
,QFUHDVLQJ�WKH�VHQVLWLYLW\�RI�;�UD\�IOXRUHVFHQWVFKHPH�ZLWK�VHFRQGDU\�UDGLDWRU�XVLQJ�WKHLQLWLDO�VSHFWUXP�ILOWUDWLRQ
,�)�0LNKDLORY��$�$�%DWXULQ��$�,�0LNKDLORY��6�6�%RULVRYD
1DWLRQDO�7HFKQLFDO�8QLYHUVLW\��.KDUNLY�3RO\WHFKQLFDO�,QVWLWXWH��

���)UXQ]H�6WU���������.KDUNLY��8NUDLQH

5HFHLYHG�1RYHPEHU���������
2SWLPL]DWLRQ� RI� WKH� SULPDU\� ILOWHU� LQ� WKH� VFKHPH� ZLWK� IOXRUHVFHQW� UH�UDGLDWRU� ZDV

FDUULHG� RXW� XVLQJ� WKH�PLQLPXP�GHWHFWLRQ� OLPLW� FULWHULRQ�&PLQ�� ,W�ZDV� HVWDEOLVKHG� H[SHUL�PHQWDOO\�� WKDW� WKH� ILOWUDWLRQ� SURYLGHV� WKUHH�IRXUIROG� LQFUHDVH� IRU� WKH� FRQWUDVW� DQG� ����
JDLQ�IRU�WKH�GHWHFWLRQ�OLPLW��)RU�$X�WUDFH�LPSXULWLHV�LQ�LRQ�H[FKDQJH�UHVLQV��WKH�DFKLHYHG
VHQVLWLYLW\� DERXW���SSP�GRHV�QRW� \LHOG� WR� YDOXHV� REWDLQHG� LQ� WKH� FRPSOH[�%DUNOD� VFKHPH
XVLQJ�SRODUL]HG�UDGLDWLRQ��������
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����,QWURGXFWLRQ
0RQRFKURPDWL]DWLRQ�RI�WKH�SULPDU\�;�UD\

VSHFWUXP�XVLQJ� D� IOXRUHVFHQW� VHFRQGDU\� UD�
GLDWRU� DOORZV� WZR� RUGHUV� RI� PDJQLWXGH� LQ�
FUHDVLQJ� WKH� DQDO\VLV� VHQVLWLYLW\� IRU� WUDFH
LPSXULWLHV�LQ� OLJKW�PDWUL[�LQ�FRPSDULVRQ�WR
D�URXWLQH�;5)�VFKHPH�>�Ü�@��7KLV�LV�DFWXDO
IRU� LQYHVWLJDWLRQV� LQ� WKH� ILHOGV� RI� HFRORJ\�
PHGLFLQH��PLQHUDO� SURGXFWV�� H[WUD�SXUH�PD�
WHULDOV��HWF��

$V�D�UHVXOW�RI�VXFK�PRQRFKURPDWL]DWLRQ�
WZR�PDLQ�EDFNJURXQG�FRPSRQHQWV�UHPDLQ�LQ
WKH� VSHFWUXP�� WKH� WZLFH� VFDWWHUHG� �ERWK� RQ
WKH� UHUDGLDWRU� DQG� WKH� VDPSOH�� ;�UD\� WXEH
UDGLDWLRQ��DQG�WKH�UHUDGLDWRU�DQDO\WLFDO�OLQH
&RPSWRQ� VFDWWHULQJ� RQ� WKH� VDPSOH� ZLWK
EUHPVVWUDKOXQJ�RI�SKRWRHOHFWURQV�RFFXUULQJ�LQ
WKH�VDPSOH�XQGHU�IOXRUHVFHQFH�H[FLWDWLRQ�>�@����

7KH� ILUVW� EDFNJURXQG� FRPSRQHQW� FDQ� EH
ORZHUHG� LQ� D� JLYHQ� UDQJH� XVLQJ� D� SULPDU\
ILOWHU�ZLWKRXW�VXEVWDQWLDO�DWWHQXDWLRQ�RI�WKH
ZRUNLQJ�VLJQDO��ZKLOH�WKH�VHFRQG�SDUW�LV�LQ�

VHSDUDEO\� UHODWHG� ZLWK� WKH� ZRUNLQJ� VLJQDO�
VR�WKLV�SDUW�FDQ�QRW�EH�ORZHUHG�ZLWKRXW�WKH
ZRUNLQJ�VLJQDO�SURSRUWLRQDO�GHFUHDVH��FRQVH�
TXHQWO\�� ZLWKRXW� GHFUHDVLQJ� WKH� FRQFHQWUD�
WLRQ�VHQVLWLYLW\��

7KH� REMHFWLYHV� RI� WKH� ZRUN� DUH� WKH� H[�
SHULPHQWDO� GHWHUPLQDWLRQ� RI� WKH� UHODWLRQV
EHWZHHQ� WKH� PHQWLRQHG� EDFNJURXQG� FRPSR�
QHQWV��DQG�WKH�ILOWHU�WKLFNQHVV�RSWLPL]DWLRQ
IRU� VSHFWUXP� FRQWUDVW� LQFUHDVLQJ� DQG� RE�
WDLQLQJ�WKH�ORZHVW�GHWHFWLRQ�OLPLW��&PLQ�

���7KHRUHWLFDO�SULQFLSOHV
7KH� SULPDU\� ILOWHU� FDXVHV� DWWHQXDWLRQ�RI

WKH� IOXRUHVFHQW� UHUDGLDWRU� DQDO\WLFDO� OLQHV�
$Q� LQGLFDWRU� RI� WKH� DWWHQXDWLRQ� LV� YDU\LQJ
WKH� LQWHQVLW\� RI� WKH� UHUDGLDWRU� OLQH� VFDWWHU�
LQJ� RQ� WKH� VDPSOH� PDWHULDO�� 7KH� IOXRUHV�
FHQFH�H[FLWDWLRQ�RI�WKH�VDPSOH�HOHPHQWV�DUH
UHDOL]HG� E\� WKH� UHUDGLDWRU� OLQHV�� 6R�� ZLWK
ILOWUDWLRQ� RI� WKH� SUHOLPLQDU\� VSHFWUXP�� WKH
FRQFHQWUDWLRQ�VHQVLWLYLW\�IRU�WKH�VDPSOH�L�WK

)XQFWLRQDO�0DWHULDOV�����1R��������� �������Û�67&��,QVWLWXWH�IRU�6LQJOH�&U\VWDOV�

��� )XQFWLRQDO�PDWHULDOV�������������



HOHPHQW�� w1L�w&L�� GHFUHDVHV� SURSRUWLRQDOO\WR� WKH� VHFRQGDU\� UDGLDWRU� OLQH� LQWHQVLW\� RU
LWV�LQGLFDWRU�Û�WKH�UHUDGLDWRU�OLQH�VFDWWHUHG
IURP� WKH� VDPSOH�PDWHULDO��7KXV�� WKH� ILOWUD�
WLRQ�JLYHV�>�@
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ZKHUH� 1L� Û� L�WK� OLQH� LQWHQVLW\� H[FHSW� IRU
WKH� EDFNJURXQG��&L�Û�FRQFHQWUDWLRQ��U� DQG
W� Û� ILOWHU� GHQVLW\� DQG� WKLFNQHVV�� UHVSHF�
WLYHO\�� P)� Û� HPSLULFDO� DEVRUSWLRQ� FRHIIL�
FLHQW�REWDLQHG�IURP�WKH�ILOWHU�FDXVHG�DWWHQX�
DWLRQ� RI� WKH� UHUDGLDWRU� OLQH� VFDWWHUHG� IURP
WKH�VDPSOH���
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ZKHUH� Q� Û� D� QXPEHU� RI� WKLFNQHVV� YDOXHV�
WN��RI�WKH�SULPDU\�ILOWHU��,�DQG�,WN�Û�LQWHQ�
VLWLHV�RI�WKH�VDPSOH�VFDWWHUHG�UHUDGLDWRU�OLQH
ZLWKRXW� ILOWHU� DQG� ZLWK� ILOWHU� RI� WN� WKLFN�QHVV��UHVSHFWLYHO\��

)RU� ZDWHU� VROXWLRQV�� &RPSWRQ� VFDWWHULQJ
LV� E\� DQ� RUGHU� RI� PDJQLWXGH� KLJKHU� WKDQ
5D\OHLJK�RQH��WKDW� LV�ZK\� WKH�P)�YDOXH�FDQEH�GHWHUPLQHG�E\�WKH�&RPSWRQ�OLQH�GHFUHDVH
ZLWK�WKH�ILOWHU�WKLFNQHVV�LQFUHDVLQJ��DQG�QRW
E\�WKH�WRWDO�VFDWWHULQJ�LQWHQVLW\�������

/HW� XV� FRQVLGHU� WKH� EDFNJURXQG�1%� ORZ�HULQJ�XQGHU�ILOWUDWLRQ��7KH�EDFNJURXQG�FRQ�
VLVWV� RI� WZR� FRPSRQHQWV�� D� Û� WKH� ;�UD\
WXEH�VSHFWUXP�VFDWWHUHG�ERWK�IURP�WKH�VDP�
SOH� DQG� WKH� UHUDGLDWRU�� DQG� E�Û� WKH� EDFN�
JURXQG� UHODWHG� ZLWK� WKH� UHUDGLDWRU� OLQH� LQ�
WHQVLW\��WKH��WDLO��RI�&RPSWRQ�VFDWWHULQJ�DW
WKH�VDPSOH��WKH�VFDWWHULQJ�DW�VOLWV�DQG�FRP�
SRQHQWV�RI�WKH�VSHFWURPHWHU��HWF����

7KH� EDFNJURXQG� XQGHU� WKH� VDPSOH� L�WK
OLQH��1%� �D���E��ZLWK�UDGLDWLRQ�SULPDU\�ILO�WUDWLRQ�FDQ�EH�ZULWWHQ�DV�

�1%�)� 
 �D���^H[S���PL���U���W����E���^H[S���P)���U���W��

���

ZKHUH� PL� Û� DEVRUSWLRQ� FRHIILFLHQW� RI� WKH
SULPDU\� ILOWHU�PDWHULDO� IRU� WKH� VDPSOH� OLQH
ZDYHOHQJWK�OL��9DULDWLRQ� RI� WKH� GHWHFWLRQ� OLPLW�� &PLQ� ��CCCC1% �e��w1�e�w&�� >�@�� DIWHU� ILOWUDWLRQ��&PLQ�)�
ZLWK�UHVSHFW�WR�WKH�LQLWLDO�YDOXH��&��PLQ��IRUWKH� VFKHPH�ZLWK� D� VHFRQGDU\� UDGLDWRU�� WDN�
LQJ�����DQG�����LQWR�DFFRXQW�LV�ZULWWHQ�DV

&PLQ)
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� 

 ��CCCCCCCCCCCCCCCCCCCCC����D���H[S®̄�PL���P)�[½¾¿ �H[S®̄§©P)���
�
�PL·¹���[

½¾¿�

���

ZKHUH� D� �E�D� Û� WKH� UDWLR� RI� WKH� EDFN�
JURXQG� FRPSRQHQWV�� [� �U���W� Û� VXUIDFH
GHQVLW\��2SWLPL]DWLRQ�RI� ����E\�[� DFFRUGLQJ
WR�w�e�w[� ���UHVXOWV�LQ�
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$V�LW� LV�VHHQ�IURP�7DEOH����WKH�ILOWHU�RS�
WLPDO�WKLFNQHVV�IRU�GLIIHUHQW�VSHFWUXP�SDUWV
YDULHV� VLJQLILFDQWO\�� WKXV�� WKH� VHOHFWLRQ� RI
WKH�ILOWHU�WKLFNQHVV�LV�QRW�XQLYHUVDO��WKRXJK
LV�SUDFWLFDOO\� LQGHSHQGHQW�RQ�WKH�UHUDGLDWRU
PDWHULDO���

7KH�ILOWHU�HIILFLHQF\�IRU�&PLQ�ORZHULQJ�LQWKH� VFKHPH� ZLWK� D� VHFRQGDU\� UDGLDWRU� LV
VKRZQ� LQ� )LJ����� &PLQ� VKRZV� D� GUDVWLF� GH�FUHDVH�DW�WKH�ILOWHU�VPDOO�WKLFNQHVV��DQG�LW�LV
WKH�PRUH�UHPDUNDEOH��WKH�ORZHU�LV�E�D�UDWLR
RI� WKH� EDFNJURXQG� FRPSRQHQWV�� 7KXV�� WKH
ILOWUDWLRQ� HIILFLHQF\� LQFUHDVHV�ZLWK� GHFUHDV�
LQJ� WKH� FRQWULEXWLRQ� RI� WKH� UHUDGLDWRU� OLQH

)LJ�����&X� GHWHFWLRQ� OLPLW�GHSHQGHQFH� RQ� WKH
SULPDU\� ILOWHU� WKLFNQHVV��6HFRQGDU\�UDGLDWRU�
x�Û�PRO\EGHQXP��E�D� ���������Û�\WWULXP�
E�D� ���������Û�PRO\EGHQXP��E�D� �����

7DEOH����2SWLPDO� WKLFNQHVV�YDOXHV�� W�P��� RI
VLOLFRQ�ILOWHU�WR�REWDLQ�WKH�PLQLPXP�GHWHF�
WLRQ� OLPLWV� IRU� FRSSHU� DQG� VHOHQLXP� LQ
ZDWHU� VROXWLRQV�� 5HUDGLDWRUV�� 0R� DQG� <�
D� ������

5HUDGLDWRU 0R <�
6H±.D��(� �����NH9 ��� ����
&X±.D��(� �������NH9 ��� ���

,�)�0LNKDLORY�HW�DO����,QFUHDVLQJ�WKH�VHQVLWLYLW\����

)XQFWLRQDO�PDWHULDOV������������� ���



VFDWWHUHG�DW�WKH�VDPSOH��,I�WKH�PHDVXUHPHQW
VFKHPH� SURYLGHV� WKH� UDWLR� E�D� ������� LW� LV
HDV\� WR� UHDFK� WKUHHIROG� VHQVLWLYLW\� LQFUHDVH
DFFRUGLQJ� &PLQ� FULWHULRQ�� DQG� ILYHIROG� FRQ�WUDVW�LQFUHDVH�IRU�D�JLYHQ�VSHFWUXP�OLQH����

���5HVXOWV�DQG�GLVFXVVLRQ�
,Q� WKH� VSHFWUD� RI� ZDWHU� VROXWLRQV� VWDQG�

DUG� VDPSOHV�� WKHUH� DUH� REVHUYHG� DQ� LQWHQVH
&RPSWRQ� VFDWWHULQJ� OLQH�� D� ZHDNHU� Û
5D\OHLJK� RQH� �)LJ������ DQG�DQDO\WLF� OLQHV� RI
WUDFH� LPSXULWLHV�� VHOHQLXP�� OHDG�� ]LQF�� DQG
PDQJDQHVH�� 7KH� PHDVXUHPHQWV� UHYHDOHG� D
OLQH� FRQWUDVW� GUDVWLF� ULVH� ZLWK� WKH� ILOWHU
WKLFNQHVV�LQFUHDVH�DQG�DOORZHG�FDOFXODWLQJ�P)YDOXH� E\� WKH� &RPSWRQ� VFDWWHULQJ� LQWHQVLW\
YDULDWLRQ� �7DEOH����� )RU� PRO\EGHQXP� UHUD�
GLDWRU�� P)� ������FP��J�� IRU� \WWULXP�� P)� �����FP��J��)URP�WKH�UHVXOWV�RI�EDFNJURXQG
PHDVXUHPHQWV� XQGHU� OLQHV� DW� IRXU� ILOWHU
WKLFNQHVV�YDOXHV���������������DQG������PP�
IRU� HDFK� DQDO\WLFDO� OLQH� IURP� 7DEOH���� WKH

EDFNJURXQG� FRPSRQHQWV� D� DQG� E� DQG� WKHLU
UDWLR�ZHUH�FDOFXODWHG��7DEOH�����$FFRUGLQJ�WR
7DEOH���� WKH� UDWLR� E�D����� LV� FKDUDFWHULVWLF
RQO\�IRU�WKH�OLQHV�ZLWK�HQHUJLHV�PRUH���NH9
�=QÜ.D��6H±.D��� WKXV�WKH�ILOWUDWLRQ�PD\�EH
HIIHFWLYH� RQO\� LQ� D� QDUURZ� UDQJH� QHDU� WKH
UHUDGLDWRU�OLQH���

/HW�XV�GLVFXVV�WKH� LQFUHDVH�RI�WKH�DQDO\�
VLV�VHQVLWLYLW\�WKURXJK�ILOWUDWLRQ�RI�WKH�SUH�

7DEOH����([SHULPHQWDO�LQWHQVLWLHV�RI�&RPSWRQ�VFDWWHULQJ��DQDO\WLF�OLQHV��DQG�EDFNJURXQG�EHQHDWK
IRU� D�ZDWHU� VROXWLRQ�30���� VWDQGDUG� VDPSOH�ZLWK� LPSXULWLHV� RI� ���SSP� FRQWHQW� HDFK��&PLQ�ÛGHWHFWLRQ�OLPLW��SSP���

)LOWHU���
UHUDGLDWRU

/LQH���
&RPSWRQ�

FRXQWVFGRWr���k.
���

6H±.D =Q±.D 0Q±.D
/LQH�
FRXQWV

%DFNJU��
FRXQWV

&PLQ�SSP
/LQH�
FRXQWV�

%DFNJU��
FRXQWV

&PLQ�SSP
/LQH�
FRXQWV

%DFNJU��
FRXQWV

&PLQ�SSP
6L2���0R �� ����� ��� ���� ���� ��� ���� ��� ��� ����

6L�������0R �� ��� ��� ���� ��� �� ��� ��� �� �����
6L�������0R �� ��� �� ���� ��� �� ���� ���� �� ����
6L��������0R �� ��� �� ���� ��� �� ���� ��� �� ����

6L2���< �� ���� ��� ���� ���� ���� ���� ��� ��� ����
6L�������< �� ���� ��� ���� ����� �� ���� ��� �� ����
6L�������< �� ��� ��� ���� ��� �� ���� ��� �� ����
6L��������< �� ��� �� ���� ��� �� ���� ��� �� ����

)LJ����� 7KH� VSHFWUXP� RI� 30� ��� ZDWHU� VROXWLRQ� VWDQGDUG� VDPSOH� ZLWK� 6H�� =Q�� DQG� 0Q� ��� SSP
FRQWHQW��6HFRQGDU\�UDGLDWRU��\WWULXP��([SRVXUH�����V����Û�ZLWKRXW�ILOWHU����Û�ZLWK�VLOLFRQ�ILOWHU�

7DEOH����7KH�E�D�UDWLR�RI�WKH�&RPSWRQ�VFDW�
WHULQJ� EDFNJURXQG�� E�� WR� WKH� ;�UD\� WXEH
GRXEOH� VFDWWHULQJ� EDFNJURXQG�� D�� XQGHU
GLIIHUHQW�DQDO\WLFDO�OLQHV��

5HUDGLDWRU
/LQH

6H±.D =Q±.D 0Q±.D�
�����NH9 �����NH9 �����NH9��

E�D E�D E�D
0RO\EGHQXP ���� ���� ���
<WWULXP ���� ���� ���

,�)�0LNKDLORY�HW�DO����,QFUHDVLQJ�WKH�VHQVLWLYLW\����
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OLPLQDU\�UDGLDWLRQ� �7DEOH�����7KRXJK�DW� WKH
E�D�|����� UDWLR� UHDOL]HG� LQ� RXU� VFKHPH�� ZH
GRQ�W�VXFFHHG�WR�ORZHU�&PLQ�PRUH�WKDQ�����
E\� ��V�� FULWHULRQ� >�@�� QHYHUWKHOHVV� WKHUH
SUHVHQWV�D�VLJQLILFDQW�JDLQ��E\�D�IDFWRU��Ü��
LQ�WKH�FRQWUDVW�RI�ZHDN�VLJQDOV��)RU� LPSRU�
WDQW�PHDVXUHPHQWV��LW�LV�SRVVLEOH�WR�DFKLHYH
WKUHHIROG� VHQVLWLYLW\� LQFUHDVH� GXH� WR� H[SR�
VXUH� SURORQJDWLRQ�� 6R�� WKH� VSHFWUXP� IUDJ�
PHQW� RI� JROG� WUDFH� LPSXULWLHV� LQ� LRQ�H[�
FKDQJH�UHVLQV��)LJ�����VKRZV�WKDW�WKH�SURSHU
ILOWUDWLRQ� �FXUYH� ��� LQ� WKH� VFKHPH� ZLWK� D
VHFRQGDU\� UDGLDWRU� SURYLGHV� WKH� WKUHHIROG
JDLQ� LQ� FRPSDULVRQ� ZLWK� WKH� VDPH� VFKHPH
ZLWKRXW� ILOWHU� �FXUYH� ���� 7KH� $X� GHWHFWLRQ
OLPLW� FDOFXODWHG� E\� WKH� FXUYH� �� IRU� $X±/D
OLQH�LV������SSP�WKDW�FRUUHVSRQGV�WR�VHQVLWLY�

LW\� YDOXHV� DFKLHYHG� IRU� VXFK� REMHFWV� LQ� %DU�
NOD� VFKHPH�ZLWK� SRODUL]HG� UDGLDWLRQ� >����@�� �

���&RQFOXVLRQV
7KH� RSWLPL]DWLRQ� RI� WKH� SUHOLPLQDU\� ILO�

WHU� WKLFNQHVV� LQ� WKH� IOXRUHVFHQW� VHFRQGDU\
UDGLDWRU�VFKHPH�ZDV�FDUULHG�RXW�E\�&PLQ�FUL�WHULRQ��7KH�ILOWUDWLRQ�ZDV�HVWDEOLVKHG�WR�SUR�
YLGH� WKUHH�� RU� IRXUIROG� LQFUHDVH� RI� WKH� FRQ�
WUDVW� DQG� ��� ��WK� JDLQ� LQ� WKH� GHWHFWLRQ
OLPLW�DFFRUGLQJ�WR�&PLQ�FULWHULRQ��)RU�WKH�$XWUDFH� LPSXULWLHV� LQ� LRQ�FKDQJH� UHVLQV�� WKH
DFKLHYHG� �� SSP� VHQVLWLYLW\� OHYHO� GRHV� QRW
\LHOG� WR�RQH�UHDOL]HG� LQ� WKH�FRPSOH[�%DUNOD
VFKHPH�ZLWK�SRODUL]HG�UDGLDWLRQ����

)XUWKHU�VHQVLWLYLW\�LQFUHDVH�FDQ�EH�UHDFK
GXH�WR�GHFUHDVLQJ�WKH�E�D�UDWLR�RI�WKH�EDFN�
JURXQG� FRPSRQHQWV� LQ� WKH� H[SHULPHQWDO
VSHFWUXP�

5HIHUHQFHV
� ���.�9�$QLVRYLWFK�� LQ�� $SSDUDWXV� DQG� 0HWKRGV

RI�;�UD\�$QDO\VLV����������������
� ���$�7�(OOLV�� +DQGERRN� RI� ;�5D\� 6SHFWURPHWU\�

6HFRQG�(GLWLRQ��5HYLVHG�DQG�([SHQGHG��HG��E\
(�9DQ� *ULHNHQ�� $�0DUNRZLF]� FK�� ��� 0DUFHO
'HNNHU��,QF���1HZ�<RUN��%DVHO��������

� ���,�)�0LNKDLORY�� $�$�%DWXULQ�� $�,�0LNKDLORY�
6�6�%RULVRYD��)XQFWLRQDO�0DWHULDOV���������������

� ���9�3�$IRQLQ�� 1�,�.RP\DN�� 9�3�1LNROD\HY�
5�,�3ORWQLNRY�� ;�5D\� )OXRUHVFHQW� $QDO\VLV�
HG�� E\�1�)�/RVHY��1DXND��1RYRVLELUVN� ������
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