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Week fragmentation of round plates
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The simple model of binary week fragmentation of round plates is considered. It is
shown, that distribution function of fragments by masses is depended on choice of fissures
arise mechanism. The exact distribution function of fragments by masses is obtained with
isotropic and anisotropic fissure spreading in plates and its asymptotic behaviour in small
and large masses regions is studied.

Paccmorpena mpocrtas Momenn ciaboit 6mHapHON (parMeHTAIIMN KPYrabiX miactuH. Ilo-
KasaHo, 4To (PYHKIUSA pacupeneIeHUA OCKOJKOB IO MaccaM 3aBHCUT OT BBIDOpa MeXaHU3Ma
saposkaeHusa TpeuiuH. IlosyueHa TouHasg (QYHKIUA pacupeneleHUs OCKOJIKOB IO MaccaM TP
M30TPOITHOM ¥ AaHW30TPOTHOM PACHPOCTPAHEHWUMW TPEIUHB B TJIACTUHAX, W U3YUYEHBl €e
ACUMTITOTHKM B OBJIACTH MAaJNBIX W GOJBIIINX MAacc.

1. Introduction

Fragmentation is one of strongly not in equilibrium processes, the theory of which actively developing.
There are many different variants of its construction. Discussion of some of them it can find in works [1-5].
Recently in [6] it proposed the simple model of random cut of rectangular plate. In that work it assumed
arising of fissure on plate bound, uniformly on the bound, and linear and isotropic fissure spreading. With
probability consideration for this case it obtained the distribution function of fragments by masses. In
region of small masses fragment distribution by masses have power asymptotics f (m) ~ m~"/2, and in
region of large masses it try to f (m) & const.

There are some questions from physical point of view. At first, the degree of sensitivity of this result
to plate form is not evident. Further, fissures arise on the bound of plate seems to be some synthetically.
More natural is to assume the fissures arise on different material defects, that distribute homogeneously
on all plate volume. In addition, the direction of fissure moving often is not isotropic. Simplest example
are crystal materials, in which fissures spread in some special directions, depend on its crystal structure.
Therefore, it is interesting to study anisotropy influence on distribution function of fragments by masses.
Properly, this work is dedicated to answers on this questions.

In work it consider influence of plate form on the fragments distribution. It is shown, that with
selecting round plate and with homogeneous fissure arise on bound, the fragments distribution function
change. In range of small masses the power asymptotics f (m) ~ m~ 2/ has another exponent, in range
of large masses the tending to f (m) & const keeps.
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FEven more radical changing of distribution function with assumption of homogeneous fissure arising
in all plate material. Both in case of isotropy of fissure spread direction and in anisotropic case, the
distribution function by masses becomes universal f (m) = const.

It is interesting to note, that experimental destruction [7] of round sapphire plates by impact load
points to distribution function tending in small-scale range to asymptotics f (m) & const. Of course, more
careful experimental check of this observation needs move further to small-scale range, that bounded by
technical complexity.

2. Fissure arise on the bound

Let’s consider influence of plate form on distribution function by masses with assumption of fissure
arise on the plate bound [6]. We shall assume, that points of fissure arise distributes on bound uniformly
and its spread direction isotropic. For this let’s consider some linear fissure, bringing to cut of round plate
on two particles (see Fig.1). Every such fissure can be described by two parameters — position of arise
point, that lie on bound and spread angle ¢, as it shown on Fig.1. Of course, these parameters uniquely
determine masses of two fragments, obtained after destruction. From simple geometric consideration it
can easy obtain expression for mass of smaller segment through these parameters.

1
m(p) = pR? <<p — 5 sin 2@) . pE (07 %)

Here R — radius of round plate and p — «surfaces density of plate material. The point of fissure arise is
fixed and coincide with contact point of horizontal line and circle on Fig.1.

Since in each subdivision act of plate with mass M exactly two fragments form — first with mass
m < % and second with mass M —m > %, then fragments mass distribution for masses, large, than
half of round mass M the same as fragments mass distribution for masses m < % That is it is enough
to investigate mass distribution of smaller fragments. In case of arise point is on the round bound, the
mass of fragment depends only on cut angle ¢, as it shown on Fig.1, but not on arise point. Therefore,
expression for m (@) not contain the coordinate of arise point on plate bound.

So, in each subdivision act the microscopic density of mass distribution is determined by expression
8 (m —m (¢)) and desired distribution density function f (m) — by averaging of microscopic density

J(m) = (8 (m—m(g))), (1)

where angle brackets designate the averaging on random values. The supposition about angle isotropy or
equiprobability of all directions of fissure spreading brings to averaging on distribution density, equal to

2

(o) = —

In this case, fragments distribution density by masses is equal to

/2
f (m) :/0 p. ()8 (m —m () de.

3(p—pa(m)

Using known property of é-function ¢ (m —m (¢)) = >, ‘m/(%(m))f (where ¢4 (m) - roots of equation

m (¢) = m), let’s carry out the integration

[ Se—gm) ,  [TP26(p—p(m), 1
f(m) 7/0 ps () m () dSD*/O ;WCIW* m

Taking into account monotonicity of mass increase with angle ¢, only one root dives contribution in
integral. Thus, it obtains the exact distribution density in implicit form. Further let’s consider asymptotics
of this distribution density in range «smalls and «large» masses.
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Fig. 1. Destruction of round plate by line fissure on two fragments is shown. Fissure direction determining
by angle .
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Fig. 2. The exact fragments distribution density by masses shown by solid curve. Asymptotics (2)
represents by pecked line and asymptotics (3) — by dotted line. It can easy see coincidence of asymptotics
in correspond regions with exact distribution density. In construction f (m) parameters p and R chosen
equal to one.

Let’s start from region of small masses. In this region it can easy fing roots of equation m (p) = m,
expanding m (¢) at small ¢ < 7/2. Then m () ~ pR?(3¢%) and respectively, asymptotics of distribution
density by masses

£ (m) ~ m=2/3, (2)

Now let’s consider region of large masses m ~ M/2, that corresponds to angles ¢ ~ 7. Expanding m (¢)

on small deviation ¢ = (5 — ¢) < 1 we obtain m () ~ pR* (5 —2¢). Using this relation it can easy
obtain the asymptotic form of distribution density in large-scale region

1 1

f(m)%W:M' (3)

Thus fragments distribution density by masses demonstrates simple asymptotics behaviour in regions of
small and large masses. Comparison of exact distribution density with obtained asymptoticses given on
Fig.2
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In [6] it obtained asymptotics for rectangular plates fragmentation with probabilistic consideration.
For distribution density in range of small masses f(m) ~ m~ Y2, and in range of large masses
e
these results with obtained above, it can conclude, that dependency of distribution density by masses on
plate form presents. This dependency especially strong for behaviour of distribution density in range of
small masses.

Now let’s consider influence of destruction mechanism on distribution density by masses.

(where v — relation of length of rectangle sides v = a/b). By comparison of

3. Isotropic case of thin disc fragmentation

General mechanisms of material destruction under load connected with presence of different defects,
that brings to strains concentration, that gives beginning and spreading of fissures (see for example [8]). In
crystal materials it can also observe mechanism of fissure appearance at concentration of strains on defect
under effect of boundary dislocation. Such mechanisms of fissure appearance and material destruction
depends on distribution of defects in material. As s rule, defects uniformly distribute in material volume.
It means, that from physical point of view process of fissure arise distributed uniformly in material volume
and not concentrated on its bound. So we need consider the case of uniformly distribution of fissures in
material bound, in our case — on the surface of round plate. In this connection it needs to distinguish
two cases. Case of isotropic fissure spreading and anisotropic. Last case easy been observed at crystal
fragmentation, where destruction happens in several special directions. These directions defines by crystal
structure. In this section we consider only isotropic case.

Let’s start from introducing of coordinates, that uniquely determine arise point and spread direction
of idealised linear fissure. Of course, arise point position can be determined in polar coordinates. For
comparison with previous case ease, let’s choose next coordinates, that fully determine fissure. Let position
of fissure arise point is determined by distance r to round center and spread direction — by angle ¢ between
this direction and line, perpendicular to radius r (see Fig.3). Knowledge of coordinates » and ¢ let us
uniquely determine mass of fragment, that was formed at disk subdivision by such linear fissure.

arccos (% cos Lp) — %cos wi/1— (;—{ cos Lp) 21 .

It can easy note, that fragment mass is determined by automodelling combination h = r cos ¢, and not
separately  and . Physical sense of value A = rcos ¢ determines, as it easy can prove, by next — h is
the length of perpendicular, dropped from center of plate on linear fissure (see Fig.3). Therefore, before
obtaining of distribution function of fragments by sizes, let’s discuss statistical properties of value h. For
considered case, distribution of fissure arise points positions is uniform and direction of fissure spreading
— isotropic. It means, that

m = pR?

27rdr 2r
Pr (7”) d?" = W = ﬁdﬁ (4)

2 s
y (SD) - P e |:O7 _:| .
s 2
Using this distribution functions it can determine the distribution function of value h, averaging its
microscopic distribution on corresponding distributions » and ¢.

/2 R
o (h) = (5 (h — 1 cos @) — / %dw/ﬁ’" .(5(h—rcos<p):%\/1—(h/R)2.
0 0

Thus, averaging microscopic distribution function on A, it obtains fragments distribution function
R
) = (3(m = () = [ m = m())p 1) . 5)
0
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Fig.3. Arise point and spread direction of linear fissure in round are shown. Also designations for
corresponding coordinates and values introduced.

Here fragment’s mass m(h) = pR’ (arccos (%) — %\/1 — (%)2) and averaging is making on

distribution function py (k). Taking into account monotonicity of m(h) decreasing, it can easy calculate
corresponding integral and find the fragments distribution function

2 2
C mpR2 T M (6)

h=h(m)

Note, that by integrating of expression —’”’ZRQ -pp (h) = m/ (h) from some hy to R, it deduced, that

probability & € [hg, R] is equal to 717\2(72) , i.e. proportional to mass part, cut with A~ = hp or plate area
part, that is same. Thus, the reason of disappearance of depending on m related to homogeneity of arise

points distribution. Let’s consider the integral distribution function
F(m) = [ fomjam,
0

that corresponds to probability of appearance of fragment with mass less, then m. Such distribution
function should be monotonically increasing and reach 1 at m = % In homogeneous and isotropic case
this probability is determining only by mass ratio

coefficient 2 takes into account, that this is distribution function for smaller fragment, mass of which can
not be more, than 4.

It is interesting to note, that the case of homogeneous cutting of round in integral geometry [9], when
cut lines homogeneously fill the round region, essentially different from case, shown above. It supposes,
that cut lines have rotate, scale and translation symmetry. Then, according to [10], distribution function
p(h) = % for this case, and therefore, averaging with this distribution function brings to nontrivial
depending of distribution function f(m) on masses. In this case the analytical expression for f(m) more
complicate. Therefore, let’s show obtained numerically explicit form of distribution function f(m) on

Fig.4. In small mass region asymptotic law takes form

1
f(m) ~ (O m~ 12, m <1, (7)
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Fig. 4. Fragments distribution density by masses in case of homogeneous arrangement of fissures in round,
obtained numerically. Asymptoticses (7), (8) in small-scale and large-scale region shown by bolder lines.

In large-scale region, as it was before, constant value is reaching

1

~ SR (8)

f(m)
Comparing obtained asymptoticses, it can see sensitivity of asymptotic behaviour of fragments
distribution function to mechanisms of fissures arise and material destruction. Thus, type of fragments
distribution in small-scale region gives possibility to determine the realised fissure arise mechanism and
round disc destruction.

4. Anisotropic fragmentation

In this section we shall consider the case of anisotropic fissure spreading. Such anisotropy is
characteristic, foe example, for plates, cut from crystals. As in previous section, we shall determine
the position of fissure arise point by pair of numbers (r, ). The supposition of arise points distribution
homogeneity preserves.

Let’s choose the direction of horizontal axe for anisotropic material along some fixed direction in
sample, defined by form of anisotropy of this material. In this case, the probability of fissure spread
direction will depend only on angle v € [0, 7] (Fig.5). Thus, random values are fissure arise point position
(r,«) and spread direction . Directions distribution function p(vy) determines by anisotropic material
structure and will be discuss follow. Arise points are distributed uniformly on disc, as in isotropic case
(see relation 4)),

1
o) = —, where « € [0, 27]
2n

Writing fragment mass for this case, it can obtain

m = pR?

arccos <%|sin('y — a)|) — %|Sin('y — a)|\/1 — <%| sin(y — a)|) 21 =

s (3) - - )
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\'4

Fig. 5. Coordinates (r, o, v), useful for description of line fissure location in anisotropic materials are shown.

It can easy note, that fragment mass is determining by only one value z = 7|sin(y — «)|. It means that it
need average precisely on this value for obtaining fragments distribution function by masses. Let’s find
distribution function of value z = r|sin{y — a)| by averaging microscopic distribution function at first on
arise point position and at second on directions v with angle distribution function py(vy).

T 27
p=(2) = (0(z = rlsin(y = @)|)) .0y = #/@ /o %X

z

X {@ <| sin(y — a)| — E)} dad~.

Here indexes point variables, on which it makes averaging. It is easy to prove, that result of integration
on « not dependes on value v, and only on variable z.

27 ; .
[ s (o (n e =)= 2 (3

Then remaining integration on v can be easy done and gives only norm factor, equal to 1. These
calculations can be done at any anisotropy form, i.e. any form of function p (7). In result we obtain

4 AN
-G
r:(2) = 7 R
Consequently, in anisotropic case fragment distribution function by masses insensitive to choice of function
(7). It means, that in case of isotropy violation the universal behaviour of fragments masses distribution

function realises, independent of distribution p(v) of fissures by spread directions. For obtain this
universal distribution function, let’s average microscopic mass distribution on found distribution function

pz(z) n
fm) = (50m =m(:) = [ 3l = m(z))p-(2)d

Substitution of found function p,(z) bringes to simple integrals

fom) = (6 —m(=) = [ Cstm—mi) By f1- (£) e

z

Comparing this expression with expression (5), it can easy note their identity. Thus, we obtain

2 2

flm) = — = 17 )
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universal distribution density at anisotropic case. It is important to note, that form of this function not
depends on anisotropy form, i.e. on form p,(v). Thus, homogeneous distribution of fissure arise points
brings to universal distribution of fragments by masses (9) as at isotropic distribution of spread directions,
and at any anisotropy of these directions distribution. One must note, that behaviour of fragments
distribution function at small-scale region can be criterion for destruction mechanisms determination.
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Crnabka dparmenraniiss Kpyriux I1JIACTUH

P.E.Bpodewvxuti, A.B.Typ, B.B.Inoscoxuti

PosragayTo mpocty Momens cinabkoi GinapHOi dparMeHTarii Kpyranx miacTuH. [lokazano, mro
GbYHKITIS POMOAITY yIaMKIiB 38 MacaMU 3aJe’KUTh BiJl BUOOPY MeXaHi3My 3apo/KeHHs TpimuH. OTpu-
MaHO TOUHY (QYHKITIO PO3MOTINY YIaMKiB 38 MAacaMW IPH i30TPOMHOMY ¥ aHI30TPOTHOMY MOIMHUPEHH]
TPIMMUHA y MIACTHHAX, 1 BUBYEHO i1 ACHMIITOTHKA B 00JACTi MaJUX i BETUKHAX MAC.
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