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8S� WR� QRZ�� WKH� PXOWLSOH� VFDWWHULQJ� LQIOX �HQFH� RQ� RUJDQLF� OXPLQRSKRU� FKDUDFWHULVWLFVIURP� WKH� VWDQGSRLQW� RI� WKHLU� SRWHQWLDO� IX �WXUH� DSSOLFDWLRQV� KDV� EHHQ� SRRUO\� VWXGLHG�7KH� UHVXOWV� RI� WKH� LQYHVWLJDWLRQ� FRXOG� EHXVHG� WR� FRQWURO� SDUDPHWHUV� RI� WKH� VR�FDOOHGUDQGRP�ODVHUV�>�@�DQG�WR�DGMXVW�WKH�VSHFWUDODQG� HQHUJ\� FKDUDFWHULVWLFV� RI� RUJDQLF� OXPL �QRSKRUV�� 7KH� PXOWLSOH� VFDWWHULQJ� FRXOG� EHSURYLGHG� E\� HPEHGGLQJ� ILQH�GLVSHUVH� �GL �DPHWHU� G a���µP�� GLHOHFWULF� SDUWLFOHV� LQWR� DOXPLQRSKRU�DW�KLJK�FRQFHQWUDWLRQV��QS a����WR� ���� FPÜ����9DU\LQJ� RI� WKH�SDUWLFOH� FRQ�FHQWUDWLRQ�� VL]H�DQG�UHIUDFWLYH� LQGH[�RI� WKHSDUWLFOH� PDWHULDO� PDNHV� LW� SRVVLEOH� WR� YDU\WKH�VFDWWHULQJ�HIILFLHQF\�ZLWKLQ�ZLGH�OLPLWV�:H� KDYH� LQYHVWLJDWHG� WKH� OXPLQHVFHQFHVSHFWUD��/6��RI�VROLG�SRO\PHU��SRO\YLQ\O�DFH �WDWH��VROXWLRQ�RI�UKRGDPLQH� �* ZLWK�HPEHG�GHG� VFDWWHULQJ� SDUWLFOHV�� 3RZGHUV� RI� 6L2��GLDPHWHU�G a�����µP�� UHIUDFWLRQ� FRHIILFLHQWQ a������LQ�WKH�ZHLJKW�FRQFHQWUDWLRQ�&S  ���WR�������$O�2� �G a���µP��Q a������&S a�������V\QWKHWLF�GLDPRQG��G a���µP��Q a������&S a������DQG�&H2� �G a���µP��Q�_a������&S a�������ZHUHXVHG� DV� VFDWWHULQJ� SDUWLFOHV� 7KH� QXPEHU� RISDUWLFOHV�SHU�FXELF�FHQWLPHWUH�LV����� ⋅���� WR���⋅���� �6L2���� ���⋅��� �$O�2���� ����⋅����V\QWKHWLF�GLDPRQG���DQG����� ⋅��� FPÜ� �&H2���7KH� VDPSOHV� ZHUH�PDGH� RI� FDUHIXOO\�PL[HGSRO\YLQ\O� DFHWDWH�� DOFRKRO� VROXWLRQ� RI� UKR �GDPLQH��*��DQG�WKH�SDUWLFOHV��7KH�G\H�FRQ �FHQWUDWLRQ�ZDV�a��Ü� 0��6ROLG�SRO\PHU�VDP�SOH�RQ�DQ�RSDTXH�VXSVWUDWH�ZDV�REWDLQHG�E\VORZ� DOFRKRO� HYDSRUDWLRQ� RXW� RI� WKH� PHQ �WLRQHG� FRPSRVLWH�� 7KH� VDPSOHV� RI� GLIIHUHQWWKLFNQHVV� ZHUH� FXW� XVLQJ� WKH� VDPH� LQLWLDOPDWHULDO�� 7KH� ODVHU� SXOVH� H[FLWDWLRQ� ZDVGRQH�ZLWK�WKH�VHFRQG�KDUPRQLF� �λ  �����QP�RI� 4�VZLWFK� 1G���<$* �τL  ���� QV�� RU� PHU�FXU\�OLQH�λ  �������QP��7KH�UDGLDWLRQ�VSHF �WUD�ZHUH�UHJLVWHUHG�LQ�WKH�RSSRVLWH�GLUHFWLRQWR�WKH�SXPSLQJ�EHDP��UHIOHFWHG�W\SH�H[SHUL �PHQW��� $� GLIIUDFWLRQ� PRQRFKURPDWRU� ZLWKUHVROXWLRQ�∆λ  ���QP�DQG�D�307�ZHUH�XVHGWR� UHFRUG� WKH� VLJQDO� EHIRUH� EHLQJ� SURFHVVHGE\�D�3&�7KH� HIIHFW� RI� WKH�PXOWLSOH� VFDWWHULQJ� RQWKH� OXPLQHVFHQFH� VSHFWUXP� DQG� EDFNZDUGOXPLQHVFHQFH� LQWHQVLW\�RI� WKH� VDPSOHV�PHQ �WLRQHG� DERYH� ZDV� LQYHVWLJDWHG�� ,W� LV� IRXQGWKDW�SDUWLFOH�HPEHGGLQJ�FKDQJHV�WKH�/6�SHDNZDYHOHQJWK� DQG� VSHFWUXP� VKDSH� �)LJ���D��7KH�/6�SHDN�ZDYHOHQJWK�GHSHQGV�QRQ�PRQR �WRQLFDOO\� RQ� WKH� SDUWLFOH� FRQFHQWUDWLRQ� &S�)LJ���E��� 7KH� /6� LV� VKLIWHG� WRZDUGV� VKRUW�ZDYHOHQJWK� UHJLRQ� DV� WKH� SDUWLFOH� PDWHULDOUHIUDFWLYH� LQGH[� LQFUHDVHV� �)LJ���D��� 7KH
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WUDWHG� VDPSOH� LV� DSSUR[LPDWHO\� γ  �,Σ�,Σ0 ���� WLPHV� KLJKHU� WKDQ� WKDW� RI� QRQ�VFDWWHULQJVDPSOH��$W� IXUWKHU� LQFUHDVH� RI� WKH� SDUWLFOHFRQFHQWUDWLRQ�� WKH� UDWLR� γ  �,Σ�,Σ0 DWWDLQV��IRU�WKH�VDPSOH�ZLWK������RI�VLOLFD�DQG����IRU�WKH�VDPSOH�ZLWK������RI�VLOLFD�7KH� LQFUHDVLQJ� RI� WKH� LQWHJUDWHG� UDGLD �WLRQ�LQWHQVLW\�LQ�GLUHFWLRQ�EDFNZDUG�WR�H[FL �WDWLRQ� EHDP� LV� DFFRPSDQLHG� ZLWK� UHGXFWLRQRI�WKH�LQWHJUDWHG�UDGLDWLRQ�LQWHQVLW\�LQ�IRU �ZDUG� GLUHFWLRQ�� ,W� IROORZV� WKHUHIURP� WKDWWKH� PDLQ� UHDVRQ� RI� WKH� �EDFNZDUG�� LQWH �JUDWHG� UDGLDWLRQ� LQWHQVLW\� LQFUHDVH�ZLWK� LQ �FUHDVLQJ�&S LV�D�VSDWLDO�UHGLVWULEXWLRQ�RI�WKHOXPLQHVFHQFH�UDGLDWLRQ�FDXVHG�E\� LWV�PXOWL �SOH� VFDWWHULQJ�� 7KH� PXOWLSOH� VFDWWHULQJZLWKLQ� WKH� VDPSOH� YROXPH� IRUPV� D� GLIIXVHUHIOHFWRU� HIIHFW� UHYHUVLQJ� WKH� OXPLQHVFHQFHSKRWRQV� WR� WKH� IURQW� VDPSOH� VXUIDFH��7KXV�WKH� �EDFNZDUG�� LQWHJUDWHG� UDGLDWLRQ� LQWHQ �VLW\� JURZV��$W� WKH� KLJKHVW� SDUWLFOH� FRQFHQ �WUDWLRQ��DOPRVW�DOO�OXPLQHVFHQFH�UDGLDWLRQ�LVGLUHFWHG� LQWR� WKH� KHPLVSKHUH� RI� WKH� H[FLWD �WLRQ�EHDP�LQFLGHQFH�DQG�WKH��EDFNZDUG��UD �GLDWLRQ�LQWHQVLW\�JURZV�DSSUR[LPDWHO\�WZLFHLQ� WKH� KLJK�FRQFHQWUDWHG� VDPSOH� FRPSDUD �WLYHO\�WR�WKH�SDUWLFOH�IUHH�RQH�0XOWLSOH� VFDWWHULQJ� RI� WKH� H[FLWLQJ� OLJKWFDXVHV�WKH�DGGLWLRQDO�LQFUHDVLQJ�RI� ,Σ YDOXH�DV�D�UHVXOW��γ !���DW�KLJKHVW�SDUWLFOH�FRQFHQ�WUDWLRQV�� ,Q� WKLV� FDVH�� WKH� VFDWWHULQJ� LQ �FUHDVHV�WKH�HIIHFWLYH�SDWK�RI�H[FLWDWLRQ�SKR �WRQV� WKURXJK� WKH� VDPSOH� WKDW� LV� VLPLODU� WRLQFUHDVHG� RSWLFDO� VDPSOH� WKLFNQHVV� RU� WKHDGGLWLRQDO�DEVRUSWLRQ�DSSHDUDQFH��7KH�HIIHFWLQFUHDVHV�WKH�IUDFWLRQ�RI�DEVRUEHG�H[FLWDWLRQOLJKW�WKDW�UHVXOWV�LQ�LQFUHDVHG� ,Σ YDOXH��7KHDGGLWLRQDO� DEVRUSWLRQ� DSSHDUDQFH� ZDVSURYHG�E\�GLUHFW�LQYHVWLJDWLRQV�RI�WKH�UDGLD �WLRQ� DWWHQXDWLRQ� LQ� WKH� VDPSOH� YHUVXV� WKH6L2�� SDUWLFOH� FRQFHQWUDWLRQ�� ,W� ZDV� IRXQGWKDW�DV�WKH�VFDWWHULQJ�SDUWLFOH�FRQFHQWUDWLRQLQFUHDVHV�� WKH� VFDWWHULQJ� FRHIILFLHQW� JURZVDSSUR[LPDWHO\�OLQHDUO\�ZKLOH�WKH�DEVRUSWLRQFRHIILFLHQW� RI� EHDP� UHYHDOV� D� VXSHU�OLQHDUGHSHQGHQFH� RQ� WKH� SDUWLFOH� FRQFHQWUDWLRQ�7KH� DEVRUSWLRQ� FRHIILFLHQW� LQFUHDVH� UDWH� LVHVVHQWLDOO\� KLJKHU� DW� &SDUW !������ WKDQ� LQWKH� ORZ� FRQFHQWUDWLRQ� UHJLRQ�� 6XFK� EHKDY �LRXU� HYLGHQFHV� WKH� DGGLWLRQDO� DEVRUSWLRQ� WREH� DSSHDUHG� DW� KLJK� SDUWLFOH� FRQFHQWUDWLRQLV�GXH�WR�WKH�PXOWLSOH�VFDWWHULQJ�7KH� PRVW� SUREDEOH� PHFKDQLVP� RI� WKHPXOWLSOH� VFDWWHULQJ� LQIOXHQFH� RQ� WKH� SHDNSRVLWLRQ�RI�WKH�G\H�/6�LV�WKH�UHDEVRUSWLRQ�RIOXPLQHVFHQFH� UDGLDWLRQ� ZLWK� XQH[FLWHG� G\HPROHFXOHV��7KLV�LV�FRQILUPHG�E\�WKH�GHSHQG �HQFH�RI�/6�SRVLWLRQ�RQ�WKH�VDPSOH�WKLFNQHVV�$V� LV� VKRZQ� RQ� )LJ����� WKH� OXPLQHVFHQFH

VSHFWUD�RI�WKLQ�VDPSOHV�EHFRPH�FORVH�WR�HDFKRWKHU��)LJ���E���LQ�VSLWH�RI�EHLQJ�UDWKHU�GLI �IHUHQW� IRU� WKLFN� VDPSOHV� �)LJ���D��� 7KLV� UH �DEVRUSWLRQ� LV� FRQGLWLRQHG� E\� VLJQLILFDQWRYHUODSSLQJ�RI�OXPLQHVFHQFH�DQG�DEVRUSWLRQVSHFWUD� RI�5�* �RYHU����QP�VSHFWUDO� LQWHU�YDO��� 8QH[FLWHG� G\H� PROHFXOHV� FRXOG� UHDE �VRUE� WKH� UDGLDWLRQ� HQHUJ\� ZLWK� WKH� SURED�ELOLW\� SURSRUWLRQDO� WR� WKH� UDGLDWLRQ� SDWKOHQJWK�WKURXJK�WKH�VDPSOH��7KH�UDGLDWLRQ�RIWKH� GHHSHU� OD\HU� SDVVHV� ORQJHU� ZD\� LQ� WKHVDPSOH�� WKXV�� LW� XQGHUJRHV� PRUH� UHDE �VRUEWLRQ��7KH�REVHUYHG�VSHFWUXP�LV�D�VXSHU �SRVLWLRQ�RI�WKH�VSHFWUD�UDGLDWHG�LQ�GLIIHUHQWVDPSOH� OD\HUV�� 6R�� WKH� VSHFWUXP� VKDSH� GH �SHQGV� RQ� PDQ\� IDFWRUV� LQIOXHQFLQJ� HLWKHUWKH� OXPLQHVFHQFH� UDGLDWLRQ� GLVWULEXWLRQ� LQWKH�VDPSOH�RU�WKH�FRYHUHG�UDGLDWLRQ�SDWK�LQWKH� VDPSOH�� 7KH� UHDEVRUSWLRQ� UHGLVWULEXWHVOXPLQHVFHQFH� UDGLDWLRQ� HQHUJ\� RXWVLGH� WKHOXPLQHVFHQFH� UHJLRQ� DQG� DEVRUSWLRQ� VSHFWUDRYHUODSSLQJ� WRZDUGV� WKH� ORQJ�ZDYH� /6� UH �JLRQ�� ,W� FDXVHV� WKH� ORQJ�ZDYH�VSHFWUDO�VKLIWRI� WKH� /6�� 7KXV�� RQH� FDQ� RSHUDWH� WKH� /6SRVLWLRQ� E\� FKDQJLQJ� WKH� UHDEVRUSWLRQHIILFLHQF\�7KH� PRVW� LQIOXHQWLDO� VDPSOH� SDUDPHWHUVWKDW�FDQ�FKDQJH�WKH�UHDEVRUSWLRQ��H[FHSW�IRUWKH�G\H�FRQFHQWUDWLRQ��DUH�WKH�VDPSOH�WKLFN �QHVV� DQG� VFDWWHULQJ� HIILFLHQF\�� $V� LV� VHHQIURP� )LJ���D�� WKH� /6� RI� WKH� VDPSOH� LVVKLIWHG� ZLWKLQ� ∆λ  ���� QP� DV� WKH� VDPSOH�&S  ���� ��� WKLFNQHVV� FKDQJHV� IURP����PP�WR�����PP��7KH�GHSHQGHQFH�FDQ�EHXVHG�WR�WXQH�WKH�/6�FRQWLQXRXVO\��%XW�GUDZ �EDFN� RI� WKH� PHWKRG� LV� UDGLDWLRQ� LQWHQVLW\UHGXFWLRQ�DV�WKH�VDPSOH�LV�WKLQQHG��)LJ���E�GXH�WR�GHFUHDVLQJ�RI�WKH�DEVRUEHG�H[FLWDWLRQHQHUJ\�IUDFWLRQ�
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