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δ DQG�UHVRQDQFH�IUHTXHQF\�RI�WKH�FRPSRVLWHYLEUDWRU�� 8VLQJ� WKH� ODWWHU� SDUDPHWHU�� WKHG\QDPLF� HODVWLF�<RXQJ�PRGXOXV� ( ZDV� FDO�FXODWHG�>��@�7KH� UHOD[DWLRQ� UHVRQDQFH� ORFDOL]DWLRQWHPSHUDWXUH� �7S�� DQG� LWV� FKDUDFWHULVWLFZLGWK��7K��LQ�1E DQG�)H KDYH�EHHQ�IRXQG�WRGHSHQG� RQ� WKH� VDPSOH� VWUXFWXUH� VWDWH� WKDWZDV�YDULHG�E\�SODVWLF�SUH�GHIRUPLQJ�DW�URRPWHPSHUDWXUH� �1E DQG�)H��)LJ���� DQG� ��� DQGWKHUPRF\FOLQJ� �1E�� )LJ����� DV� ZHOO� DV� E\YDU\LQJ� WKH� LPSXULW\� FRQFHQWUDWLRQ� �1E�)LJ������,QFUHDVLQJ�1E VDPSOH�SXULW\�UHVXOWVLQ�HOHYDWHG�SHDN�ORFDOL]DWLRQ�WHPSHUDWXUH�DVZHOO� DV� LQ� LQFUHDVHG� ZLGWK� DQG� DPSOLWXGHWKHUHRI�(YROXWLRQ�RI�WHPSHUDWXUH�GHSHQGHQFHV�RIWKH�YLEUDWLRQ�GHFUHPHQW�DQG�G\QDPLF�HODVWLFPRGXOXV� UHVXOWLQJ� IURP� SODVWLF� GHIRUPLQJIROORZHG� E\� ORZ�WHPSHUDWXUH� DQQHDOLQJ� LVGXH� WR� LQWURGXFWLRQ� RI� IUHVK� GLVORFDWLRQVLQWR� WKH� VDPSOH�� 7KH� IUHVK� GLVORFDWLRQV�� DWWKH� RQH�KDQG�� DFW� DV� UHOD[DWRUV�� NLQN�SDLUVDULVH� WKHUHRQ� LQ� D� IOXFWXDWLRQ�PDQQHU�� 7KHDFRXVWLF�YLEUDWLRQ�UHVRQDQFH�ZLWK�WKLV�SURF �HVV�FDXVHV�WKH�UHOD[DWLRQ�SHDN��$W�WKH�RWKHUKDQG�� FKDRWLF� GLVWULEXWLRQ� RI� GLVORFDWLRQV

UHVXOWV�LQ�VWDWLVWLFDO�GLVWULEXWLRQ�RI�LQWHUQDOVWUHVV� ORFDO� ILHOGV� DQG� RI� WKH� NLQN� SDLU� SD �UDPHWHUV� LQ� WKH� VDPSOH� YROXPH�� ,Q� WKHFRXUVH�RI�DQQHDOLQJ��D�SDUWLDO� UHOD[DWLRQ�RIWKH�GLVORFDWLRQ�VWUXFWXUH�DQG�ORQJ�UDQJH�LQ �WHUQDO� VWUHVV� ILHOGV� DVVRFLDWHG�ZLWK� GLVORFD �WLRQV� WDNHV� SODFH�� ,W� FDQ� EH� VKRZQ� >���������@�WKDW�YDULRXV�DFWLRQV�RQ�WKH�VDPSOH�FDXV �LQJ� VWUXFWXUH� FKDQJHV� PD\� FKDQJH� WKH� SD �UDPHWHUV� RI� WKH� VWDWLVWLFDO� GLVWULEXWLRQ� RIDFWLYDWLRQ��HQHUJ\�8 RI�WKH�SURFHVV�UHVSRQ�VLEOH� IRU� WKH� DFRXVWLF� DEVRUSWLRQ� SHDN�� ,QWKLV�FDVH��LQFUHDVHG�GLVSHUVLRQ�RI�WKH�DFWLYD �WLRQ� HQHUJ\� UHVXOWV� LQ� WKH� SHDN� EURDGHQLQJDQG�WKH�SHDN� ORFDOL]DWLRQ� WHPSHUDWXUH� VKLIWWRZDUGV� KLJKHU� YDOXHV�� ,W� LV� REYLRXV� WKDWWKH� UHGXFHG� GLVSHUVLRQ� �UHVXOWLQJ� IURP� WKHVDPSOH�DQQHDOLQJ��FDXVHV�DQ�RSSRVLWH�UHVXOW�7KH�WHPSHUDWXUH�GHSHQGHQFH�RI�WKH�PRGXOXVGHIHFW� LV� VXEMHFWHG� WR� FRUUHVSRQGLQJFKDQJHV�,W� KDV� EHHQ� VKRZQ� >����������@� WKDW�� DWVWDWLVWLFDO� GLVWULEXWLRQ� RI� DFWLYDWLRQ� HQHUJ\YDOXHV��LQVWHDG�RI�'HE\H�WHPSHUDWXUH�VSHFWUXPRI�UHOD[DWLRQ��W\SLFDO�RI�DQ�LGHDO�FU\VWDO�
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WKH�VDPSOH�YLEUDWLRQ�PRGH�XQGHU�FRQVLGHUD �WLRQ�� LQ� WKH� FDVH� RI� WKHUPDOO\� DFWLYDWHG� UH �OD[DWLRQ�SURFHVV�ZLWK�WKH�UHOD[DWLRQ�WLPH
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7KH�IXQFWLRQV�µ��� DQG�µ��� DUH�FRQYHQLHQWWR�EH�SUHVHQWHG�DV
µ(�) = Ω ⋅ χ ⋅ ∫�

∞ G[[ I([�θ�Ω�G)

µ(�) = χ ⋅ ∫�
∞ G[ ⋅ I([�θ�Ω�G)

I([�θ�Ω�G) = �� ⋅ OQ[
Ω� + [�⋅H[S



−



θOQ[ − OQΩG 




�



�

χ = �Ωθ�
√πGOQΩ

�

���

+HUH�� θ  7�7S��� LV� WKH� GLPHQVLRQOHVVWHPSHUDWXUH��Ω  ���ωτ��� LQYHUVH�GLPHQVLRQ�OHVV� IUHTXHQF\�� G  �√�'�N7S����� GLPHQVLRQ�OHVV�GLVSHUVLRQ�FKDUDFWHULVWLF�&RQVLGHUDWLRQ� RI� H[SUHVVLRQV� ���� VKRZVWKDW� WKH�UHVRQDQFH� ORFDOL]DWLRQ� WHPSHUDWXUH7S DQG�WKH�DEVRUSWLRQ�SHDN�ZLGWK� 7K PHDV�XUHG� DW� KDOI�KHLJKW� RI� LWV�PD[LPXP� DPSOL �WXGH� DUH� UHODWHG� WR� WKH� HOHPHQWDU\� UHOD[D �WLRQ� SDUDPHWHUV� E\� WKH� IROORZLQJ� UHODWLRQ �VKLSV�
7S = 7S(�) ⋅ 



� + '�8��



�

7K = 7K(�) ⋅ 


� − '

√�8�OQωτ�


��

���

,W�IROORZV�IURP�WKH�H[SUHVVLRQ�IRU�7S WKDW
τ� FDQ�EH� HVWLPDWHG� EDVLQJ�RQ� WKH�DFWLYDWLRQSORW��

OQω  �OQτ��� � 8�� + '�8� ⋅ �N7S�)RUPXODV�PDNLQJ�LW�SRVVLEOH�WR�GHWHUPLQH8� DQG� ' XVLQJ� WKH� NQRZQ� ωτ� YDOXH� DQGH[SHULPHQWDO� GDWD� RQ� 7S DQG� 7K KDYH� WKHIRUP

)LJ����� 7HPSHUDWXUH� GHSHQGHQFHV� RI� GHFUH�PHQW� δ �D�� DQG� PRGXOXV� GHIHFW� ∆(�( �E�� LQ)H��QRQ�GHIRUPHG�VDPSOH������SODVWLF�GHIRUP�LQJ�� εSO ≈ ���� ����� �� GD\V� H[SRVXUH� RI� GH�IRUPHG� VDPSOH� DW� ����.� ����� ��� \HDUV� H[SR�VXUH�RI�GHIRUPHG�VDPSOH�DW�����.�����
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8� =
N(OQωτ�)��(� + (OQωτ�)�) ×

×



−7S +

�7KOQωτ� − √7S� −
�7S7KOQωτ� − �7K� 



�
���

' =
√�N(OQωτ�)��(� + (OQωτ�)�) ×

×



−7S − 7KOQωτ� − √7S� −

�7S7KOQωτ� − �7K� 


�
���

7KH� UHOD[DWLRQ� IRUFH� ∆U FDQ� EH� IRXQGIURP�WKH�FRQGLWLRQ�
∆0___

(7)0∞



7>>7S

(H[SHULPHQW)
=

= µ(�)(7�ω�τ��8��')
7>>7S ⋅ ∆U = ∆U�

���

,W�KDV�EHHQ� IRXQG� WKDW� WKH�UDWLR�RI� WHP �SHUDWXUH� GHULYDWLYHV� LQ� WKH� IXQFWLRQ� LQIOH[ �LRQ� SRLQWV� µ����θ��Ω��G�� KDV� WKH� VDPH� YDOXH. = −PD[


∂µ(�)

∂θ



� PLQ




∂µ(�)

∂θ



WKDW� GHSHQGVVLJQLILFDQWO\� RQ� WKH�Ω SDUDPHWHU�EXW� LV� HV�VHQWLDOO\� LQGHSHQGHQW� RI� WKH� GLVSHUVLRQ� SD �UDPHWHU� G DQG� SHUPLWV� WKH� DQDO\WLFDO� DS �SUR[LPDWLRQ� .�Ω�� ���������OQΩ�√��� 7KLVIRUPXOD� PDNHV� LW� SRVVLEOH� WR� ILQG� WKH� SD �UDPHWHU� τ� EDVLQJ� RQ� WKH� SHDN� VKDSH� RQO\DQG�GRLQJ�QR�H[SHULPHQWV�ZLWK�YDU\LQJ�IUH �TXHQF\�ω�7KH� SURFHVVLQJ� RI� H[SHULPHQWDO� GDWD� DO �ORZHG�WR�HVWLPDWH�HPSLULFDOO\�WKH�DFWLYDWLRQSDUDPHWHUV� �8� DQG� τ��� WKDW� FKDUDFWHUL]H� WKHUHOD[DWLRQ�SURFHVV�UHVSRQVLEOH� IRU� WKH� α�SHDN

LQ�1E DQG�)H DV�ZHOO� DV� WKH� DFWLYDWLRQ� HQ�HUJ\� GLVSHUVLRQ� YDOXHV� ' FRUUHVSRQGLQJ� WRYDULRXV� VWUXFWXUH� VWDWHV� RI� WKH� VDPSOHV�7DEOHV��� DQG� ���� 7KH� HIIHFW� RI� LPSXULW\FRQWHQW� RQ�α�SHDN� SDUDPHWHUV� LQ� 1E LV� GXHWR�τ� GHSHQGHQFH�RQ�WKH�LPSXULW\�FRQFHQWUD �WLRQ��VHH�7DEOH����&RQVLGHUDWLRQ�RI� WKH�ZKROH� H[SHULPHQWDOGDWD� VHW� REWDLQHG� DW� WKH� VWXG\� RI� WKH� α�SHDN� LQ�QLRELXP�DOORZV�XV� WR�FRQFOXGH� WKDWWKH�SHDN�UHVXOWV�IURP�UHVRQDQFH�LQWHUDFWLRQRI� WKH� VDPSOH� HODVWLF� YLEUDWLRQV� ZLWK� WKHSURFHVV�RI�WKHUPDOO\�DFWLYDWHG�JHQHUDWLRQ�RINLQN� SDLUV� DW� GLVORFDWLRQ� VHJPHQWV� O\LQJ� LQWKH�YDOOH\V�RI�WKH�3HLHUOV�SRWHQWLDO�UHOLHI�5HIHUHQFHV���/�-�%UXQHU��3K\V��5HY�����������������������5�+�&KDPEHUV�� -�6FKXOW]�� $FWD� 0HWDOO��� �����������������5�+�&KDPEHUV�� -�6FKXOW]�� 3K\V��5HY��/HWW��� ��������������

7DEOH���� (PSLULFDO� HVWLPDWLRQV� RI� DFWLYDWLRQ� SDUDPHWHUV� �8���'�� DQG� τ��� RI� UHOD[DWLRQ� SURFHVVUHVSRQVLEOH�IRU�WKH�α�SHDN�LQ�1E6DPSOH 7S��. 7K��. ����⋅τ���F 8���H9 ���⋅'��H9�1E��� �������������� ���������������� ��� ������������������������������ ���������������� ����������������1E���� �������������� ����� ��� �������������1E���� �������������� ����� ��� ���� ��������������1E���� �������������� ����� ���� �������������1E������ ��� �� ��� ����1E�������� ��� �� ��� ���1E��������� ��� � ���� ����
��� VLQJOH�WKHUPRF\FOH�� ��� UHSHDWHG�WKHUPRF\FOLQJ�� ��� SODVWLF�GHIRUPLQJ�� εSO  ������ ����DQQHDO�DW����.�IRU�����GD\V�� ��� �VW� FRROLQJ�� ��� �VW� UH�KHDWLQJ�� ��� SODVWLF� GHIRUPLQJ�� εSO  �������DIWHUSURORQJHG�DQQHDO���VW�FRROLQJ�

7DEOH����$FWLYDWLRQ�SDUDPHWHUV�RI�UHOD[DWLRQSURFHVV�UHVSRQVLEOH�IRU�WKH�α�SHDN�LQ�)H3HDN�SODWHDX�SDUDPHWHUV 6DPSOH�VWUXFWXUH�VWDWH� � �
7S��. ���� ���� ����7K��. ���� ���� ����'��H9 ����� ����� �����8���H9 �����
τ���F ���⋅�����
7KH� VDPSOH� VWUXFWXUH�VWDWHV� DUH� QXPEHUHGDV�LQ�)LJ����
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