF��VTXDUH�� H[�SHULPHQWDO��VROLG�OLQH���DSSURDFK��[�)LJ�����([SDQVLRQ�RI�D� VSHFWUXP�LQWR�FRPSR�QHQWV�� VTXDUH�²�H[SHULPHQWDO���²SHDN���[���²�SHDN���[���� ²�SHDN���[�����²�DSSURDFK��[��� ²�EHVW�

$�9�0R]JRYR\�HW�DO����1XPHULFDO�VLPXODWLRQ�LQ����

)XQFWLRQDO�PDWHULDOV������������� ���


