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5HFHLYHG�$SULO��������
7KH�SUREOHP�RI�LPSXULW\�GLIIXVLRQ�LQ�WKH�PHOW�FU\VWDOOL]LQJ�DW�D�FRQVWDQW�YHORFLW\�KDV

EHHQ�WULHG�WR�VROYH�E\�WKH�PHWKRG�RI�LQWHJUDO�IXQFWLRQDOV�ZLWK�XQNQRZQ�UHJLRQ�RI�LQWHJUD�
WLRQ� DQG� IUHH� ERXQGDU\� FRQGLWLRQ�� ,W� KDV� EHHQ� VKRZQ� WKDW� WKH� FRQGLWLRQV� DW� WKH� SKDVH
ERXQGDU\� DUH� FRQWUDGLFWLYH� WR� HDFK� RWKHU�ZLWKLQ� WKH� IUDPH�RI� WKH� VLPSOHVW�ELGLPHQVLRQDO
PRGHO�RI�VROLGLILFDWLRQ��7KH�JHQHUDO�SUREOHP�RI�H[LVWHQFH�RI�D�VROXWLRQ�IRU�WKH�SUREOHP�RI
ELQDU\�PHOW�VROLGLILFDWLRQ�LV�FRQVLGHUHG�
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7KH� QXPHULFDO� PHWKRGV� WDNH� DQ� LQFUHDV�
LQJ� LPSRUWDQFH� LQ� WKHRUHWLFDO� VROYLQJ�RI�VR�
OLGLILFDWLRQ� SUREOHPV� EHFDXVH� RI� HVVHQWLDO
QRQOLQHDULW\� RI� WKHVH� SUREOHPV� >�@�� 7KLV
ZRUN�LV�WKH�QDWXUDO�FRQWLQXDWLRQ�RI�LQYHVWL�
JDWLRQV�FRQQHFWHG�ZLWK�RQH�RI�VXFK�PHWKRGV
>�@�� ,W�KDV�EHHQ� VKRZQ�EHIRUH� WKDW� IRU� LQIL�
QLWHO\� VPDOO� EHQGLQJ� DPSOLWXGHV� RI� WKH
ERXQGDU\�EHWZHHQ�VROLG�DQG�OLTXLG�SKDVHV�LQ
WKH�IUDPH�RI�WKH�VLPSOHVW�ELGLPHQVLRQDO�VR�
OLGLILFDWLRQ�PRGHO� RI� ELQDU\�PHOW�� LWV� IRUP
FDQ� EH� IRXQG� XQGHU� FRQVLGHUDWLRQ� RI� WZR
FRQGLWLRQV� DW� WKLV� ERXQGDU\� >�@�� 7KH� DS�
SURDFK� WR� WKH� SUREOHP� RI� FHOOXODU� FU\VWDO
JURZWK�GHYHORSHG�E\� DXWKRUV�PDNHV� LW�SRV�
VLEOH�WR�DQVZHU�LI�VXFK�FRQFOXVLRQ�IRU�ILQLWH
DPSOLWXGH� EHQGLQJ� RI� SKDVH� ERXQGDU\� LV
FRUUHFW��7KH� DLP�RI� WKLV�ZRUN� LV� WR�DQVZHU
WKLV�TXHVWLRQ�
/HW�WKH�SUREOHP�EH�IRUPXODWHG�ILUVW�RI�DOO

LQ�GLIIHUHQWLDO�IRUP�DQG�WKHQ�JR�WR�LWV�YDUL�
DWLRQ�HTXLYDOHQW��/HW�XV�DSSO\�WKH�PRGHO�RI
ELQDU\�PHOW�VROLGLILFDWLRQ�ZLWK�VHPL�LQILQLWH
GLIIXVLRQ� ]RQH� >�@�� FRPELQLQJ� ]� D[HV� ZLWK
FU\VWDOOL]DWLRQ� GLUHFWLRQ�� &RRUGLQDWH� ]� ZLOO

EH� PHDVXUHG� LQ�'�Y� XQLWV�� ZKHUH�'� LV� WKH
LPSXULW\� GLIIXVLRQ� FRHIILFLHQW� RI� LQ� WKH
PHOW�� DQG� Y� LV� WKH� FU\VWDOOL]DWLRQ� YHORFLW\�
DQG� FRXQW� RII� IURP� WKH� SRVLWLRQ� WKDW� FU\V�
WDOOL]DWLRQ�IURQW�ZRXOG�RFFXS\�LI�LW�ZRXOG�EH
SODQDU�� 7KH� LPSXULW\� FRQFHQWUDWLRQ� LQ� WKH
PHOW� &�]�²�� ZLOO� EH� H[SUHVVHG� LQ� &���ÜN��NXQLWV�� VWDUWLQJ� IURP�WKH� OHYHO�&���ZKHUH�&�LV� WKH� LPSXULW\� FRQFHQWUDWLRQ� YDOXH� LQ� WKH
PHOW� DW� LQILQLWH� GLVWDQFH� IURP� WKH� SKDVH
ERXQGDU\�� DQG� N�� WKH� LPSXULW\� GLVWULEXWLRQ
FRHIILFLHQW�� 7KH� SKDVH� ERXQGDU\� GHVFULEHG
E\�HTXDWLRQ�]� �M�²��ZLOO�EH�FRQVLGHUHG�WR�EH
SHULRGLFDO� LQ� GLUHFWLRQ� ²� DQG� V\PPHWULFDO
ZLWK� UHJDUG� WR� WKH� SHULRG� PLGGOH�� &RRUGL�
QDWH�[�ZLOO�EH�PHDVXUHG�LQ�VHPLSHULRG�XQLWV
O��KDOIZLGWK�RI�FHOOV���7KH�GLIIXVLRQ�LQ�VROLG
SKDVH�DQG�VXUIDFH�HQHUJ\�RI�SKDVH�ERXQGDU\
DUH�VXSSRVHG�WR�EH�QHJOLJLEO\�VPDOO��
/HW� WKH� IROORZLQJ� GLPHQVLRQOHVV� FRHIIL�

FLHQWV�EH�LQWURGXFHG�
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ZKHUH� *� LV� WHPSHUDWXUH� JUDGLHQW�� P�� WKH
OLTXLGXV� OLQH� VORSH� LQ� WKH� ELQDU\� V\VWHP
SKDVH�GLDJUDP�

7KHQ� WKH� SUREOHP� RI� LPSXULW\� GLIIXVLRQ
LQ�WKH�PHOW�FU\VWDOOL]LQJ�DW�D�FRQVWDQW�YHORF�
LW\� LQ� WKH� UHJLRQ� M�²�d]�f�� �d[d��� FDQ� EH
IRUPXODWHG�DV�
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&�M�� �����%M� ���
7KH� FRHIILFLHQWV� N� DQG� {� DUH� LQSXW� SD�

UDPHWHUV�KHUH�ZKLOH�WKH�FRHIILFLHQW�N�LV�XQ�
NQRZQ��,W�LV�WR�QRWH�DOVR�WKDW�WKH�FRQGLWLRQ
DW�SKDVH�ERXQGDU\�LQ�WKH�SUREOHP����Ü����LV
UHSUHVHQWHG� E\� WZR� HTXDWLRQV�� ���� DQG� ����
WKDW� DUH� ERXQGDU\� FRQGLWLRQV� RI� WKH� WKLUG
DQG�ILUVW�NLQG��UHVSHFWLYHO\��(TXDWLRQ�����LV
HTXLYDOHQW� WR� FRQGLWLRQ�RI� LPSXULW\�EDODQFH
RQ� FU\VWDOOL]DWLRQ� IURQW�� (TXDWLRQ� ���� IRO�
ORZV�IURP�WKH�SKDVH�GLDJUDP��DQG�DOVR�IURP
WKH� VXSSRVLWLRQ� WKDW� WHPSHUDWXUH� ILHOG� LV
SODQDU�DQG�GHSHQGV�OLQHDUO\�RQ�]�>�@��&RQGL�
WLRQ� ���� DVVXPHV� D� JHRPHWULF� LQWHUSUHWLRQ
>�@�� WKDW� ZLOO� EH� XVHG� IURP� KHUH� RQ�� WKH
FRQFHQWUDWLRQ�YDOXHV�DW�WKH�SKDVH�ERXQGDU\
KDYH� WR� OD\� LQ� SODQH� �/��� GHILQHG� LQ� WKH
�&��]��[��VSDFH�E\�HTXDWLRQ�

&� �����%]� ���
/HW�WKH�LQWURGXFH�UHVLGXDO�IXQFWLRQV
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WKDW�FKDUDFWHULVH�WKH�GHYLDWLRQV�IURP�FRQGL�
WLRQV� ���� DQG� ���� DORQJ� WKH� ERXQGDU\� M�[��
DQG�DOVR�URRW�PHDQ�VTXDUH�UHVLGXDO
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/HW� XV� QRZ� DEVWUDFW� IURP� FRQGLWLRQ� ���
DQG� FRQVWUXFW� WKH� SUREOHP� ��Ü��� VROXWLRQ
XQGHU� IL[HG� SKDVH� ERXQGDU\��8QGHU�PDWKH�

PDWLFDO�SK\VLFV�FDQRQV��WKH�VROXWLRQ�RI�VXFK
SUREOHPV�H[LVWV�DQG� LV� WKH�RQO\�RQH� >�@��$V
LW�LV�VKRZQ�LQ�>�@��WKH�PLQLPL]DWLRQ�RI�IXQF�
WLRQDO
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ZKHUH� �M�� PHDQV� WKH� OLQH� ]� �M�[��� DORQJ
ZKLFK� WKH� FXUYLOLQHDU� LQWHJUDO� LV� WDNHQ�� UH�
VXOWV� VLPXOWDQHRXVO\� WR� HTXDWLRQ� ���� DQG
FRQGLWLRQ������7KXV��WKH�FRQGLWLRQ�����FDQ�EH
OHIW�IUHH� >�@��DQG�FRQGLWLRQV� ����DQG�����FDQ
EH�HDVLO\� WDNHQ� LQWR�DFFRXQW�ZKHQ�VHOHFWLQJ
WKH� EDVLV� IXQFWLRQV��7KH� IXQGDPHQWDO� IXQF�
WLRQV� RI� FRUUHVSRQGLQJ� ERXQGDU\� SUREOHP
ZLWK�SODQDU�SKDVH� ERXQGDU\� FDQ�EH�XVHG�DV
VXFK� RQHV�� 7KHQ� WKH� VROXWLRQ� RI� SUREOHPV
���Ü����FDQ�EH�SUHVHQWHG�DV�
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ZKHUH�Q�LV�WKH�DSSUR[LPDWLRQ�RUGHU����������������
TPQ� ��������CCCCCCCCCCCCCC��������PSN�� � ����

DQG� $PQ� Û� FRHIILFLHQWV� GHWHUPLQHG� EDVLQJ
RQ� WKH� FRQGLWLRQ� RI� PLQLPXP� RI� WKH� IXQF�
WLRQDO��������

2EYLRXVO\�� WKH� FRQVLGHUDWLRQ� RI� VHFRQG
FRQGLWLRQ� DW� SKDVH� ERXQGDU\� ZLOO� UHVXOW� LQ
RQH�RI�WZR�FDVHV��HLWKHU�WKLV�FRQGLWLRQ�JRHV
LQWR�FRQWUDGLFWLRQ�ZLWK�SUREOHPV����Ü����VR�
OXWLRQ�DQG� WKHQ�WKHUH� LV�QR�QRQWULYLDO�VROX�
WLRQ� RI� SUREOHP� ���Ü����� RU� FRQGLWLRQ� ���
ZLWK� HTXDWLRQV� ���Ü���� PDNHV� D� FRPELQHG
V\VWHP� DQG� WKHLU� VROXWLRQ� FDQ� EH� UHSUH�
VHQWHG� DV� D� SDLU� RI� IXQFWLRQV�� &�]�[�� DQG
M�[���PRUHRYHU�M�[�z���+HUH�ZH�FRPH�WR�WKH
TXHVWLRQ��ZKLFK� WKH�ZRUN�DLPHG� WR� DQVZHU�
/HW�XV�DSSO\�WKH�DSSURDFK�SURSRVHG�LQ�ZRUN
>�@�WR�WKDW�HQG�
/HW�WKH�FRQGLWLRQ�����EH�VXEVWLWXWHG�LQWR�WKH

H[SUHVVLRQ� ����� WR� JHW� DQ� HTXDWLRQ� GHILQLQJ
LPSOLFLW�IXQFWLRQ�M�²��LQ�Q�WK�DSSUR[LPDWLRQ�
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6XEVWLWXWLQJ� WKLV� IXQFWLRQ� LQWR� H[SUHV�
VLRQ� ������ ZH� FRPH� WR� LQWHJUDO� IXQFWLRQDO
ZLWK�XQNQRZQ�LQWHJUDWLQJ�UHJLRQ��7KHQ�WKH
SUREOHP� ���Ü���� VROXWLRQ� LV� UHGXFHG� WR
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VHDUFKLQJ� IRU� IXQFWLRQV� &�]�[�� DQG� M�[��
ZKLFK� FRUUHVSRQG� WR� FRQGLWLRQV� ���Ü���� DQG
SURYLGH�WKH�PLQLPXP�YDOXH�RI�IXQFWLRQDO������
8QGHU�VWDWLRQDU\�VWDWH��WKH�LPSXULW\�FRQ�

FHQWUDWLRQ� DW� SKDVH� ERXQGDU\� KDV� WR� EH� RQ
DYHUDJH�HTXDO�WR�RQH��RWKHUZLVH��WKH�PDVV�FRQ�
VHUYDWLRQ�ODZ�LV�QRW�PHW��7KHQ�WKH�HTXDOLW\�³�

�
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OLPLWLQJ� WKH� VHOHFWLRQ� RI� XQNRZQ� GLVWULEX�
WLRQV� &�]�[�� LV� YDOLG�� 6XEVWLWXWLQJ� ���� LQWR
������ ZH� JHW� D� VLPLODU� FRQGLWLRQ� IRU� XQ�
NQRZQ�M�²��
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7KH�IXQFWLRQDO�YDOXH�FDOFXODWHG�LQ�Q�DS�
SUR[LPDWLRQ� ZLOO� EH� QRWHG� DV� ,Q� EHORZ�� $VWKH� FDVH� ZKHQ� Q� ��� DQG� k��� ��� LV� RI� DSDUWLFXODU�LQWHUHVW��OHW�LW�EH�FRQVLGHUHG�VHSD�
UDWHO\�� 7KHQ�� LQ� JHQHUDO� FDVH�� ZKHQ�k��z��WKH�SULPHG�V\PEROV�ZLOO�EH�XVHG��H�J����c�WK
DSSUR[LPDWLRQ��
7KH� SODQH� SUREOHP� VROXWLRQ� FRUUHVSRQGV

WR�]HUR�DSSUR[LPDWLRQ��7R�VDWLVI\�WKH�FRQGL�
WLRQ������ LW� LV�QHFHVVDU\�WR�SXW�k��� ����7KHXQFWLRQDO� ����� EHFRPHV� HTXDO� WR� ,�� �ÜN�� ,IZH� DGG� QH[W� LQ� ����� FRPSRQHQW� ZLWK� VPDOO
DPSOLWXGH�k���WR�SODQH�VROXWLRQ��ZH�JHW�WKHVROXWLRQ�RI�WKH�SUREOHP�ZLWK�VPDOO�SHUWXUED�
WLRQ� >�@�� ,W� FDQ� EH� VKRZQ� WKDW� WKH� SKDVH
ERXQGDU\� HTXDWLRQ� LQ� ILUVW� DSSUR[LPDWLRQ
ZLWK�UHVSHFW�WR�k���WDNHV�WKH�IRUP��
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DQG� IXQFWLRQDO� ����� YDOXH� WR� ZLWKLQ� VHFRQG
LQILQLWHVLPDO�RUGHU�LQ�k���LV�H[SUHVVHG�DV
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:KLOH� LQ� ILUVW� DSSUR[LPDWLRQ� LQ�k��� WKHFRQGLWLRQ������LV�IXOILOOHG�DXWRPDWLFDOO\��WKH
VDPH�FRQGLWLRQ�LQ�WKH�VHFRQG�DSSUR[LPDWLRQ
OHDGV�WR�WKH�H[SUHVVLRQ�IRU�HLJHQYDOXH
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)URP�WKH�VLJQ�RI�WKH�YDOXH�',�� �,�Ü�,��LW� FDQ� EH� GHILQHG� LI� WKH� SODQDU� FU\VWDO�
OL]DWLRQ� IURQW� LV� VWDEOH� DJDLQVW� WKLV� SHUWXU�
EDWLRQ� �SOXV�� RU� QRW� �PLQXV��� 6R� IRU� W\SLFDO
YDOXH�N� ������WKH�DGGLWLYH�WR�,��LQ�HTXDWLRQ

����� LV� QHJDWLYH� DW� {������� DQG� {!�����
([SHULPHQW�LV�FRUUHVSRQGLQJ��DW�OHDVW�TXDOL�
WDWLYHO\�� WR� WKH� ILUVW� RI� WKHVH� LQHTXDOLWLHV�
,Q� IDFW�� WKH� VWDELOLW\� RI� SODQDU� FU\VWDO�
OL]DWLRQ�IURQW��DOO�RWKHU�FRQGLWLRQV�EHLQJ�WKH
VDPH��LV�EUHDNLQJ�RQO\�ZKHQ�D�FHUWDLQ�FULWL�
FDO� YDOXH� RI� FU\VWDOOL]DWLRQ� YHORFLW\� >�@� LV
H[FHHGHG�� WKDW� LV�� DW� Y!Y&�� WKDW�� DFFRUGLQJWR� IRUPXOD� ����� FRUUHVSRQGV� WR�%�%&�� 7KHQLQ�WKLV�H[DPSOH�%°� �������7KH� IXQFWLRQDO� ����� YDOXH� IRU� ILQLWH� YDO�
XHV� RI� FRHIILFLHQWV�$� DUH� JRW� E\� QXPHULFDO
PHWKRG� DFFRUGLQJ� WR� WKH� VFKHPH� GHVFULEHG
EHIRUH� >�@�� 7KH� UHVXOWV� JLYHQ� EHORZ� DUH� JRW
IRU�N� �����
)LJ���� GHVFULEHV� WKH� ',�� GHSHQGHQFHV� RQWKH� k��� DPSOLWXGH� FDOFXODWHG� IRU� GLIIHUHQWYDOXHV� RI� SDUDPHWHU� %�� 7KH� LQLWLDO� UHJLRQV

RI�FXUYHV�LQ�)LJ����FRUUHVSRQG�ZHOO�WR�SDUD�
EROLF�GHSHQGHQFH�RI�,��RQ�$���UHSUHVHQWHG�E\HTXDWLRQ� ������ 7KH� %F� YDOXH� IRXQG� LQ� QX�PHULFDO� H[SHULPHQW� GLIIHUV� E\� RQO\� ������
IURP�WKDW�REWDLQHG�IURP�WKH�VDPH�HTXDWLRQ�
$OO�FXUYHV�VKRZ�DQ�HQG�SRLQW�GHILQHG�E\�WKH
FROODSVLQJ� FRQGLWLRQ� RI� WKH� FRQFHQWUDWLRQDO
RYHU�FRROLQJ� ]RQH� LQ� WKH� FHQWHU� RI� FHOOXODU
VWUXFWXUH� SHULRG� >�@�� 7KH� GLIIHUHQFH� IURP
WKH�UHVXOW�REWDLQHG�EHIRUH� LV� WKDW� WKH�PLQL�
PXP� YDOXH� RI� IXQFWLRQDO� ,�PLQ� LV� DWWDLQHG
QRW�DW�WKH�HGJH�RI�WKH�VROXWLRQ�GHILQLWLRQ�LQ�
WHUYDO�EXW�LQVLGH�LW��FXUYHV���DQG����)LJ�����
7KH� UHVXOWV� SUHVHQWHG� EHORZ� ZHUH� RE�

WDLQHG�XQGHU� SDUDPHWHU� YDOXH�%� ������ WKDW
LV�� IRU� WKH� FDVH�ZKHQ� SODQDU� FU\VWDOOL]DWLRQ
IURQW� LV� XQVWDEOH� LQ� WKH� FULWHULRQ� %�%F�0LQLPXP�RI�WKH�IXQFWLRQDO������LQ�WKH�ILUVW
DSSUR[LPDWLRQ� LV� DWWDLQHG� DW� FRHIILFLHQWV
YDOXHV� T��� ������� DQG� k��� �������� 7KH

)LJ�����7KH�GHSHQGHQFHV�RI�WKH�GLIIHUHQFH�EH�
WZHHQ� YDOXHV� RI� IXQFWLRQDOV� IRU� WKH� �VW�� DQG
�WK� DSSUR[LPDWLRQV� ',�� �,�Ü,�� RQ� WKH� SHU�WXUEDWLRQ�DPSOLWXGH�RI�k����'LVWULEXWLRQ�FRHI�ILFLHQW�N� ������YDOXHV�RI�SDUDPHWHU�{� ������
����� ������� ���� �FXUYHV� ��� ��� ��� ��� UHVSHF�
WLYHO\��

9�1�.DQLVFKHY��6�9�%DUDQQLN���7KH�DSSOLFDWLRQ�RI�WKH����
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SHUWXUEDWLRQ� DPSOLWXGH� LV� VHHQ� WR� EH� UDWKHU
VPDOO��VR�T���GRHV�QRW�GLIIHU�FRQVLGHUDEO\�IURPWKH�YDOXH������FDOFXODWHG�E\�IRUPXOD������DQG
WKH� SKDVH� ERXQGDU\� LV� FORVH� WR� WKH� OLQH� GH�
VFULEHG� E\� WKH� HTXDWLRQ� ����� �)LJ���D��� 2QO\
VWDUWLQJ� IURP� WKH� �QG� DSSUR[LPDWLRQ�� WKH
SKDVH�ERXQGDU\�WDNHV�WKH�VKDSH�FRUUHVSRQGLQJ
DW�OHDVW�D�IHZ�WR�WKH�H[SHULPHQW��)LJ���F��>�@�
0HDQZKLOH��MXVW�RQ�WKH��VW�DSSUR[LPDWLRQ

VWDJH�� LW�FDQ�EH�VWDWHG�GHILQLWHO\�WKDW�WKHUH
LV�QR�QRQWULYLDO�VROXWLRQ�RI�SUREOHP����Ü����
,Q�IDFW��XQGHU�LQILQLWHO\�VPDOO�SHUWXUEDWLRQV
RI� SODQDU� FU\VWDOOL]DWLRQ� IURQW�� WKH� SORW� RI
IXQFWLRQ�5�[��GLIIHUV�RQO\� VOLJKWO\� IURP�]HUR
OLQH�5�[�{��� ,Q� WKH� �VW� DSSUR[LPDWLRQ� IRU� IL�
QLWH�SHUWXUEDWLRQV��WKH�DPSOLWXGH�5�[��LV�VLJ�
QLILFDQWO\� GLIIHUHQW� IURP� ]HUR� �FXUYH� ��� )LJ�
����$V� WKH�FRQGLWLRQ� ���� LV� IXOILOOHG�DXWRPDW�
LFDOO\��WKH�LQFUHDVH�RI�DPSOLWXGH�5�[��DW�WUDQ�
VLWLRQ� IURP� LQILQLWHO\� VPDOO� YDOXHV� WR� ILQLWH
RQHV�PHDQV�WKDW�ERXQGDU\�FRQGLWLRQV�����DQG
����DUH�FRQWUDGLFWRU\��WKLV�FRQWUDGLFWLRQ�EHLQJ
UHYHDOHG� HYHU� VWURQJHU� DW� HDFK� IXUWKHU� DS�
SUR[LPDWLRQ��FXUYH����)LJ�����
7KH� FRQFOXVLRQ� DERXW� WKH� DEVHQFH� RI� WKH

VROXWLRQ�RI�SUREOHP����Ü����DW�FXUYHG�ERXQG�
DU\�LV�DOVR�FRQILUPHG�E\�WKH�IDFW�WKDW��VWDUW�
LQJ�IURP��c�WK�DSSUR[LPDWLRQ��WKH�PLQLPXP
RI� IXQFWLRQDO� ����� LV� DWWDLQHG� DW� WKH�YDOXHV
RI� SDUDPHWHU� T�Q��� �)LJ������ $FFRUGLQJ� WRWKH�IRUPXOD�������WKLV�LV�SRVVLEOH�RQO\�XQGHU
LPDJLQDU\�YDOXH�RI�SDUDPHWHU�N�WKDW��WDNLQJ
LQWR�DFFRXQW�LWV�GHILQLWLRQ��VHH�IRUPXOD������
KDV� QR� SK\VLFDO� VHQVH�� %XW� LI� ZH� EHFRPH
OLPLWHG� E\� VROXWLRQ� LQ� WKH� UHJLRQ� RI� UHDO
YDOXHV�� WKH� PLQLPXP� RI� IXQFWLRQDO� ����� LV
DWWDLQHG� DW� N� ��� WKDW� LV� XQGHU� WKH� FHOO
KDOIZLGWK� O� �f�� WKDW� FRUUHVSRQGV� WR� WULYLDO
VROXWLRQ� ZLWK� SODQDU� SKDVH� ERXQGDU\�� 7KH
FDOFXODWLRQ� PDGH� IRU� RWKHU� YDOXHV� N� DQG�%

�VPDOOHU� WKDQ�%F�� VKRZHG� WKDW� LQ� DOO� FDVHV�VWDUWLQJ� IURP� D� FHUWDLQ� Q� YDOXH�� WKH� IXQF�
WLRQDO������WDNHV�WKH�OHDVW�YDOXH�DW�T�Q����7KH� LQFRQVLVWHQF\� RI� FRQGLWLRQV� ���� DQG
���� FDQ�EH� LOOXVWUDWHG� DOVR� E\� D�PRUH� WUDGL�
WLRQDO�ZD\�� /HW� XV� FRQVLGHU� DW� WKH� SUREOHP
���Ü����ZLWK�D�IL[HG�ERXQGDU\�LQ�WKH�IRUP�RI
OLQH�]� �M��[��REWDLQHG�XQGHU��VW�DSSUR[LPD�WLRQ� �)LJ���D��� 7KH� DSSUR[LPDWLRQ� RI� Q�WK
RUGHU� IRU� WKH� FDVH� ZLWK� IL[HG� ERXQGDU\� OHW
EH� QRWHG� DV� QM�DSSUR[LPDWLRQ�� 2EYLRXVO\�
IRU�WKH�IL[HG�ERXQGDU\�VHOHFWHG��WKH��VW��DQG
�M�WK� DSSUR[LPDWLRQV� DUH� FRLQFLGHQW� WR� RQH
DQRWKHU�� WKHUHIRUH�� WKH� UHVLGXDOV� 5�[�
�FXUYH��� LQ� )LJ����� FRLQFLGH�� WRR�� 7KH� OLQH
]� �M��[��LV�GHVFULEHG�E\�HTXDWLRQ�������ZLWK
SDUDPHWHUV�Q� ��� DQG�$��� ����� VR� LQ� �M�WKDSSUR[LPDWLRQ�WKH�ERXQGDU\�FRQGLWLRQV�RI�FRQ�
FHQWUDWLRQ�&�M��OD\�LQ�WKH�SODQH��/��GHILQHG�E\

)LJ����� 7KH� GHSHQGHQFH� RI� WKH� GLIIHUHQFH� EH�
WZHHQ� IXQFWLRQDO�YDOXHV� IRU� WKH��QG�� DQG��WK
DSSUR[LPDWLRQV� ',�� �,�Ü,�� RQ� WKH� T��� SD�UDPHWHU�YDOXH�DW�N� �����DQG�{� �����

)LJ�����7KH�GHSHQGHQFHV�RI� UHVLGXDO�5�RQ�FR�
RUGLQDWH� [� ZLWK� UHJDUG� RI� WZR� FRQGLWLRQV� DW
SKDVH�ERXQGDU\�XQGHU��VW�DQG��QG�DSSUR[LPD�
WLRQ� �FXUYHV��� DQG���� DQG� DW� IL[HG�ERXQGDU\
XQGHU��M�WK�DSSUR[LPDWLRQ��FXUYH����

)LJ����� 7KH� SKDVH� ERXQGDU\� ZLWKLQ� WKH� KDOI�
SHULRG� LQWHUYDO� XQGHU� �VW�� �c�WK� DQG� �QG� DS�
SUR[LPDWLRQV��FXUYHV�D��E�DQG�F��UHVSHFWLYHO\�
DW�N� �����DQG�{� �����
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HTXDWLRQ� ����� DQG� WKH� UHVLGXDO� 5��[���VHH�IRU�PXOD������FRLQFLGHV�ZLWK�]HUR�OLQH�LQ�)LJ����
$V� LW� ZDV� H[SHFWHG�� LQ� WKH� FDVH� ZLWK

IL[HG� ERXQGDU\�� WKH� DPSOLWXGH� 5�[�� LV� GH�
FUHDVHG� ZKHQ� Q� LQFUHDVHV� �FXUYH� �� )LJ�����
%XW�LWV�GHFUHDVLQJ�LV�HDVLHU�MXGJHG�IURP�GH�
FUHDVH� RI� URRW� PHDQ� VTXDUH� UHVLGXDO� V� �VHH
IRUPXOD� ������� 6R�� IRU� WKH� FXUYHV� �� DQG� �
�)LJ������ UHVSHFWLYHO\��ZH�JHW�V� ��������DQG
�������� 7KH� ZHDN� FRQYHUJHQFH� RI� DSSUR[L�
PDWH� VROXWLRQ� RI� WKH� SUREOHP� ���Ü���� WR� WKH
H[DFW�RQH�LV�DQ�LQHYLWDEOH�FRQVHTXHQFH�RI�DS�
SOLFDWLRQ�RI�IUHH�ERXQGDU\�FRQGLWLRQ�>�@��1HY�
HUWKHOHVV�� WKH�SORW�RI� IXQFWLRQ�5�[�� LV� VWHDG\
WHQGLQJ�WR�WKH�OLQH�5�[�{��DV�Q�LQFUHDVHV�
7KH� UHVLGXDO� 5��[�� EHKDYHV� LWVHOI� TXLWHRSSRVLWH�� DW�Q!��� LW� LV�QRW� DOUHDG\�HTXDO� WR

]HUR��FXUYH���)LJ�����DQG�ZKLOH�Q�LQFUHDVHV�
LWV� SORW� WHQGV� WR� D� FXUYH� GHILQHG� E\� WKH
SUH�VSHFLILHG�ERXQGDU\��7KH�5��[��GLIIHUHQFHIURP� ]HUR� PHDQV� WKDW� WKH� ERXQGDU\� FRQGL�
WLRQV� RI� FRQFHQWUDWLRQ�&�M�� DUH� QRW� DOUHDG\
ORFDWHG� ZLWKLQ� WKH� SODQH� �/��� DQG� WKLV� LV
QDWXUDO�� DV� WKH\� DUH� QRW� DOUHDG\� FRQQHFWHG
ZLWK�SODQH��/��E\�FRUUHODWLRQ������,I�ZH�WDNH
WKH� OLQH� ]� �M��[�� JRW� XQGHU� WKH� �c�VW� DS�

SUR[LPDWLRQ� DV� D� IL[HG� ERXQGDU\� �)LJ���E��
WKH� LQFUHDVH� RI� WKH� DPSOLWXGH�5��[��ZLOO� EHPRUH� VLJQLILFDQW� �FXUYH� �� )LJ������ $V� WKH
IXQFWLRQDO� ,Q� YDOXHV� GHFUHDVH� DW� LQFUHDVLQJQ� ERWK� DW� YDULDEOH� DQG� IL[HG� SKDVH� ERXQG�
DU\�� WKH� LQFUHDVH� RI� DPSOLWXGH� 5�[�� DW� WKH
GHFUHDVH� RI� DPSOLWXGH�5��[�� DQG� YLFH� YHUVDJLYHV�HYLGHQFH�DERXW�LQFRQVLVWHQF\�RI�FRQGL�
WLRQV�����DQG�����
7KXV�� LQ� WKH� FDVH� RI� ILQLWH� YDOXHV�� WKH

SUREOHP� ���Ü���� GRHV� QRW� KDYH� DQ\� VROXWLRQ
ZLWK� QRQ�SODQDU� FU\VWDOOL]DWLRQ� IURQW�� 7KLV
LV�H[SODLQHG�E\�WKH�IDFW�WKDW�WKH�FRQGLWLRQV
DW�SKDVH�ERXQGDU\�FRQWUDGLFW�WR�HDFK�RWKHU�
8QGHU� D� FORVHU� FRQVLGHUDWLRQ� RI� WKHVH� FRQGL�
WLRQV��D�GLUHFW�GHSHQGHQFH�EHWZHHQ�WKHLU�FRQ�
VLVWHQF\� DQG� WKH� XVHG� VROLGLILFDWLRQ� PRGHO
W\SH� LV� HDV\� WR� VWDWH�� 7KXV�� LW� FDQ� EH� FRQ�
FOXGHG�WKDW�WKH�VLPSOHVW�ELGLPHQWLRQDO�PRGHO
XVHG�LQ�WKLV�LQYHVWLJDWLRQ�LV�XQVXLWDEOH�IRU�DW
OHDVW�D�IHZ�DGHTXDWH�GHVFULSWLRQ�RI�UHDO�SURF�
HVV�RI�ELQDU\�PHOW�FU\VWDOOL]DWLRQ��,W�KDV�EHHQ
VKRZQ� DOVR� WKDW� WKH� VROXWLRQ� RI� WKH� ELQDU\
PHOW� VROLGLILFDWLRQ� SUREOHP�ZLOO� EH� SULPDULO\
GHILQHG�E\�WKH�DSSURSULDWH�VHOHFWLRQ�RI�FRUUH�
VSRQGLQJ�PRGHO��7KHUHIRUH��LQ�WKH�SUREOHP�RI
ELQDU\�PHOW� FU\VWDOOL]DWLRQ�� QRW� WKH� RI� SKDVH
ERXQGDU\� EXW� WKH� VROLGLILFDWLRQ� PRGHO� LWVHOI
KDV�WR�EH�VHDUFKHG�IRU���
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)LJ�����7KH�GHSHQGHQFHV�RI�UHVLGXDO�5��RQ�FR�
RUGLQDWH� [� XQGHU� �M�WK� DSSUR[LPDWLRQ� DW
IL[HG�SKDVH�ERXQGDU\�JRW�XQGHU��VW��FXUYH���
DQG��c�WK�DSSUR[LPDWLRQ��FXUYH�����
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