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The time dependence of the crystallization speed in transient process arising at the
uniformly accelerated movement of the temperature field towards the melt is considered
theoretically in the frame of nonstationary model of binary melt solidification. It has been
shown that the crystallization speed in such process grows in time according to ¢3/2 law.
It is established that the crystallization speed at which the melt concentration overcooling
(CO) arises in the transient process may differ noticeably from that at which the melt
concentration overcooling appears under steady-state conditions.

B pamkax omHOMEpHOII HecTallMOHAPHONM MOJEeJM 3aTBepPAEeBaHUA OWMHAPDHOTO pacIjiaBa
TEOPETUUYECKH HCCJIeJOBaHA 3aBUCHUMOCTh CKOPOCTU KPUCTAJNJIUIAINU OT BPEeMeHU B IIEPEXO[-
HOM IIpoIlecce, BOSHUKAIOIIEM IIPU PABHOYCKOPEHHOM IMepPeMelleHUN TeMIIePATYPHOTO IOJA B
cTopoHy pacmiaBa. [IokasaHo, UTO CKOPOCTh KPUCTAJIUBAIMY BO BpeMeHU B TAKOM IIpoIlecce
HapacTaeT [o 8aKoHy ¢3/2. YcraHOBIEHO, YTO CKOPOCTh KPHCTAJIMSALNU, IIPH KOTOPOIl
KoHIleHTpanuoHHoe mepeoxyagenue (KII) pacniaBa Bo3HUKaeT B IePeXOZHOM IIpollecce,
MOJKET 3aMeTHO OTJIMYATHbCA OT CKOPOCTM KpucTajamsanuu, npu Kotopoit KII pacmimaBa
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IIOABJISAETCA B CTAlUOHAPHOM pPeXHUMe.

It is known that a certain critical growth
rate exists at crystal growing from the
melt. Its exceeding, other conditions being
the same, results in a transition from
smooth phase interface to cellular one and,
as a result, in a sharp crystal quality loss
[1]. Since numerous growth characteristics
are uncertain, this growth rate is defined in
experiment, following in this case (as fifty
years ago) the correlation [2]:

y - _kGD (1)
¢~ (k-1)mC,

This correlation follows from the condi-
tion of concentration overcooling zone ap-
pearance in the melt (CO criterion). Here, &
is the impurity distribution coefficient; G —
temperature gradient near the phase inter-
face; D — the impurity diffusion constant in
the melt; m — the liquidus line slope on the
phase diagram; C, — the impurity concen-
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tration in the melt at a significant distance
from the phase interface.

It is to note that the formula (1) was
derived for the constant speed crystal-
lization [3]. That is why the V, determina-
tion even for one C; value requires a series
of crystallization operations with analysis
of defect content in every crystal. In real
conditions (e.g., at the development of large
crystal growing technology), this may results
in a series of rather expensive experiments.

The melt crystallization in the acceler-
ated moving temperature field (TF) is more
effective for the determination of critical
growth rate [4]. This method makes it pos-
sible to specify exactly the moment of the
mentioned transition in just one experi-
ment. However, it is obvious that, because
of difference between the TF travel velocity
and crystallization speed in time-varying
process [5], the so obtained critical growth
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rate value will differ from the V. value.
This research is aimed at estimation of the
mentioned difference at uniformly acceler-
ated movement of temperature field.

Let us avail of one-dimensional nonsta-
tionary model of binary melt solidification
and suppose that:

a) in the crystal-melt system, the heat
extends instantly;

b) the mass transfer is realized only in
the melt and just only due to diffusion;

¢) the crystal melting temperature depends
linearly on the impurity concentration;

d) the latent heat of melting is negligibly
small;

e) the heat conductivity coefficients for
liquid and solid phases are identical.

All this assumptions are common for the
problems like this [6]. Temperature would
be considered to be linear function of the
coordinate x:

T = Ty + G(x —x), (2)

where T is the crystal melting temperature
with impurity concentration Cy; xog — the
phase boundary position.

Let us represent that at the time instant
t = 0, the temperature field in the crystal-
melt system starts to be moved towards the
melt at a velocity W=a,t, where a, is the
uniform acceleration. Because of the impu-
rity forcing out into the melt (at k<1) or its
capturing by the crystal (at £>1), the phase
interface, according to the phase diagram,
will begin to lag behind the isotherm T = T\,
To find out how the phase interface will
behave in such a process, it should to solve
a problem of the impurity diffusion in the
melt being crystallized at a velocity of V(t),
and the law of such velocity variation
should follow from the solution itself.

For calculation, we shall use the moving
coordinate system where the position of
crystallization front will be defined as x=0.
Then the impurity concentration in the melt
C(x, t) will be determined by the solution
of the following problem:

DC, (x, t) + V()C,(x, t) = Cy(x, t), (3)
DC,(0, t) = V(¥)(k - 1)C(0, ), (4)
C(, 1) = Cy, C(x, 0) = Cy, (5)

where
V(t) = at + %ct(o, £) (6)
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Here, the index notation of partial de-
rivatives on x and ¢ is used. Equation (3)
describes the impurity diffusion in a me-
dium which covers the phase interface
x = 0 at the velocity V(¢). Equation (4) rep-
resents the guard condition for the impu-
rity on this surface. Expression (6) reflect
the fact that the crystallization speed of a
binary melt depends on both temperature
field travel velocity along the growth axis
and on changing speed of impurity concen-
tration at the interphase boundary [5].

The formulated problem is nonlinear, but
at moderate time values, it can be linear-
ized presenting the solution in the form

C(x, ty = Cy + Cy(x, 1), (7N

where C,(x, t) is the disturbing additive.
Substituting (7) in (3)-(6) and taking away
summands of the second infinitesimal order,
we will come to linear problem which can be
solved rather simple using Laplace transfor-
mation. The solution image of such a prob-
lem looks like this:

a,(k — 1)GCyexp(—x\p / D) (8)
pz[m(k ~-1)Cop + GNDp | ’

Cy(x, p) = -

where p is the transformation parameter.

Since it is just the asymptotic behavior
of function C,(x, t) at £ > 0 that is of in-
terest, so it is sufficient to analyze the as-
ymptotic behavior of its image at p —» «,
and then to use the theorem about corre-
spondence of asymptotic expansions of
image and original [7]. Limiting by two ex-
pansion terms (8), we get:

~ a.G( p~op —oNp
Cl(x’p): - (eap eapj, (9)

m k p® T pi2

where designations are included:

o= X B - G\D
\D ’ (k — YymCy’

The simplest way to move from the
image (9) to its original is to use the ready
tables of inverse Laplace transformation
[8]- The only restriction for this is too high
exponents at p in denominators of fractions
(9): images with such exponents are absent
in the tables. By differencing (9) with re-
spect to parameter o the necessary number
of times, we get to images available in [8]
from which we can move to originals with
following integration with respect to o the
same number of times. As a result, we get:
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Cy(x, t) = (10)

ayG o t o?
el et 5

where
60t2(1 + af) + 20028 + af)+od(d + ap)
f= ,
120
32t2[3 + 2ta(25 + 90([3)+0(3(5 + af)
£= 60 :

It can be shown that in the case
W=Wg,=const [5], the image of linearized
task solution Cy(x, p) is obtained from (8)
by changing W for a,/p, and its original
Cp1(x, t), by substitution of a, in (10) by
W, and, respectively, of f, g by

6t(1 + of) + a8 + af)
fO = 6 ’

418 + o3 + af)
=" 3 -

At x =0, the formula (10) becomes es-
sentially simpler:

Cy(0, 1) = (1)
_ WO 8C 5o s
m (2 15(k — 1)mC,

Differentiating (7) with respect to x taking
(10) into consideration, we get an important
characteristic of impurity distribution in
the melt:

a
Cx(o’ t) =

WO G2  43/2) (12)
m |2(k - HmC,  8VaD |’

While using (6), (7) and (10), we find a
formula suitable for moderate values ¢:

4a,GND
"~ 8Vn(k - 1)mC,

43/2 (13)

vi(t)

Thereby, in contrast to the case of tem-
perature field moving uniformly when
V~t1/2 gt the start of solidification process
[6], at uniformly accelerated TF movement,
the crystallization speed grows according to
t3/2 law.

Let the obtained expressions to the case
of Sn+1% In melt crystallization which was
examined by authors of [9]. According to
the time dependence of crystallization speed
for pure tin presented in that work, the
temperature field movement in those experi-
ments can be supposed to be approximately
uniformly accelerated.
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Fig. 1. Dependences crystalliazation speed of
the binary melt from time ¢: I — modelling;
2 — experimental [4]; 3 — TF movement accel-
eration rate.

Calculations were done for the following
parameters values: Cy=1%, k= 0.56 [9],
m = -1.8 K/% [10]. The typical wvalue
G = 10 K/cm [1] was also used as well as
the value D = 5-107%cm?2/s averaged over dif-
ferent tin alloys [11]. The TF movement accel-
eration rate was accepted to be of 1.72 um/s2.
It was selected so that function graph V(¢)
defining by expression (18) (curve 1) will pass
the point with coordinates ¢ = 14 s and
V = 6.1 um/s. This is the first point in the
V(t) diagram (curve 2, Fig. 1) which was get
in the experiment for tin-indium alloy [9].
In Fig.1, it is seen well that in the course of
time, the crystallization speed of binary
melt (curve 1) lags behind of TF travel ve-
locity (straight line 3).

It is to say that the value g, calculate in
the same way for tin-bismuth alloy
(=022, m = -2.2 K/% [12], point with
coordinates ¢ = 20s, V=4.7um/s [9]
amounted 1.70 um/s2. The closeness of a,
values got for different alloys shows that
the solidification process of each alloy is
laying well in model accepted by us.

Distribution curves of indium in tin melt
C(x, t;) calculated by formula (7) under ac-
count for (9) for a fixed time point £, is
shown in Fig. 2. Presented is also the
straight line C; = C(0, t) + (G/m)x which is
liquidus line in coordinates C and x [13].
Judging from amplitudes of C(x, tg) curves,
the approximation (7) used at least for the
first 20-30 s interval can be considered
quite suitable.

The look of Fig. 2, shows an analogy
with scheme of the concentration overcool-
ing appearance in binary melt presented
usually in the literature on crystal growth
[1]. In fact, up to the time point t=¢,, the
distribution curve C(x, te) lies higher than
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Fig. 2. Dependences of concentration over-
cooling appearance In in binary melt of Sn
defined by distance from the phase interface
x, (1) for various t after begining crystal-
lization at constant temperature gradient:
a—-t=10s, b —t=17s, ¢ — t = 30 s.
2 - liquidus line in C and x.

liquidus line CL (Fig. 2a) what is indication
to the CO absence. After the CO zone ap-
pears in the melt at ¢ >¢,, its width x, de-
fined by distance from the phase interface
to concurrence point of C(x, t;) and CL lines
(Fig. 2¢), grows in time because the TF

travel speed grows, too.
The critical moment ¢ = ¢, can be deter-

mined from the condition of contact be-
tween C(x, t,) and C; lines in the point x=0
(Fig. 2b). This, taking into account (12),
leads to equation:

4¢3/2 Gt2
3ViD 2k — HmC,

(14)

_1
=
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Puc. 3. Dependences x.(V) with acceleration
(1) and with constant speed (2).

In the first approximation, the subtra-
hend in (14) can be neglected (for example,
in our case its value with respect to minu-
end takes 25%). Then, at uniformly acceler-
ated temperature field movement, the ap-
pearance time of concentration overcooling
in the melt after the solidification onset can
be defined as:

3/2 15
OnD (15)
tc = 3
16as,
According to (13), this time corresponds to
critical crystallization speed:

v o~ GD Ve (16)
" (k-1mC, k°

The difference between V, and V,, is con-
nected with the fact that the distribution
curves in the melt in stationary and tran-
sient states may differ essentially at the
same crystallization speed. In the first case,
the distribution is described by simple expo-
nent [1], while in the second case, by com-
plex expression including a special function
[see (10)]. Under some conditions (for exam-
ple, at low acceleration) this difference may
be insignificant. But it surely cannot be ne-
glected a priori.

Substituting the parameter points used
by us in formulas (1), (15), (16) we get
V.=38.5umy/s, t. =14 s and V,_, = 6.3 um/s.
More exact calculation of the latter two quan-
tities gives 17 s and 8.4 pum/s, respectively.
If the fact is taken into account that the
phase interface at tin-indium melt crystal-
lization in [9] stay flat during 120 s, it can
be expected that the concentration overcool-
ing at this case reached a considerable value.

Obviously the x, zone width could be a
measure for CO, if a method of its experi-
mental determination would be available.
On the other hand, the CO value could be
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judged from the positive difference between
the crystallization speed and its critical
value. Fig. 3 shows the dependence x.(V)
calculated for two transitional processes
arising at the TF movement with accelera-
tion a, = 1.72 pm/s (curve 1) and with con-
stant speed W, = 10V, = 85 um/s (curve 2).
It is to note that in both cases, the depend-
ence x.(V) is almost linear and also that in
the second case, as in the first one, the
crystallization speed at which a CO zone ap-
pears in the melt (abscissa of curve 2 initial
point) exceeds noticeably the V, value.

It is seen from Fig. 1 that the time de-
pendence of crystallization speed experi-
mentally got in [9] does not follow the ¢3/2
law and behaves nonmonotonocusly. It is
naturally to suppose that the nonmono-
tonous dependence V{(t¢) at accelerated tem-
perature field movement is connected not
only with impurity accumulation at
thephase interface but with temperature
gradient decreasing during the crystal-
lization, too. In fact, in experiments de-
scribed in [9], the melt was solidified in due
to spontaneous cooling-down. To check the
assumption, it is necessary to put into equa-
tion (6) a time-dependent quantity G. That
is, to solve the nonlinear boundary problem
with changeable coefficients. The most ra-
tional approach to this problem solving is to

use the numerical method and it will be
done in our next work.
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IIpo kpucranxizaniio 0iHAPHOTO PO3MJABY Yy
TeMIIepATYPHOMY IIOJIi, fAKe INMepeMilyeEThCA NMPUCKOPEHO

B.M.Kaniwee

VY pamKax OgHOBMMIipHOI HecTallioHapHOI MOmeJi TBepAiHHSA OiHapHOro PO3ILIaBy Teope-
TUYHO MOCJiIKeHO 3aJeKHIiCTh IMIBHUAKOCTI KpucTradisarmil Bix uvacy y mepeximuomy mpoiieci,
SAKNI BUHUKAE IIPYM PiBHOMIPHO-IIPHCKOPEHOMY IIEPEMIIlleHH]I TeMIlepaTypHOro IIOJs y HaIIpsMmi
posmiaBy. IlokasaHo, 1[0 IIBHAKICTL KpHcTamisamii 3a uacom y TakoOMy IIpPOIleci 3pocrae 3a
sakoHoM t5/2, Bceranosieno, 1o mBUAKiCTE KpucTaaisallii, mpu AKill KOHIIEHTpAIliliHe I1epeoxo-
nomuenHsa (KII) posmiaBy BMHHKAE y IepeximmomMy mporieci, MosKe HMOMITHO BimpisusiTuess Bing
mBUAKOCTI Kpucramisamnii, npu akiit KII 3’aABaseTbca y CTAIIOHAPHOMY PEXKKMI.
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