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ELQDU\�PHOW�VROLGLILFDWLRQ�XQGHU�SXOOLQJ�WKHFU\VWDO�ZLWK�SHULRGLFDOO\� YDU\LQJ� UDWH��7KLVZRUN� LV�GHYRWHG�WR�WKHRUHWLFDO� LQYHVWLJDWLRQRI� WKH� LPSXULW\� GLVWULEXWLRQ� LQ� WKH�PHOW� DWFU\VWDO� SXOOLQJ� UDWH� FRQWDLQLQJ� D� VLQXVRLG�OLNH�RVFLOODWLRQ�FRPSRQHQW����&RPSXWDWLRQDO�SURFHGXUH/HW� XV� XVH� WKH� RQH�GLPHQVLRQDO� QRQ�VWD �WLRQDU\� PRGHO� RI� ELQDU\� PHOW� VROLGLILFDWLRQZLWK�DVVXPSWLRQV�WKDW�OHW�WDNH�LQWR�DFFRXQWRQO\�LPSXULW\�GLIIXVLRQ�LQ�WKH�PHOW��H[FOXG �LQJ� WKH� WHPSHUDWXUH� ILHOG�� 7KDW� LV� SRVVLEOHLI�ZH�VXSSRVH�>�@�WKDW�KHDW�VSUHDGLQJ�LV�LQ �VWDQW� LQ� WKH� FU\VWDO�PHOW� V\VWHP� DQG� WKHPDVV� WUDQVIHU� WDNHV� SODFH� RQO\� LQ� WKH�PHOWDQG�RQO\�E\�GLIIXVLRQ��WKH�FU\VWDO�PHOW�WHP �SHUDWXUH� GHSHQGV� OLQHDUO\� RQ� WKH� LPSXULW\FRQFHQWUDWLRQ�� DQG� WKH� WHPSHUDWXUH� ILHOG� LVGHVFULEHG�E\�OLQHDU�IXQFWLRQ�RQ�FRRUGLQDWH�/HW� XV� XVH� WKH� IROORZLQJ� GHVLJQDWLRQV�&�[�W��Ü�LPSXULW\�FRQFHQWUDWLRQ�LQ�WKH�PHOW �LQJ�SRLQW�DW�D�FHUWDLQ�PRPHQW�RI�WLPH�� v� ÜLPSXULW\� FRQFHQWUDWLRQ� LQ� WKH� PHOW� DW� WKHLQILQLWH� GLVWDQFH� IURP� WKH� FU\VWDOOL]DWLRQIURQW�� �* Ü� WHPSHUDWXUH� JUDGLHQW�� ' Ü� LP�SXULW\�GLIIXVLRQ�FRHIILFLHQW�LQ�WKH�PHOW��P ÜOLTXLGXV� OLQH� VORSH�� N Ü� LPSXULW\� GLVWULEX�WLRQ�FRHIILFLHQW��6XSSRVH�D�FU\VWDO�EHLQJ�SXOOHG�RXW�RI�WKHPHOW� LQWR� WKH� FROG� ]RQH� VWDUWLQJ� DW� W  ��ZLWK�WKH�UDWHZ�W�� �: ��:�VLQωW ���ZKHUH�:��:� DQG�ω DUH�FRQVWDQWV��,Q�RUGHUWR� VWXG\� WKH� EHKDYLRU� RI� WKH� LQWHUIDFH� ERU �GHU�LQ�VXFK�SURFHVV��WKH�SUREOHP�RQ�WKH�LP �SXULW\�GLIIXVLRQ� LQ�WKH�PHOW��ZKLFK�FU\VWDO �OL]HV� DW� 9�W�� UDWH� KDV� WR� EH� VROYHG� DQG� WKHODZ� RI� 9�W�� DOWHUDWLRQ� KDV� WR� IROORZ� IURPWKLV�VROXWLRQ�/HW�XV�XVH�IRU�WKH�FDOFXODWLRQ�WKH�PRYLQJFRRUGLQDWH�V\VWHP�ZLWK� [ VWDUWLQJ�IURP�WKHSRVLWLRQ�RI�FU\VWDOOL]DWLRQ�IURQW�DQG�SDVV�WRQRQ�GLPHQVLRQDO�YDULDEOHV�E\�IRUPXODV�
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7KHQ� WKH� LPSXULW\� FRQFHQWUDWLRQ� LQ� WKHPHOW� &�[�� W�� ZLOO� EH� WKH� VROXWLRQ� RI� � WKHIROORZLQJ�HTXDWLRQ�

&[[�[��W����9�W�&[�[��W�� �&W�[��W�� ���
&[����W����9�W�>���Ü�N�&����W����N@� ��� ���&(∞�W) = �� &([��) = �� ���ZKHUH

9(W) = � + δVLQωW −
&W(��W)%Z �� ���

+HUH�� LQGH[� GHVLJQDWLRQV� RI� SDUWLDO� GHULYD �WLYHV�RI�& ZLWK�UHVSHFW�RI�[ DQG�W DUH�XVHG�(T�� ���� GHVFULEHV� WKH� LPSXULW\� GLIIXVLRQ� LQWKH� PHGLXP�� ZKLFK� FRYHUV� LQWHUSKDVH� VXU �IDFH�[  ���ZLWK�9�W��UDWH��(T�����LV�WKH�FRQ�GLWLRQ�RI�LPSXULW\�FRQVHUYDWLRQ�RQ�WKLV�VXU �IDFH��(T�����GHVFULEHV�WKH�GHSHQGHQFH�RI�WKHFU\VWDOOL]DWLRQ� UDWH� RI� ELQDU\� PHOW� RQ� WKHFU\VWDO�SXOOLQJ�UDWH��RU�LQ�D�JHQHUDO�FDVH��RQWKH� UDWH� RI� WHPSHUDWXUH� ILHOG� PRYHPHQWDORQJ�WKH�JURZWK�D[LV��DQG�LPSXULW\�FRQFHQ �WUDWLRQ� GHJUHH� UDWH� RQ� WKH� SKDVH� ERXQG �DU\>�@�6\VWHP� RI� (T� �������� FRQVLVWV� RI� IRXULQSXW�SDUDPHWHUV��δ��ω��N DQG�%Z��7KH�ODWWHULQGLFDWHV� WKH� SUHVHQFH� RU� DEVHQFH� RI� WKHRYHUFRROLQJ� ]RQH� �2=�� LQ� WKH� PHOW�� 2=� LVDEVHQW� DW� %Z³ �� �2=� FULWHULD� >�@��� ,I� %Z���WKH�GLIIHUHQFH��Ü�%Z LQGLFDWHV�WKH�GHJUHH�RIVXFK�RYHUFRROLQJ�>��@����5HVXOWV�DQG�GLVFXVVLRQ7KH� SUREOHP� IRUPXODWHG� LV� QRQ�OLQHDU�EXW�LW�FDQ�EH�PDGH�OLQHDU�RQH��DVVXPLQJ�WKHGLVWXUEDQFH� DPSOLWXGH� RI� SXOOLQJ� UDWH� LVVPDOO� DQG� WKH� LPSXULW\� GLVWULEXWLRQ� LQ� WKHPHOW�LV�DOPRVW�VWDWLRQDU\�DIWHU�D�UDWKHU�ORQJSHULRG� DIWHU� FU\VWDOOL]DWLRQ� VWDUW�� 7KHQ� WKHVROXWLRQ�LQ�WKH�VHFRQG�DSSUR[LPDWLRQ�FDQ�EHSUHVHQWHG�DV�IROORZV�&([�W) = H−[ + &�([�W) + &�([�W)� ���
&Q�[[([�W) + &Q�[([�W) +

+ H−[%Z &Q�W(��W) + IQ([�W) = &Q�W([�W)�
���

ZKHUH� WKH� LQGH[� DW� & PHDQV� WKH� RUGHU� RIFRUUHFWLRQ�WR�D�VWDWLRQDU\�VROXWLRQ�,W�LV�ZRUWK�QRWLQJ�WKDW�SUDFWLFDOO\�D�VROX �WLRQ� DW� D� VWHDG\� FU\VWDOOL]DWLRQ� LV� RI� LQWHU �HVW���7KXV��ZH�VKDOO�WU\�D�VROXWLRQ�ZKLFK�DWW → ∞ GRHV�QRW�GHSHQG�RQ�WKH� LQLWLDO�FRQGL �WLRQ�6XEVWLWXWLQJ�����LQWR���������DQG�JURXSLQJWKH� YDOXHV� RI� VDPH� LQILQLWHVLPDO� RUGHU�� ZH
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JHW� WZR� V\VWHPV� RI� HTXDWLRQV� IRU� UHTXLUHGFRUUHFWLRQV�� � 7KH� V\VWHPV� DUH� RI� WKH� VDPHW\SH��WKHUHIRUH�WKH\�FDQ�EH�SUHVHQWHG�DV�IRO �ORZV� &Q�[(��W) + (� − N)&Q(��W) −
− (� ⁄ %Z)&Q�W(��W) + JQ(W) = �� ����

&Q(∞�W) = �� Q = �� �� ����KHUH�I�([�W) = − H−[δVLQωW� J�(W) = δVLQωW� ����
I�([�W) = &��[([�W)>δVLQωW − &��W(��W)@� ����
*�(W) = (� − N)&�(��W)>δVLQωW − &��W(��W)@� ����7KH�SUREOHPV��ZKLFK�VROXWLRQV�GR�QRW�GH �SHQG� RQ� WKH� LQLWLDO� FRQGLWLRQ�� DUH� XVXDOO\VROYHG�E\�WKH�PHWKRG�RI�XQGHWHUPLQHG�FRHI �ILFLHQWV�>��@��$V�WKH�VROXWLRQ�EHLQJ�XQNQRZQD� SULRUL��ZH� GHWHUPLQH� LW� E\�/DSODFH� WUDQV �IRUPDWLRQ�PHWKRG��/HW�XVH�WKH�LQLWLDO�FRQGL �WLRQ� &��[���� �ÜHÜ[ DQG� SXW� %Z  � ��� 7KHODWWHU�OLPLWDWLRQ�LV�QRW�H[SHFWHG�WR�LQIOXHQFHWKH�JHQHUDO�VWUXFWXUH�RI�VROXWLRQ��EXW�LW�ZLOOFRQVLGHUDEO\� IDFLOLWDWH� WKH� FDOFXODWLRQ� >��@�/DSODFH�LPDJH� VROXWLRQ� RI� WKH� SUREOHP� ��������� DW� Q �� IRU� WKH� JLYHQ� FDVH� FDQ� EH� SUH �VHQWHG�DV�IROORZV�

&A�[�S) = − H−[S + N +

+ �(S + N)H− [�(�+√ �+�S ) + (� − �N−√ �+� )H−[�S(S + N)(S� + ω�) ωδ�
����

ZKHUH� S Ü� /DSODFH� WUDQVIRUPDWLRQ� SDUDPH�WHU�� 7KH� ILUVW� IUDFWLRQ� LQ� ����� LV� QR� RWKHUWKDQ�DQ�LPDJH�RI�IXQFWLRQ�H[S�Ü[NW���GLVDS�SHDULQJ�DW� W→∞�$V\PSWRPDWLF� EHKDYLRU� RI� WKH�SUH�LPDJHRI� WKH� VHFRQG� IUDFWLRQ� LQ� WKH� ULJKW� SDUW� RI����� DW� W→∞ �WKDW� LV� H[DFWO\� ZH� DUH� LQWHU�HVWHG� LQ�� FDQ� EH� VWXGLHG� E\� D� WKHRUHP� RQPXWXDO� FRUUHVSRQGHQFH� RI� DV\PSWRWLF� GH �FRPSRVLWLRQ�RI�LPDJH�DQG�SUH�LPDJH�>��@��,WLV� HDV\� WR� FKHFN� WKDW� LQ� D�SRLQW� S  ��� WKLVIHDWXUH�LV�HOLPLQDEOH��7KHQ�GHFRPSRVLQJ�WKHJLYHQ� H[SUHVVLRQ� LQ� WKH� SRLQWV� S  �Lω DQGS  �ÜLω QHLJKERUKRRG� LQWR� SRZHU� VHULHV�DGGLQJ� WKH� ILUVW� WHUPV� RI� WKHVH� VHULHV� DQGSDVVLQJ� WR� WKH� SUH�LPDJH�� ZH� JHW� WKH� UH �TXLUHG�YLHZ�RI�VROXWLRQ�&�([�W) = δ>\�([)VLQωW + ]�([)FRVωW@� ����

ZKHUH�\��[��DQG�]��[�� �IRU�DQ\�YDOXH�RI�%Z�DUH�QRW�GHWHUPLQHG�\HW�6XEVWLWXWLQJ������LQWR����������DW�Q ��DQGJURXSLQJ� VXPPDQGV� ZLWK� PXOWLSOLHU� VLQωWDQG� FRVωW��ZH� FRPH� WR� D� ERXQGDU\�SUREOHPIRU� \��[�� DQG� ]��[�� DV� DQ� LQKRPRJHQHRXVV\VWHP� RI� WZR� FRPPRQ� GLIIHUHQWLDO� HTXD �WLRQV�� ,W� LV� REYLRXV� WKDW� WKHVH� IXQFWLRQ� ILWWKH�V\VWHP�
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ZKHUH\� ≡ \�(�) = (%Z ⁄ V)>D�(D − �) − E�(E − ω)@� ����
]�≡]�(�) = (%Z ⁄ V)>D�(E − ω) + E�(D − �)@� ����

D� = ω + E(%Z − �)�E� = N%Z + (D − �)(%Z − �)� V = ω(D�� + E��)D = 

� + >� ⁄ � + (� ⁄ � + �ω�)� ⁄ �@� ⁄ �


 ⁄ ��E = ω ⁄ (�D − �)�

����

)LJ�� ��� 7KH� GHSHQGHQFH� RI� DPSOLWXGH� 4 �LQUHODWLYH� XQLWV�� RI� RVFLOODWLQJ� FRPSRQHQW� RISXOOLQJ�UDWH������DGGLWLRQ�RI�WKH�ILUVW�RUGHU�WRWKH� LPSXULW\� FRQFHQWUDWLRQ� RQ� WKH� SKDVHERXQGDU\� ����� DGGLWLRQ� WR� WKH� FU\VWDOOL]DWLRQUDWH�����DQG�RVFLOODWLQJ�DGGLWLRQ�RI�WKH�VHFRQGRUGHU� WR� WKH� LPSXULW\� FRQFHQWUDWLRQ� RQ� WKHSKDVH� ERXQGDU\� ���� RQ� GLPHQVLRQOHVV� WLPHWLPH� W IRU� WKH� GLVWULEXWLRQ� FRHIILFLHQW� N  ����� QRQ�GLPHQVLRQDO� IUHTXHQF\� ω  � �� DQG%Z ��SDUDPHWHU��7KH�DPSOLWXGH�RI�FXUYH�� LV���WLPHV�HQODUJHG�
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+HUH�D DQG�E SDUDPHWHUV�DSSHDU�DV�PDWHULDODQG� LPDJLQDU\� SDUWV� RI� WKH� URRWV� RI� WKHFKDUDFWHULVWLF� HTXDWLRQ� IRU� KRPRJHQHRXVV\VWHP�� � U��U�����ω� � ��7KLV� HTXDWLRQ� KDVIRXU� URRWV�� EXW� RQO\� WZR� RI� WKHPU��� = −D ± EL REH\� ������7KH� ILUVW�FRUUHFWLRQWR� WKH� LPSXULW\� FRQFHQWUDWLRQ�RQ� WKH�SKDVHERXQGDU\�FDQ�EH�SUHVHQWHG�DV�&�(��W) = δ(\�� + ]��)� ⁄ �VLQ(ωW +ϕF)� ����
ZKHUH� ϕF = DUFWJ(]� ⁄ \�)�� 8VLQJ� ���� DQG� ����ZH� REWDLQ� WKH� FRUUHFWLRQ� WR� WKH� FU\VWDO �OL]DWLRQ�UDWH� 9�(W) =
= (δ ⁄ %Z)>(ω�\�� + (ω]� + %Z)

� @� ⁄ �VLQ>ω(W + WY)@�����
ZKHUH�WY = −(� ⁄ ω)DUFWJ>ω\� ⁄ (ω]� + %Z)@� ����

7KXV��LQ�WKH�ILUVW�DSSUR[LPDWLRQ�E\�δ WKHLPSXULW\�FRQFHQWUDWLRQ�RQ�WKH�SKDVH�ERXQG �DU\��FXUYH����)LJ����RVFLOODWHV�ZLWK�WKH�VDPHIUHTXHQF\�DV�WKH�SXOOLQJ�UDWH�Z�W���FXUYH���)LJ�� ���� EXW� VKLIWHG� E\� SKDVH�� � 7KH� VDPHEHKDYLRU� KDV� WKH� FRPSRQHQW� RI� WKH� FRQFHQ �WUDWLRQ� JUDGLHQW� RQ� WKH� SKDVH� ERXQGDU\&��[����W��DQG�WKH�FRPSRQHQW�RI�WKH�FU\VWDO �OL]DWLRQ�UDWH�9��W���FXUYH����)LJ�����7KHUHIRUH� LQ� WKH� ILUVW�DSSUR[LPDWLRQ��RQDYHUDJH��QHLWKHU�WKH�LPSXULW\�FRQFHQWUDWLRQRQ� WKH� SKDVH� ERXQGDU\� QRU� LWV� FRRUGLQDWHGHULYDWLYH�GLIIHUV� IURP�WKHLU�YDOXHV�DW� FRQ �VWDQW� FU\VWDOOL]DWLRQ� UDWH�� ,W� ZRXOG� VHHPWKDW�WKH�RVFLOODWLRQ�RI�FU\VWDO�JURZWK�RXJKWWR�GHWHULRUDWH�WKH�VLWXDWLRQ�EHFDXVH�DW�%Z �HYHU\�KDOI�SHULRG�RI�WKH�PHOW�ZLOO�EH� LQ�WKHVWDWH� RI� WKH� FRQFHQWUDWLRQ� RYHUFRROLQJZKLFK��DFFRUGLQJ�WR�QXPHURXV�H[SHULPHQWDO

GDWD�� JLYHV� ULVH� WR� EXPSV� RQ� WKH� LQLWLDOO\VPRRWK� SKDVH� VXUIDFH� >�@�� +RZHYHU� WKHDQDO\VLV� RI� WKH� GDWD� VKRZV� WKDW� WKH\� KDYHEHHQ�REWDLQHG�GLVUHJDUGLQJ�WLPH�IDFWRU�>��@�$QG�VLQFH�WKLV�IDFWRU�FDQ�EH�GHFLVLYH�LQ�QRQ�VWDWLRQDU\� FRQGLWLRQV�� RQH� FDQQRW� SUHGLFWWKH� EHKDYLRU� RI� FU\VWDO�PHOW� V\VWHP� DW� FHU �WDLQ�SHULRGV�RI�WLPH��$FFRUGLQJ� WR� IRUPXOD� �����ZH�FDQ�GHWHU �PLQH� LPSRUWDQW�FKDUDFWHULVWLFV�VXFK�DV�� LP �SXULW\� GLVWULEXWLRQ� FRHIILFLHQW� N�� LPSXULW\GLIIXVLRQ� LQ� WKH�PHOW� FRHIILFLHQW� ' DQG�%ZSDUDPHWHU� E\� WKH� WLPH� VKLIW� EHWZHHQ� WKHPD[LPD�RI�FU\VWDOOL]DWLRQ�DQG�SXOOLQJ�UDWHV�,Q� IDFW��DFFRUGLQJ� WR� ����� ����������DQG� ����WKH�YDOXH�RI�WY GHSHQGV�RQO\�RQ�WKH�SDUDPH�WHUV�� �:��ω��N��' DQG�%Z�� ,W� LV� SRVVLEOH� WRFDOFXODWH� WKH� YDOXHV� RI� N�� ' DQG� %Z E\PHDVXULQJ� D� SHULRG� RI� WLPH� EHWZHHQ� WKHPD[LPD�RI�Z�W�� DQG�9�W�� DW�JLYHQ�YDOXHV�RI: DQG�ω GXULQJ� WKH� VWHDG\� FU\VWDOOL]DWLRQ�)LJ�� �� VKRZV� WKDW� WKH� DPSOLWXGH� RI� WY�ω�FXUYHV� LV� UDWKHU� VHQVLWLYH� WR� WKH� YDOXH� RI%Z�� 7KHUHIRUH�� WKH� VWDWLRQDU\� RVFLOODWLRQ� DWYDULRXV�SXOOLQJ� UDWH� FDQ�EH�XVHG� IRU� VWXG\ �LQJ� WKH� FRQFHQWUDWLRQ� RYHUFRROLQJ� GXULQJFU\VWDO� JURZWK� DORQJ�ZLWK� WKH� GHFD\LQJ� RV �FLOODWLRQ� RI� WKH� ELQDU\� PHOW� FU\VWDOOL]DWLRQUDWH�LQ�WKH�LQLWLDO�WUDQVLWRU\�SURFHVV�>�@�,W�LV�ZRUWK�QRWLQJ�WKDW�&&'�FDPHUD��VHQ �VLFDP�TH��FDQ�EH�XVHG�IRU�UHDOL]DWLRQ�RI�WKHPHWKRG� RI� WKH� VKLIW� EHWZHHQ� WKH� RVFLOODWLRQSKDVHV� RI� WKH� SXOOLQJ� DQG� FU\VWDOOL]DWLRQUDWHV�� 7KH� FKDUDFWHULVWLF� EUHDNV� RQ� WKHFXUYHV� RI� GHSHQGHQFHV� RI� WKH� IURQW� FU\VWDO �OL]DWLRQ� RQ� WLPH� [I�W�� FOHDUO\� GHWHUPLQH� WKHWUDQVLWLRQ� PRPHQWV� IURP� D� VPRRWK� SKDVHVXUIDFH� WR� D� FHOOXODU� RQH� >�@�� ,W� LV� REYLRXVWKDW� ZKHQ� PHDVXULQJ� WY WKH� WKH� EUHDNV� RQWKH�FXUYHV�[I�W��KDYH�WR�EH�SUHYHQWHG��DV�WKHWKHRU\� JLYHQ� KHUH� LV� RQO\� DSSOLFDEOH� WR� DVPRRWK�ERXQGDU\�VXUIDFH�

)LJ�����7KH�GHSHQGHQFH�RI�VKLIW�YDOXH�EHWZHHQWKH� RVFLOODWLQJ� SKDVHV� RI� SXOOLQJ� UDWH� DQGFU\VWDOOL]DWLRQ� UDWH� WY RQ� GLPHQVLRQOHVV� WLPHIUHTXHQF\� ω IRU� WKH� GLVWULEXWLRQ� FRHIILFLHQWN  �����DQG�GLIIHUHQW�YDOXHV�RI� �%Z SDUDPH�WHU��� Ü�%Z  �������� Ü�%Z  �������Ü�%Z  ����

)LJ����'HSHQGHQFH�RI�WKH�YDOXH�RI�VWDWLRQDU\DGGLWLRQ�WR�WKH�LPSXULW\�FRQFHQWUDWLRQ�RQ�WKHSKDVH� ERXQGDU\�8 �LQ� XQLWV� δ��� RQ� GLPHQVLRQ�OHVV� SXOOLQJ� UDWH� RVFLOODWLRQ� IUHTXHQF\� ω IRU%Z ��DQG�GLIIHUHQW�YDOXHV�RI�GLVWULEXWLRQ�FRHI�ILFLHQW�N����Ü�N  �������� Ü�N  �������� Ü�N  ���
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6XEVWLWXWLQJ������������LQWR������������DQGFDQFHOLQJ� WKH� SURGXFW� RI� WKH� ILUVW� KDUPRQ �LFV�� ZH� REWDLQ� H[SUHVVLRQV� ZKLFK� FRQWDLQ� DWLPH�LQGHSHQGHQW� VXPPDQG� DORQJ� ZLWK� WKHVHFRQG� KDUPRQLFV�� 7KHUHIRUH�� WKH� VHFRQGFRUUHFWLRQ�FDQ�EH�SUHVHQWHG�DV�IROORZV�&�([�W) =
= δ�>X�([) + \�([)VLQ�ωW + ]�([)FRV�ωW@�����ZKHUH�X��[���\��[��DQG�]��[��Ü�VWLOO�XQNQRZQIXQFWLRQV��6XEVWLWXWLQJ������LQWR����������DWQ ��DQG�JURXSLQJ�VXPPDQGV�ZLWK�PXOWLSOL �HUV� ��� FRV�ωW DQG� VLQ�ωW�� ZH� FRPH� WR� WZRERXQGDU\� SUREOHPV� IRU� IXQFWLRQ� X��[�� DQGSDLU�RI�IXQFWLRQ�\��[���]��[���7KH�ODWWHU�WZRDV�ZHOO�DV�\��[���]��[��DUH�VROYHG�ZLWKLQ�WKHV\VWHP�RI�HTXDWLRQV��7KH�DSSHDUDQFH�RI�WKHVHFRQG�KDUPRQLF� LQ� WKH� VROXWLRQ� RI� FU\VWDO �OL]DWLRQ� SUREOHP� �FXUYH� ��� )LJ���� FDQ� VHUYHDV�DQRWKHU�LOOXVWUDWLRQ�IRU�QRQ�OLQHDU�V\VWHPUHVSRQVH� WR� VRPH� LQIOXHQFH� �IRU� H[DPSOH�IUHTXHQF\�GRXEOLQJ� LQ�QRQ�OLQHDU� RSWLFV��� ,WLV�REYLRXV�WKDW�DOO�PHQWLRQHG�DERXW�WKH�WLPHIDFWRU�ZLWK� UHJDUG� WR� WKH� ILUVW�KDUPRQLF� LVDSSOLFDEOH�WR�WKH�VHFRQG�RQH�,W�LV�HVSHFLDOO\�ZRUWK�QRWLQJ�D�WLPH�LQGH �SHQGHQW� DGGLWLRQ� WR� LPSXULW\� FRQFHQWUDWLRQLQ� WKH� PHOW� X��[��� KDYLQJ� D� YHU\� VLPSOHIRUP�XQGHU�[  ���X�(�) ≡ 8 = −\� ⁄ �� ����
)LJ����VKRZV�8 RQ�ω GHSHQGHQFHV��SORWWHGIRU�YDULRXV� N��$OO�RI� WKHP�OLH�EHORZ� [ D[HVZLWK�WKH�PLQLPXP�VKLIWLQJ�WRZDUGV�ORZ�IUH �TXHQFLHV�ZKHQ� N GHFUHDVHV��7KXV�� IRU�%Z �DQG�W\SLFDO�N �����FXUYH����)LJ�����WKH�PLQL�PXP�LV�UHDFKHG�DW�ωP ������,Q�GLPHQVLRQDOTXDQWLWLHV� DW� '  ���Ü� VP�⋅VHFÜ� DQG:  ���Ü� VP⋅VHFÜ� LW� FRUUHVSRQGV� WR� IUH�TXHQF\�������VHFÜ� RU�SHULRG�����VHF��+RZHYHU��SDVVLQJ� WR�GLPHQVLRQDO� TXDQWL �WLHV�DFFRUGLQJ�WR�IRUPXOD�����QHHGV�8 YDOXHWR� EH� PXOWLSOLHG� E\� &���ÜN��N�� $V� WKH� UH�VXOW��DW�N !���VWDWLRQDU\�DGGLWLRQ�WR�WKH�LP �SXULW\� FRQFHQWUDWLRQ� RQ� WKH� LQWHUSKDVHERXQGDU\� LV� SRVLWLYH�� WKDW�PHDQV� WKDW� LUUH �VSHFWLYH�RI��ÜN VLJQ�WKH�GLIIHUHQFH�EHWZHHQ&����W��DQG�&� GHFUHDVHV��7KHUHIRUH��LQ�RUGHUWR� SUHVHUYH� JHQHUDOLW\�� OHW� XV� IRFXV� RQ� N��FDVH�� ZKHQ� WKH� VLQJV� RI� GLPHQVLRQDO� DQGQRQ�GLPHQVLRQDO�8 FRLQFLGH����&RQFOXVLRQV7KXV�� DW� RVFLOODWLQJ� UHJLPH� RI� FU\VWDOSXOOLQJ� WKH� DYHUDJH� E\� WLPH� LPSXULW\� FRQ �FHQWUDWLRQ� RQ� WKH� LQWHUSKDVH� ERXQGDU\� &__(�)

LV� ORZHU�� WKDQ� LQ� WKH� FDVH� RI� VWDWLRQDU\JURZWK��7KDW�LV�PRUH�LPSXULW\�LV�SXVKHG�LQWKH� PHOW�� DV� LW� LV� REVHUYHG� DW� LWV� SDUWLDOPL[LQJ�>�@��,W�LV�FOHDU�WKDW�XQGHU�ELJ�DPSOL �WXGHV� RI� RVFLOODWLRQV� �IRU� H[DPSOH�� DW� δa��WKH� HIIHFW� RI� &__(�) UHGXFWLRQ� IDYRUDEOH� IRUFU\VWDO� JURZWK� FDQ� EH� UDWKHU� WDQJLEOH�� %\RWKHU� VLGH�� XQGHU� ODUJH� RVFLOODWLRQ� DPSOL �WXGHV�RI�FU\VWDOOL]DWLRQ�UDWH��WKH�SUREDELOLW\RI� GHIHFWV� DSSHDUDQFH� RQ� WKH� LQWHUSKDVHERXQGDU\� LQ� FHUWDLQ� KDOI�SHULRGV� DOVR� LQ �FUHDVHV�� $QG� DJDLQ� ZH� FRPH� WR� WKH� DERYHPHQWLRQHG� WLPH� IDFWRU�� ZKLFK� VWLOO� UHPDLQVXQLQYHVWLJDWHG� QHLWKHU� H[SHULPHQWDOO\� QRUWKHRUHWLFDOO\�7KH�UHVXOW�RI�WKLV�SDSHU�KDV�SUDFWLFDO�VLJ �QLILFDQFH� HYHQ� ZLWK� WKH� DVVXPSWLRQVDGRSWHG� LQ�WKLV�ZRUN��,W�LV�HYLGHQW�WKDW�WKHH[SHULPHQWV�QHHGHG� IRU� FKHFNLQJ�RI�RXU�UH �VXOW�ZLOO� LOOXPLQDWH� WKH�SUREOHP�RI�NHHSLQJVPRRWK� SKDVH� VXUIDFH� DW� WKH� FRQFHQWUDWLRQRYHUFRROLQJ�RI�WKH�PHOW�$FNQRZOHGJPHQWV� ,Q�FRQFOXVLRQ�LW� VKRXOGEH�QRWHG�WKDW�WKLV�SDSHU�LV�D�QDWXUDO�FRQWLQX �DWLRQ� RI� WKH� UHVHDUFK� RI� VWULDWLRQ� IRUPDWLRQ�FDSWXUH�RI�JDV�RFFOXVLRQV��LQ�VDSSKLUH�VWDUWHGE\� 1�3�.DWULWFK� DQG� KLV� FROOHDJXHV�� 7KHDXWKRUV� DUH� DOVR� JUDWHIXO� WR� 3URIHVVRU9�9�<DQRYVN\� IRU� XVHIXO� UHPDUNV� XQGHU� GLV �FXVVLRQ�RI�WKH�UHVXOWV�REWDLQHG�LQ�WKLV�ZRUN��5HIHUHQFHV���(�'RERURYLQVND\D�� /�/\WY\QRY�� 9�3LVKFKLN�6DSSKLUH�LQ�6FLHQFH�DQG�(QJLQHHULQJ��,QVWLWXWHIRU�6LQJOH�&U\VWDOV��.KDUNLY�����������'�(�2YVLHQNR��2ULJLQ�DQG�*URZWK�RI�&U\VWDOVIURP�WKH�0HOW��1DXNRYD�GXPND��.\LY�������>LQ�5XVVLDQ@�����$�7�%XGQLNRY�� $�(�9RURE\RY�� 9�1�.DQLVFKHYHW�DO���3UHSULQW�,0.�������,QVWLWXWH�IRU�6LQJOH&U\VWDOV��.KDUNLY��������>LQ�5XVVLDQ@�����%�1�$OHNVDQGURY�� %�,�9HUNLQ�� ,�0�/LIVKLWV�*�,�6WHSDQRYD�� 7KH� 3K\VLFV� RI� 0HWDOV� DQG0HWDOORJUDSK\� �����������������0�*UHPDXG�� 0�&DUUDUG�� :�.XU]�� $FWD� 0HW�DOO�����������������������6�9�%DUDQQLN�� 9�1�.DQLVFKHY�� 6�9�1L]KDQN�RYVN\�� $�0�6WHSDQHQNR�� )XQFWLRQDO� �0DWHUL�DOV��������������������=KLTLDQJ� %L�� 5�)�6HNHUND�� -�� &U\V�� *URZWK����������3DUW������������������+XDQJ�:HLGRQJ��:HL�4LXPLQJ��=KRX�<DRKH�-��&U\V��*URZWK��������������������9�$�7LOOHU�� LQ�� '�(�7HPNLQ�� � (�,�*LYDUJL]RY�(GV���� 7KHRU\� DQG� 3UDFWLFH� RI� &U\VWDO*URZWK��0HWDOOXUJL\D��0RVFRZ���������S�����>LQ�5XVVLDQ@��>:�$�7LOOHU��LQ��7KH�$UW�DQG�6FL�HQFH�RI�*URZLQJ�&U\VWDOV��-RKQ�:LOH\�	�6RQV�,QF���1HZ�<RUN�/RQGRQ������@�����6�9�%DUDQQLN�� 9�1�.DQLVFKHY�� &U\VWDOORJUDSK\5HSRUWV������������������
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