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Theoretical results on lattice excitations in solid oxygen at equilibrium vapor pressure are
reviewed with the emphasis on the behavior of phonons, librons and magnons in the orien-
tationally and magnetically ordered �-phase. Results on magnetooptics of solid oxygen and
their impact on advance of magnetic studies of solid oxygen are briefly reviewed. Some results
under discussion are new: among these are theoretical results on the magnon heat capacity,
the analysis of the behavior of librons at the �–� transition, anisotropy of the spectrum of
magnons.
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1. Introduction. Solid oxygen, a unique
combination of a molecular cryocrystal and

a magnet

Solid oxygen belongs to a small group of atomic
(He, Ne, Ar, Kr, Xe) or simple molecular solids
(H2, N2, O2, F2, CO, CO2, N2O, CH4), which are
often lumped together as solidified gases or cryo-
crystals.

The oxygen molecule owing to unique combina-
tion of the molecular parameters forms the sub-
stance which in all phases, solid, liquid or gaseous,

is a physical object of considerable fundamental in-
terest.

In the ground electronic state the oxygen mole-
cule possesses nonzero electronic spin S �1, which
makes the O2 molecule a magnetic system. As a re-
sult, solid oxygen combines properties of a molecu-
lar crystal and that of a magnet.

The low-temperature phase of solid oxygen is the
only electron-spin antiferromagnetic insulator con-
sisting of a single element. Why the combination of
a simple molecular crystal and a magnet is so inte-
resting? The answer is the following: the binding
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energy in molecular cryocrystals is determined by
weak Van der Waals forces and, unlike conven-
tional magnets, the magnetic interaction is a signi-
ficant part of the total lattice energy. Namely, the
binding energy in the case of solid oxygen is of the
order 1000 K and the magnetic energy is of the or-
der of 100 K, that is, makes up around 10% of the
binding energy. In the case of conventional mag-
nets, the magnetic energy is of the same order, but
the binding energy is an order of magnitude higher,
that is the magnetic energy is at most about 1% of
the lattice energy. Therefore the magnetic and lat-
tice properties in solid oxygen are very closely re-
lated which manifests itself in numerous anomalies
of virtually all its properties — thermal, magnetic,
acoustic, optical, etc.

A start of studies of solid oxygen has been made
at the very beginning of the twentieth century. The
modern state of art is a result of combined continu-
ous efforts of a large number of cryogenic laborato-
ries throughout the world. At the present time solid
oxygen is a playground for the most sophisticated
modern solid-state experimental methods including
studies in diamond anvil cells (DAC) and high
magnetic fields in combination with Raman, infra-
red (FIR, FTIR), synchrotron x-ray, and Brillouin
and other optical technics.

Under equilibrium vapor pressure oxygen exists
in three crystallographic modifications [1].

Neutron diffraction [2–5] and x-ray studies
[1,6,7] showed that the low-temperature � phase of
oxygen is orientationally and magnetically ordered
and has a monoclinic base-centered structure of
symmetry C m2 . It was established that �-O2 has
the simplest orientational structure, in which the
molecular axes are collinear and perpendicular to
the close-packed (001) layers (Fig. 1).

The structure of the intermediate � phase of solid
oxygen was established by Hörl in the electron-dif-
fraction study [8] and confirmed in the neutron-dif-
fraction [2–5], and x-ray studies [1,7]. It was
shown that �-O2 has a rhombohedral lattice of sym-

metry R m3 with the same simplest orientational
structure as �-O2 (Fig. 2,a). This lattice can be
seen as a distorted fcc structure obtained by pack-
ing not spherical but dumb-bell shaped molecules
oriented along one of the spatial diagonals of the
cube. The primitive rhombohedral cell is found to
be stretched in the direction <111> singled out by
the molecular axes. The angle of the rhombohedron
is found to be about 45° instead of 60° for fcc lattice.

The structures of the two low-temperature pha-
ses are similar, and formally, a monoclinic cell can
be singled out in �-O2 as well (Fig. 2,b).

As was shown in a single-crystal x-ray study by
Jordan et al. [9], �-O2 has an eight-molecule cubic
cell with an orientationally disordered structure of
space group Pm n3 (Fig. 3). Molecules in the cell
are located in two nonequivalent states. Two of the
eight molecules («spheres») have a spherically
symmetric distribution of electron density while
the remaining six molecules («discs») have electron
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Fig. 1. Structure of �-O2.

Fig. 2. Structure of �-O2 in rhombohedral and hexago-
nal axes (a). The structure of �-O2 can be represented
as a monoclinic cell isostructural to �-O2 (b).

Fig. 3. Structure of �-O2.



density distribution in the form of an oblate spheroid.
The disc-shaped molecules form chains extending in
three <100> directions.

At the present time the existence of six solid-state
phases is established unambigously [10]. In addition
to the � �, , and � phases existing under equilibrium
vapor pressure three high pressure stable phases exist
in the studied domain of pressures and temperatures.
They are the � («orange») stable at room temperature
between 9.6 and 10 GPa, º («red») (10–96 GPa) and
� (metallic) (above 96 GPa) phases. The resulting
P T� phase diagram which reflects the phase boun-
daries of these six phases is given in Fig. 4.

2. Characteristic features of elementary
excitation spectra in solid oxygen

Compared with a conventional magnet, the prob-
lem of the elementary excitation spectrum in solid
oxygen presents a considerable challenge both to the
experimenters and theoriticians. In the case of �-O2
we are dealing with three systems of coupling quasi-
particles — phonons, librons, and magnons. Though

�-O2 has the simplest orientational structure
among the molecular cryocrystals, the presence
of the strong short-range magnetic order makes
the � phase quite a cumbersome problem. Very
specific case is the orientationally and magneti-
cally disordered � phase.

First calculations of the lattice dynamics of
solid oxygen were carried out in the 1970s
[1,7,11,12]. Though no account has been taken
in these calculations of the magnetic nature of
solid oxygen, they represent a necessary and
rather informative step in the development of the
theory. They provided a test, in the first approxi-
mation, of various potentials, enabled the identi-
fication in Raman and IR spectra, and gave an
estimate of the effect of anharmonicity.

Important estimates concerning translational
and librational vibrations follow from simple me-
an-field considerations [13,14]. Translationally
the molecules in �-O2 vibrate as three-dimen-
sional, nearly harmonic oscillators. Two of the
fundamental frequencies that correspond with
the vibrations in the ab plane are near equal, the
third fundamental frequency for the vibrations in
the c� direction is about 50% larger. The poten-
tial is markedly stiffer in the c� direction. This is
confirmed by the smaller root-mean-square (rms)
amplitude of vibrations in this direction (Table).
As can be seen from this Table, the rms ampli-
tudes are quite different in the three independent
crystal directions which gives an indication of the
crystal anisotropy. The ratio of the ground state rms
translational displacement to the intermolecular dis-
tance Rnn is 	 
 
 � �

�
u u u Ra b c nn

2 2 2 1 2 0 056/ . ,
which is near twice as large as for solid N2 [16].

The librational states of the molecules are
rather localized in �- and �-O2 and look like

Elementary excitations in solid oxygen

Fizika Nizkikh Temperatur, 2002, v. 28, No. 7 693

Table

Translational and librational amplitudes in �- and �-O2

�-O
2

�-O
2

Parameter Value Parameter Value Parameter Value Parameter Value

ua
2 1 2

0.1092 Å
a

�2 1 2

9.1 b uab;
2 1 2

0.1200 Å
c

�2 1 2

10.4 d

ub
2 1 2

0.1115 Å
a 10.84 a 11.164 c

uc�
2

1 2
0.0889 Å

a 12.8 e uc�
2

1 2
0.0940 Å

c 11.6 f

a Theory [14] for T � 0 K. d Experiment [15] for T � 28 K.
b Experiment [15] for T � 10 K. e Theory [11] for T � 10 K.
c Theory [14] for T � 30 K. f Experiment [13] for T � 30 K.

Fig. 4. Phase diagram of solid oxygen.



weakly anharmonic two-dimensional oscillator sta-
tes, slightly anisotropic in the case of �-O2 and iso-
tropic in �-O2 (Table). The lower frequency in
�-O2 corresponds with libration about the a axis,
the higher one with libration about the b axis. The
root-mean-square angular displacements are about
11, as compared with 16 for �-N2 at T � 0 K [16].

As can be seen from the comparison of the
ground state rms amplitudes, translational vibra-
tions in solid oxygen are more anharmonic com-
pared with that in solid nitrogen but for librational
vibrations the reverse is true. This difference re-
flects the distinction in the structures of the
intermolecular potentials for the both substances
and ultimately the difference in the nature of the
stability of �-O2 and �-N2 .

The zero-point energy Ezp at P = 0 for �-O2 ac-
cording to Ref. 17 is 204.7 K. Judging from the rms
amplitudes obtained in this paper, which are
slightly overestimated compared with data from
Table, Ezp is overestimated as well and should be
considered as an upper estimate. The zero-point
energy is approximately 20% of the binding energy,
of which approximately 40% is due to the libra-
tional motion. The high value of the reduced zero-
point energy indicates that O2 displays properties
typical for quantum crystals. One of such is a small
value of the ratio T Dmelt � (Tmelt is the melting
temperature, �D is the Debye temperature), which
for solid O2 is approximately 0.5 (as known, the
inequality T Dmelt � 	 1 is a signature of a quantum
crystal). It is interesting to note that though the re-
duced value of the zero-point energy for solid N2 is
near the same as that for solid O2 (see Table 10.1 in
Ref. 16), the ratio T Dmelt � for solid N2 is appro-
ximately 0.75, markedly higher than for solid O2 ,
due to less anharmonic translational vibrations.

The problem of magnetism of solid oxygen
turned out to be a considerable challenge. Since in
the middle sixties neutron diffraction experiments
[2–5] showed unambiguously that �-O2 is an anti-
ferromagnet, the magnitude of the exchange inter-
action between oxygen molecules has been a con-
troversial subject of numerous studies. Rather
surprising thing is that the first estimates of the
exchange field were obtained not from data on the
magnetic susceptibility – a property directly con-
nected with the exchange field, but «in a series of
elegant experiments» (citing [18]) on the double
intramolecular electronic excitation transitions by
Eremenko, Litvinenko and co-workers [19–21].

The lowest electron configuration of the oxygen
molecule gives rise to three states 3� g

� , 1� g , 1� g

 .

Transitions

( ) ( )3 1� �g g
� � 7882 cm–1,

( ) ( )3 1� �g g
� 
� 13120 cm–1

are electric dipole forbidden and are very weak. In
the condensed phases and in compressed gaseous
oxygen, the intensity of these transitions increases
significantly. In addition three new absorptions are
found and assigned to simultaneous excitation of a
pair of oxygen molecules as follows:

( )( ) ( )( )3 3 1 1� � � �g g g g
� � � 16800 cm–1,

( )( ) ( )( )3 3 1 1� � � �g g g g
� � 
� 21000 cm–1,

( )( ) ( )( )3 3 1 1� � � �g g g g
� � 
 
� 27700 cm–1.

Excellent comprehensive spectroscopic studies of
these double molecular transitions are presented in
papers by Landau et al. [22] and Eremenko et al.
[19]. The effects of temperature and impurity (N2)
have been studied by Eremenko, Litvinenko, and
Garber [20,21]. An overview of these double transi-
tions are presented in Fig. 5.

To give the interpretation of the obtained spec-
troscopic data and their connection with the magni-
tude of the exchange field we will cite the abstract
to the paper by Litvinenko, Eremenko, and Garber
«Antiferromagnetic ordering effect on the light ab-
sorption spectrum by crystalline oxygen» [21]:
«The optical double transition spectrum of crystal-
line oxygen is studied in the frequency range of
15000 to 31000 cm–1 at different temperatures (5 to
27 K) and nitrogen concentrations (0 to 40%). A
sharp integral intensity decrease of the absorption
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Fig. 5. General view of the light absorption spectrum by
solid �-oxygen at T = 5 K in the 15000 to 30000 cm–1

region: 2 23 1� �g g
� � ( , , , )v � 0 1 2 3 , 23 1 1� � �g g g

� 
� 
 (v �
� 0 1 2 3, , , ) and 2 23 1� �g g

� 
� ( , , , )v � 0 1 2 3 [21]. The lines
at the frequency scale are calculated values for free mol-
ecules.



bands, their shift, and broadening are found in the
temperature range investigated. With the insertion
of nitrogen into oxygen new absorption bands with
spectral positions close to the pure oxygen band
frequencies appeared in the oxygen spectrum. The
results show that the double transitions in oxygen
are considerably induced by exchange interaction.
It is also shown that the 0-0 band intensity of the
2 23 1� �g g

� � and 2 23 1� �g g
� 
� transitions is de-

termined by the interaction not with acoustic pho-
nons, as it was considered before, but with
magnons corresponding to the Brillouin zone
boundary and having energy equal to the exchange
one g HB E� . The 0-0 band of the 2 23 1� �g g

� �
and 23 1 1� � �g g g

� 
 
� 
 transition is interpreted as
a pure electronic band. A consistent scheme, based
on considering the exchange splitting of the 3� g

�

state of the oxygen molecules and the magnon exci-
tation at light absorption is suggested to explain
the double transition structures and their band be-
haviors at magnetic ordering».

In the absence of interaction between a pair of
excited molecules, the observed spectrum is simply
the sum of the excitations of the two molecules.
The perturbations, arising from the molecular inter-
actions (Coulomb-, exchange-, molecular type) re-
move the degeneracy, strengthen the corresponding
transition, produce splitting, and frequency shifts
(Fig. 6). The shift decreases with temperature, and
also with increasing concentration of N2. The ex-
change energy, as measured by the magnon shift, is
constant up to 10 K and then falls off smootly with

increasing temperature to about 85% of its low-tem-
perature value before falling rapidly to zero at the
�–� transition.

The series of papers [19–21] had a pronounced
impact on studies of magnetical and optical
properties of solid oxygen. A large number of ex-
perimental and theoretical works published in the
seventies and subsequent years (see, for instance,
[18,23–30]) were directly inspired by results of the
magnetooptical studies by Eremenko et al. Effects
found in these studies and their interpretation are
still the subject of a great interest for investigators
(see [31–33]).

3. Librons

First Raman studies of condensed oxygen were
made by Cahill and Leroi [15]. In the lattice fre-
quency range they found (Fig. 7) one strong line in
the � phase (at � 51 cm–1 at 28 K), and two lines in
the � phase (at � 43 cm–1 and � 78 cm–1 at 22 K).

In accordance with the correlation diagram
Fig. 8, they assigned the line at 51 cm–1 in �-O2 to
the two-fold degenerate Eg libration and the low
frequency band in �-O2 to the Bg libration
(libration around the a axis and the higher fre-
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Fig. 6. Energy level diagram of oxygen in the region of
a possible vibronic transition in the free molecule as
well as in the crystal with magnetic interactions [21].

Fig. 7. Raman spectra of �-, �- and �-oxygen in the low
frequency region. Different spectra monitored with dif-
ferent resolutions. Vertical lines are contributions from
freely rotating oxygen molecules at T � 48 K  [15].



quency one to the Ag libration (libration around
the b axis).

Mathai and Allin [25] in the Raman study of
�-16O2 and �-18O2 isotopes confirmed the Cahill
and Leroi’s assignment but found that the isotope
shift of the both modes were only about two thirds
of that to be expected on the basis of the inverse ra-
tio of the square roots of the reduced masses. The
discrepancy was attributed to differences in the
anharmonicity of the two isotopes.

There was a long discussion in literature con-
cerning the assignment of the 43 and 78 cm–1 lines
in the Raman spectra of �-O2 [1,7,12,17,34]. On
the basis of lattice dynamics calculations these au-
thors have cast doubts on the assignment by Cahill
and Leroi [15] of these lines as librons. As followed
from these lattice dynamics calculations based
on different models of the anisotropic forces, at the
�–� transition the libron spectrum is only insignifi-
cantly changed. The lowering symmetry at this
transition leads to removal of the two-fold degene-
racy of the frequency of the libron mode k = 0 with
a splitting of a few cm –1. At the same time, accord-
ing to Raman data [15], the doubly degenerate Eg
mode of �-O2 with frequency � 51 cm–1 is splitted
into Bg and Ag modes with frequencies 43 and
78 cm–1, respectively. According to these authors,
the experimentally observed Raman line at 78 cm–1

could be a two-particle either magnon-libron [1,7]
or two-libron [12,17,34] line while the Bg and Ag
splitting is not resolved. Etters et al. [34] have pro-
posed that the higher frequency belongs to a libron
mode which lies at the edge of the Brillouin zone
for the structural lattice, but which has q = 0 in the
magnetic Brillouin zone. This mode could become
visible in Raman spectroscopy when there is a
strong coupling between the librons and spins. The
weakest point of all these interpretations is, how-
ever, that under various temperatures and pressures
no indication of the doublet character of the lowest
peak �-O2 has been observed.

Subsequent experimental and theoretical studies
gave an insight into what really happens with the
libron spectrum under the �–� transition. Measure-
ments by Bier and Jodl [35] and by Prikhot’ko et al.
[36] have given a strong evidence that the assign-
ment by Cahill and Leroi [15] is correct (Fig. 9,a).

The experimental data indicate that the upper
Ag mode exhibits a typical soft-mode behavior and
at the �–� transition transforms into Eg mode of
the � phase. The intensity and linewidth of the Ag
mode increases rapidly in the vicinity of the transi-
tion and go over continuously to the respective
characteristics of the Eg mode (Fig. 9,b). The Bg
mode frequency is nearly constant with tempera-
ture but its intensity decreases rapidly when near-
ing the phase transition point, and the line vanishes
discontinuously after passing the phase transition.

From the theoretical side, Krupskii et al. [1]
suggested that the large splitting of the libron spec-
trum at the �–� transition could be due to an addi-
tional term in the libron Hamiltonian, which is
proportional to the magnetic order parameter.
Since for T T� �� � the magnetic order parameter
turns to zero, this term is nonvanishing only in the
� phase. Jansen and van der Avoird [37,14] found
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Fig. 8. Correlation diagrams for �- and �-oxygen [15].

Fig. 9. Temperature dependence of the librational fre-
quencies (a) and bandwidth (b) of solid oxygen (▲ from
[15]) [35].



that because of the very strong dependence of the
exchange coupling parameter on the molecular ori-
entations the Heisenberg term from the spin Hamil-
tonian should be included in the libron spectrum
calculations.

The plot of the lattice potential along the nor-
mal coordinates for the Bg and Ag librons, with
and without the contribution of the Heisenberg
term, clearly demonstrates its role in this problem
(Fig. 10 [14]). This term lowers the lattice energy
of �-O2 at the equilibrium geometry. At the same
time it drastically increases the stiffness of the po-
tential in the Ag direction, but much less in the Bg
direction.

An integrated formalism that includes mag-
non–phonon and magnon–libron coupling in dy-
namics of orientationally ordered � and � phases of
solid oxygen was developed by Jansen van der
Avoird [14] on the base of the time-dependent
Hartree method (random phase approximation).
We will consider the problem of magnon–libron
coupling following a more simple approach of
Refs. 38, 39.

The intermolecular exchange constant can be
written as a sum of a part, which is independent of
the orientations of the O2 molecules and an orien-
tationally dependent term. The latter part contri-
butes to the anisotropic intermolecular potential,
which determines the spectrum of librons in the
orientationally ordered � and � phases. Both the ex-
change part and the spin independent part of the

intermolecular potential may be written as a sum of
products of invariants ( )W�n , ( )W�n , ( )W W� � :

U A Rikl
i kl

i k l( , , ) ( )( ( ( ,
, ,

W W W W W W1 2 1 2 1R n n� � ) ) )�

(1)

J B Rikl
i kl

i k l( , , ) ( )( ( ( ,
, ,

W W W W W W1 2 1 2 1R n n� � ) ) )�
(2)

where i, k, l are integers, the pairwise sums of
which are even numbers; Aikl , Bikl are expansion
coefficients, which are functions of molecular para-
meters and intermolecular distance R. Here W1, W2
are unit vectors along the molecular axis, R is the
vector joining molecular centers, n R� R. The
anisotropic parts can obtained from the expansions
of Eqs. (1), (2) after excluding the terms with
i k l
 
 � 0, which corresponds to the isotropic
parts of the exchange constant and spin-independ-
ent intermolecular potential. In fact, the represen-
tation of the Kohin potential [16] is an example of
the expansion Eq. (1) up to terms with i k l
 
 � 3,
which includes all terms necessary for the deriva-
tion of the harmonic approximation.

Taking into account the explicit form of the ex-
change intermolecular interaction and averaging
Eq. (2) over the ground spin state, we can obtain
the total anisotropic intermolecular interaction
( ( ,Vanis ))W W1 2,R , which can be written a sum of
the spin-independent and spin-dependent contribu-
tions:

Vanis ) =( ,W W1 2,R

= ) + )anis anis 1 2U ( , ( ,W W W W1 2 1 2,R ,R S SJ , (3)

Where S S1 2 is the spin correlation function. Fi-
nally we have

Vanis ( , , )W W1 2 R �

� 



 
 �

�( )( ( ( .
, ,

A Bikl ikl
i kl

i k l

i k lS S n n1 2

0

1 2 1W W W W) ) )�

(4)

As can be seen from Eq. (4), the anisotropic inter-
molecular potential, which determines the spect-
rum of librons in the orientationally ordered � and
� phases, contains the additional term, which de-
pends on the character and value of the magnetic
order. In the molecular field approximation we
have that in the � phase �mn m nS S� � 0 and in
the � phase for the nearest molecules from the dif-
ferent sublattices �mn � �s2, where s is the average
spin. For the ordered three-sublattice magnetic
structure we would have �mn � �s2 2, which can
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Fig. 10. The plot of the lattice potential of �-O2 along
the normal coordinates for the Bg and Ag librons, with
(solid curves) and without (dashed curves) the contri-
bution of the Heisenberg term [14].



serve as an estimate of the spin correlation function
for the case of the short magnetic order.

The expansion coefficients Aikl , Bikl are gene-
rally speaking of the same order of magnitude,
which means that the additional term cannot be
treated as a small perturbation but should be taken
into account in the zero approximation.

The system of interacting rotors is described by
the Hamiltonian

H = Hkin + Vanis, (5)

where the kinetic energy operator is

H kin rot� � �B

�
�

�
�

�



�

�

�

�

�
�

�

 

!
!� 1 1

2

2

2sin
sin

sin� �
�

� � "f f
f

f f ff

. (6)

Here B Irot � �2 2 (I is the molecular moment of
inertia) is the characteristic rotational constant; � f
and " f are the angles determining the molecular
orientation at site f.

Since B Vrot anis		 , the rotor wave functions
have localized near � � 0, that is the anharmonic
terms are small and librons are well-defined quasi-
particles. Retaining in the Hamiltonian Eq. (5)
only harmonic terms and neglecting the interplane
interaction, we obtain for the frequencies of librons
in �- and �-O2 in the center of the Brillouin zone
the following expressions:

�-O2: ( )�#Eg
B2 6� �rot

$ %� 
 
 
( ) ( )2 2200 111 200 111A A B B� � � � �� ; (7)

�-O2: ( )�# Ag
B2 6� �rot

$ %� 
 
 
( ) ( )2 2200
1

111
1

200
1

111
1

1A A B B� � � � �� ; (8)

( )�#Bg
B2 � �rot

& ' & '$� 
 
 
 
4 2 2 2200
1

200
2

111
1

111
2A A A A� � � �

& ' %
 
 
 
2 2 4 2200
1

111
1

1 200
2

111
2

2B B B B� � � � � �� �( ) ,
(9)

where Aikl
� , Bikl

� are values of respective parame-
ters of the intermolecular potential for the inter-
molecular distances in the � phase; Aikl

1� , Bikl
1� and

A Bikl ikl
2 2� �, are values of respective parameters of the

intermolecular potential for the intermolecular dis-
tances in the � phase for the nearest neighbors from
the opposite and the same magnetic sublattices, re-
spectively; �� is the spin correlation function for

two nearest spins in the � phase; � �1 2� �, are the
spin correlation functions in the � phase for two
nearest neighbors from the opposite and the same
sublattices, respectively.

Neglecting the small monoclinic distortion at the
�–� transition, that is, the small difference between
Aikl

1� , Aikl
2� , and Aikl

� (and the same for the Bikl pa-
rameters), we can simplify Eqs. (7)–(9):

( )�#Eg
B2 6� �rot

$ %� 
 
 
( ) ( )2 2200 111 200 111A A B B �� ; (10)

( )�# Ag
B2 6� �rot

$ %� 
 
 
( ) ( )2 2200 111 200 111 1A A B B �� ; (11)

( )�#Bg
B2 6� �rot

� 
 
 
 
(
)
*

+
,
-

( ) ( )( )2
1
3

2 2200 111 200 111 1 2A A B B � �� � .

(12)

Equations (7)–(9) and (10)–(12) provide an exp-
lanation of the main anomaly features of the tem-
perature dependence of librons in � and � phases
(Fig. 9,a) – large and strongly asymmetric split-
ting, a strong temperature dependence of the Ag
mode and a week temperature dependence of the Bg
mode.

According to data from Raman scattering spectra
[15,35], at the �–� transition the two-fold degene-
racy of the libron spectrum is lifted and the doub-
ly degenerate Eg mode of �-O2 with frequency
~ 51 cm–1 is splitted into the Bg and Ag modes with
frequencies ~ 43 and ~ 78 cm–1. The reconstruction
of the structure accompanying the phase transition
and the related changes in the anisotropic part of
the intermolecular potential cannot be the reason of
such large splitting. If we disregard terms propor-
tional to � in Eqs. (7)–(9), the resulting splitting
of the Eg mode is

. /�
#

� � 
 �
B

A A A A
Eg

rot

�
2 200

2
200
1

111
2

111
1( ) ( )� � � � . (13)

Estimates were obtained � < 5 cm–1 [1,7,12].
As follows from Eqs. (10)–(12), the large split-

ting is completely due to the spin-libron interaction:

�
#

� �� 
 �
2

2 200 111 1 2
B

B B
Eg

rot

�
( )( )� � . (14)

Other anomaly features of the libron spectrum are
also due to the spin-libron interaction. The displacements
� # #Ag A Eg g

� �( ) , � # #Bg E Bg g
� �( ) of the Ag
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and Bg modes respective the Eg mode of �-O2 can
be found from the following equations:

( ) ( )� �# #A Eg g
2 2� �

� 
 �6 2 200 111 1B B Brot ( )( )� �� � ; (15)

( ) ( )� �# #E Bg g
2 2� �

� 
 � 
0
12

3
45

6 2
1
3

2200 111 1 2B B Brot ( ) ( )� � �� � � . (16)

In a general theory the spin correlation functions
should be found in a self-consistent way together
with the libron spectrum, but as a zero approxima-
tion they could be found independently from the
spin Hamiltonian. The following estimates can be
obtained:

6 6 6 6 6 6� � �� � �		 1 2, ; (17)

6 6 6 6� � � �1 2 1 22� � ��

7

7
7
7
		 , . (18)

As follows from Eqs. (15), (16) and inequalities
Eqs. (17), (18), � �B Ag g		 , that is, the splitting
is strongly asymmetric around #Eg

.
This asymmetry can be understood qualitatively

as follows [40]. When the molecules librate around
the b axis (Ag symmetry) the interaction with four
nearest-neighbor molecules from the opposite mag-
netic sublattice, is mostly involved, but when they
librate around the a axis (Bg symmetry) the inte-
raction with two next-nearest-neighbor molecules
from the same magnetic sublattice is involved. The
latter is much weaker than for the Ag librational
mode. As a result, � �B Ag g		 .

The variation of the libron frequencies with tem-
perature are caused by three factors: first, there are
anharmonic temperature shifts of the frequencies
with temperature, second, the parameters Aikl , Bikl
vary with temperature due to the thermal expan-
sion of the lattice, and third, due to the tempera-
ture dependence of the spin correlation functions
	 �S Si j . In the case of the � phase, the latter fac-
tor is most important. In the case of the � phase,
the temperature shift of the Eg mode is mostly de-
termined by the thermal expansion of the lattice.
The resulting temperature dependence can be writ-
ten in the form

�
�

�
�
�

�
 
! �

�
�

�
�
�

�
 
! 


�
�

�
�
�

�
 
!

�
�

�
�
�

�
 
!

# # #
T T V

V
TP V T P

. (19)

Anharmonic corrections to the librational fre-
quencies of the � phase was calculated in the
mean-field approximation in Ref. 13. The anharmo-

nicity is manifested in the explicit temperature de-
pendence of the librational frequencies. It was
shown, that contrary to solid N2 the sign of the an-
harmonic correction in �-O2 is positive. Since
( ) ( )( )� � � � � � �# #T T8 8 while ( )� � 	8 T 0 (where
8 is the orientational order parameter), the sign of
the anharmonic correction is determined by the sign
of the derivative ( )� �# 8 , which could be either
positive or negative, depending on signs and values
of molecular and crystal field constants in the
self-consistent potential. As a result, in the case of
�-O2 the derivative ( )� � 	# 8 0 and ( )� �# T > 0. As
shown by numerical estimates, (T #)( )� � �# T 10–3

and the effect is dominated by the second term in
Eq. (19), the thermal expansion of the crystal. The
comparison of the calculated [1] and experimental
dependencies of the Eg frequency on temperature is
given in Fig. 11.

The effect of an external magnetic field on the
libron spectrum of �- and �-O2 was calculated by
Jansen and van der Avoird [14]. They predicted
that the libron frequencies will be shifted by the
external magnetic field, which changes the spin
correlation function and according to Eq. (4) af-
fects the anisotropic part of the intermolecular po-
tential. Due to high rigidity of the magnetic struc-
ture of �-O2, the resulting shift of Ag and Bg
librons is small even in strong fields and amount to
2.5 cm–1 for fields up to 30 T (Fig. 12,a). The mag-
netic field induced shift of the Eg mode for �-O2 is
given in Fig. 12,b.

When the magnetic field is parallel to the ab
plane of the � phase one might expect several sym-
metry-breaking effects [14]. The threefold symme-
try is distorted in this case with the result that the
Eg mode will be slightly splitted.

Elementary excitations in solid oxygen
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Fig. 11. Temperature dependence of the frequency of
the Eg libron mode of �-O2 . Solid line are theoretical
results from Ref. 1, solid circules are experimental data
Ref. 15.



Due to the zone-folding effect, extra phonon or
libron peaks may become visible in the IR or
Raman spectra though their intensities are pre-
dicted to be small.

4. Translational phonons

The magnon–phonon coupling leads to the zone
folding [38]: the magnetic unit cell contains two
molecules, and as a result, in the folded zone the
phonon zone subdivided into acoustical and optical
phonons and the number of libron and magnon
branches is doubled.

The most extensive zero-temperature lattice dy-
namics harmonic calculations based upon both the
one-molecular crystallographic unit cell and the
two-molecular magnetic cell have been made by
Etters et al. [34]. At the first step the Gibbs free
energy was minimized with the parameters of the
monoclinic lattice cell of �-O2 and the intramole-
cular bond length as independent variable parame-
ters. Using obtained equilibrium lattice parameters
harmonic lattice-dynamics calculations have been
made. The calculations were based on the site-site
Etters—Kobashi—Belak (EKB) potential [34].
Since the strong anisotropy of the Heisenberg term
are not taken into account in the EKB potential,
the calculated dispersion curves suffer from the
same shortcomings as all older lattice dynamics cal-
culations and reproduce the libron modes incor-
rectly. Nontheless, many qualitative results of these
calculations retain its validity.

The magnetic unit cell contains two molecules in
the unit cell, twice as large as the structural unit
cell. There are six phonon modes, four libron mo-
des, and four magnon modes for every wave vector
q in the smaller Brillouin zone, that is, compared
with the crystallographic cell, magnetic unit cell

supports one additional vibron, two additional lib-
ron modes, three additional optical phonon modes
and two additional magnon modes. The problem is
that none of these modes were observed in experi-
ment. Recently, the range 10–85 cm–1 was investi-
gated very carefully by Medvedev [31] using the
modern FTIR technique and perfect crystals, and
no additional IR-active modes were found.

The integrated lattice dynamics calculations in
the random phase approximation have been made
by Jansen and van der Avoird [14]. It was found
that the mixing between the lattice modes, phonons
and librons, and magnons, is in general, small. The
only substantial amount of mixing occurs in those
regions of the Brillouin zone where the dispersion
curves for the lattice modes and those for the
magnons would cross. Even the weak coupling then
leads to an avoided crossing and to interchange of
character of the modes involved.

The translational lattice frequencies for the ori-
entationally disordered �-O2 have been calculated
by Kobashi, Klein, and Chandrasekharan [12] us-
ing different empirical Lennard-Jones (6–12) in-
termolecular potentials to account for the interac-
tions between nearest discs, between the nearest
disc and sphere and between the second nearest
discs. The model completely neglects the effect of
molecular rotation. The model was able to account
for the low shear constant of �-O2 , but consider-
ably overestimated the elastic anisotropy. This dis-
crepancy was attributed to the neglect of transla-
tion–rotation coupling.

The role played by the molecular reorientational
motions in the crystal dynamics of �-O2 was exa-
mined by Klein, Levesque, and Weis [41] in a
molecular dynamics study of a system of molecules
interacting via atom-atom potential. The simulated
crystal revealed two types of molecules with two
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Fig. 12. The magnetic field induced shift of the Ag and Bg librons in �-O2 (a) and the Eg libron mode in �-O2 (b) [14].



quite different types of dynamical behavior. Very
slow transverse acoustic phonon modes were found
with v vl t � 3 5. in a fair agreement with experi-
ment [42,43]. The liquid has been shown to be very
similar in structure and dynamical behavior to the �
phase.

5. Magnons

The first observation of the resonant FIR absorp-
tion in �-O2 was made by Blocker, Kinch, and
West [23]. They found a strong line at about
27 cm–1 with the linewidth of about 1.4 cm–1 and
attributed it to the antiferromagnetic resonance
(AFMR) mode of the system. This peak shifts to
lower frequencies and decreases markedly in inten-
sity with increasing temperature and is unobserved
above the ��� transition (Fig. 13,a). The experi-
mental proof of the magnon nature of the line was
obtained by Wachtel and Wheeler [18,24] who
demonstated that no detectable isotopic effect was
observed. The temperature dependence of the high
energy magnon was studied by several groups
([23,30,44]) with similar results.

Looking for the low-frequency AFMR line
Wachtel and Wheeler [24] found an absorption line
at 6.4 cm–1 at 1.5 K (Fig. 13,b). To support the as-
signment of the found FIR absorption lines as
AFMR modes, FIR spectra were measured as a
function of applied megnetic field [18,24,44,45].

The dispersion relations for magnons in the pres-
ence of the magnetic field were calculated in
Refs. 24, 45–47. A comparison of experimental and
calculated results is given in Fig. 14 [45]. The ex-
perimental absorption band corresponding to the
low-energy magnon is splitted: one absorption ma-
ximum does not shift when the field increases, and
the frequency of another increases with the field
(Fig.14,a). In the case of the high-energy magnon
the splitting was not found (Fig. 14,b).

Experimental results of Refs. 18–21, 23–25 pro-
vided an experimental basis for the development of
theory of the magnetic properties of solid oxygen
and first of all of the spin excitation spectrum.

The magnetic properties of solid oxygen is gene-
rally described by the Hamiltonian [17,18,24,29,
45–50]

H � 
 
� �[ ( ) ( ) ] '
, '

A S B S Jz y
f f

f
ff

f f
f f'S S2 2 1

2
, (20)

where Sf is the spin operator at site f ( )S �1 , A > 0
and B � 0 are constants of single-molecule aniso-
tropy, and Jff' is the exchange interaction constant
of molecules at sites f and 9f . The z axis in Eq. (20)

coincides with the molecular axis, while the x axis
is directed along the monoclinic b axis.

The first calculation of the spin excitation spec-
trum was done by Wachtel and Wheeler [18,24].
According to the usual excitation wave method, the
diagonalization of the Hamiltonian (20), was per-
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Fig. 13. Spectroscopic proof of magnon excitations in
solid oxygen. The temperature dependence of far IR ab-
sorption due to magnon excitation at 27 cm–1 in solid
oxygen [23] (a). The magnon at 6 cm–1 is clearly re-
cognizable in far IR absorption spectra of solid oxygen
[24] (b).



formed in two steps. First, the Hamiltonian (20)
was written as a sum of a single-particle mean-field
Hamiltonian H 0

H 0
2 2 0� 
 
 	 ��( ( ) )AS BS J S Szi yi x xi

i
(21)

and the interaction Hamiltonian H H Hint � � 0,
where 	 �Sx is the expectation of the operator Sx
in the single molecule ground state, which should
be found from self-consistency conditions. Here the
direction of the moments (b axis) is taken as the
axis of spin quantization. The exchange field
J J( ) ( )0 0� �k ; J J i( ) ,k f f

k� 
� d
d

d

e is the magnetic

structure factor, d are lattice vectors.
With account of nearest, next nearest and next-

next neighbors we have the following expression
for the exchange field:

J n J n J n J( )0 1 1 2 2 3 3� � 
 , (22)

where n1 , n2 , n3 are numbers of the respective
neighbors (n1 = 4, n2 = 2, n3 = 4) and J1 , J2 , J3
are respective exchange constants (see Fig. 15).

As a result, the magnetic structural factor for
the �-oxygen structure can be written in the form

J J( ) ( )k k� 0 � ;

�
: � �k �

� 

�

1
1

� � 
 �
0

1
2

3

4
5cos cos cos cos cos( ) ,

k k
k

k k
kx y

y
y x

z2 2
1
2 2 2

: �

(23)

where two dimensionless parameters � � J J2 1 and
: � �J J3 were introduced. Thus, neglecting the in-
teraction with more distant neighbors the magnetic
Hamiltonian (20) is described by the set of 5 pa-
rameters: J1, � :, , ,A B.

The eigenvalue problem for H 0 can be solved in
a straightforward manner, yielding the following
eigenvalues:
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Fig. 14. Magnetic-field dependence of the frequency of
the low-energy (a) and high-energy (b) magnons, mea-
sured on polycrystalline samples of �-O2 . Experimental
absorption maxima are represented by open dots, verti-
cal arrors indicate the FWHM (full width at half maxi-
mum). The H X| | curve starting at H = 0 corresponds to
the non-spin-flopped phase, the other H X| | curve corre-
sponds to the spin-flopped phase [45].

Fig. 15. Monoclinic structure of �-O2. The magnetic
structure is indicated by the arrows. The exchange in-
teraction between the in-plane and out-of-plane neerest
neighbors is described by the respective exchange inte-
raction constants J1 , J2 , J3 .
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J Sx� ;
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(24)

(º0 is the ground state energy, º1 , º2 are the first
and second excited states, respectively). The result-
ing eigenfunctions then used as the basis for trans-
formation of the Hamiltonian H H H� 
0 int into
second quantized representation in terms of fermion
creation and annihilation operators c cfi fi

† , . Differ-
ent approaches and approximations of the excita-
tion wave method [1,7,18,24,29,45–49] and of the
Green function method [46,48] were used to treat
the problem.

At low temperatures the occupation number of
the ground state n c cf f f0 0 0� † is close to unity. In
this limit terms not quadratic in ground state may be
neglected (so-called Bogolyubov approximation).
Introducing the product operators a c cfi fi f

† †� 0 and
a c cfi f fi� 0

† , which approximately obey the Bose
commutation relations, and transforming the Ha-
miltonian to these operators, we obtain the Ha-
miltonian quadratic in Bose excitation operators.
The next simplification consists in neglecting excita-
tions from the ground state to the second excited
state. The resulting dispersion relations (energy vs
quasimomentum relations) can be written in the
form:

E J Jn
n2

10
2 21 2( ) [ ( ) ( )sin ] ( )k k k� 
 � �� � ; n �1 2; ,

(25)

where � 10 1 0� �º º is the energy necessary to excite
the molecule from the ground state to its first ex-
cited state; º0 , º1 are given by Eq. (24); � is a
mixing parameter which determines the ratio of | 
1
and �1 in the ground state. It depends on the re-
lative magnitudes of the anisotropy parameters A
and B:

tan ( ) [ ( ) ]2 2 0� � � 	 �A B J Sx . (26)

It is important to note that because of complexity
of the commutation relations for spin operators,
there is no single «true» dispersion equation which
would be independent of the way of transformation
of the spin Hamiltonian into the bosonic Hamil-
tonian and of subsequent approximations used for
its diagonalization. All these approaches are so-
called uncontrollable approximations contrary to a
few controllable ones (among these are the high-
temperature expansions [51] and the low-tempera-
ture Dyson approach [52]). That is why, it is im-
portant to use different approximations for the de-
rivation of the dispersion equation, and then,

comparing magnetic characteristics calculated with
different dispersion equations, to decide which ap-
proach is preferable.

The simplest approximation not based expli-
citely on the assumption of small fluctuations of
the spin density is the random phase approximation
(RPA) coinciding with the Tyablikov approxima-
tion [53] in the case of the ordered phase. This ap-
proximation was used by Slusarev et al. [49,50] to
develop theory of magnetic properties of � and �
phases.

After applying the decoupling procedure usual
for the RPA approximation, the set of lineari-
zed equation of motion in k space was obtained,
where spin components Sx , Sy , Sz are coupled to
components of the quadrupole magnetic moment
Q S S S Sij i j j i ij� 
 �( )( ) ( )1 2 2 3 � with the result
that the order of the system is doubled.

As a result, the following expression was ob-
tained for two lower branches of the spin wave
spectrum [49,50]:

E
J B

Jn
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2
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2
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 � � �
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 �
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(27)

Here 8 is the spin order parameter of the system

8 � 	 ��1
N

Sx
k

k

(28)

and ;1 and ;2 are order parameters of quadrupole
magnetic ordering:

;1
1

� ��
�
� �

 
!� ��

N
S S S Sx x z z

k k k k
k

;

;2
1

� ��
�
� �

 
!� ��

N
S S S Sx x y y

k k k k
k

.

(29)

The self-consistency parameters are determined by
integrals over the Brillouin zone, which makes it
possible to neglect anisotropies contributing only
to the center and to the band edges. In this appro-
ximation ; ; ;1 2� � . As follows from Eq. (27), the
AFMR frequencies E1(0), E2(0) are defined by the
exchange field J(0), respective anisotropy con-
stants, and by the quadrupole magnetic order pa-
rameter ;:

E B J1 0 4 0( ) ( )� ; ; E A J2 0 4 0( ) ( )� ; . (30)

At T � 0 K the order parameters 8 and ; satisfy two
self-consistency conditions:
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; 8� �2
3
2

R; 8 ;� 2 R, (31)

where

R
N

� � ��1
1 2 1 2[ ( )]� k

k

. (32)

According to Ref. 54, in the two-dimensional
case R � 1.393, and in the three-dimensional case
R � 1.156. The self-consistency parameters 8 and ;,
determined by the set of equations Eq. (31), equal
for 2D and 3D:

2D: 8 = 0.817; ; � 0.293; (33)

3D: 8 = 0.923; ; � 0.399. (34)

In numerical calculations the values of these pa-
rameters were used for the two-dimensional case
( )� � 		J J2 1 1 .

Bearing in mind that we will compare different
forms of the dispersion equation obtained in differ-
ent approximations for the Hamiltonian (20), we
will recast Eqs. (25) and (27) in the form more
convenient for such comparison.

The dispersion equation (25) has the same total
number of parameters as the original magnetic
Hamiltonian (20), but the anisotropy parameters A
and B enter into Eq. (23) through quantities � 10
and sin2�. Appearing of these quantities reflects
the way which was used to obtain the dispersion
equation in this specific form. They can be ex-
pressed in terms of the exchange field J(0), and
E1(0) and E2(0), frequencies of two AFMR modes.
As a result of straightforward transformations, Eq.
(25) takes the form

$ %E a a Jn
n( ) [ ( ) ] ( )k kk� 
 � �
 �1 2 2 1 2

� , (35)

where parameters a< are given by

$ %a E J E J< � 
 < 

1
2

0 0 0 02
2 2

1
2 2( ) ( ) ( ) ( ) .(36)

After similar transformations Eq. (27) can be writ-
ten in the following form:

$E a a Jn
n( ) [ ( ) ] ( )k k

k

k�
�


 � � 

 �
1

2
1

2

2 2

�
�

%
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[ ]( ( ) )1 02 2 2 2 1 2
� 8k J a . (37)

The comparison of the proposed dispersion equa-
tions can be readily done in the form of Eqs. (35)
and (37). As seen, at k = 0 ( )� k �1 they coincide.
At small wave vectors the dispersion curves given
by these equations agree very closely but the differ-

ence becomes more and more essential with rising
wave vectors. If we use these equations to fit the
experimental data to the calculated values we have
that the magnetic properties, which, such as mag-
netic heat capacity, sample the whole Brillouin
zone, can be described far better with the disper-
sion equation (27) [49,50] than with other disper-
sion equations proposed in literature.

Dispersion curves for the dispersion equation
(27) (or (37)) are given in Fig. 16. As can be seen,
the magnon spectrum is strongly anisotropic. For
the directions in the basal ab plane the spectrum is
characterized by more significant dispersion than
for magnons with the wave vector normal to the
basal plane.

For magnons with k in the basal plane the maxi-
mal frequency is

E Jmax ( )� 0 28 . (38)

The first estimate of the magnitude of the ex-
change field was obtained by Wachtel and Wheeler
[18,24]. They used the Hamiltonian (20) and cal-
culated the magnon spectrum of �-O2 within a
model with isotropic exchange interaction neglect-
ing the intrasublattice coupling constant J2 and as-
suming that the nearest neighbor number z = n1 +
+ n3 = 8, J1 = J3 = J (� = 1, : = 0). To determine
three unknown parameters J, A, and B they set two
calculated center zone magnon frequencies to the
experimental AFMR frequencies, obtaining two of
three necessary equations. The third equation was
derived by assuming that the magnon frequency at
the zone edge is equal to 37.5 cm–1, characteristic
frequency obtained by Eremenko group [19–21]
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Fig. 16. Dispersion curves for magnon modes in �-O2 .



from the sideband spectra in the double excita-
tion bands 2 23 1� �g g

� � and 2 23 1� �g g
� 
� (see

Sec. 2). As a result, they obtained J(0) = 32 cm–1.
But as were shown in Refs. 1 and 7, the model

with isotropic exchange interaction by Wachtel and
Wheeler is in contradiction with the low-tempera-
ture specific heat data. Namely, the analysis of the
low-temperature specific heat of �-O2 performed in
Refs. 1 and 7 revealed that for T < 10 K, when the
contribution of molecular librations is negligible,
the sum of the lattice and magnon components to
the specific heat with the latter calculated with the
magnon spectrum from Refs. 18, 24 exceeds the ex-
perimental data significantly. Moreover, as was
pointed out by Slusarev et al. [49,50], the magnetic
susceptibility of �-oxygen, corresponding to the
magnetic parameters found by Wachtel and
Wheeler, exceeds the experimental susceptibility
by a factor of 6.

The authors of Refs. 1 and 7 came up the opinion
that the main drawback of Wachtel–Wheeler’s ap-
proach was the assumption that the exchange inter-
action is isotropic and put forward the model that
�-O2 is a quasi-two-dimensional antiferromagnet,
i.e., � 		 1. This conjecture launched a long discus-
sion in literature [45,55–57] but subsequently ob-
tained a direct support in an ab initio calculations
of the exchange interaction of oxygen molecules
[58,59].

Theory of magnetic properties (the magnetic
heat capacity, the magnetic susceptibility, and the
frequencies of antiferromagnetic resonance) of the
two low-temperature phases as a quasi-2D Hei-
senberg system was developed by Slusarev et al.
[49,50]. In order to obtain information on the pa-
rameters of the magnetic system of solid oxygen,
the experimental magnetic heat capacity must be
compared with theoretical estimations. The theore-
tical magnetic heat capacity is determined by the
spin-wave spectrum E(k) and can be written as a
sum over two branches of the spectrum E1(k) and
E2(k):

C R d k
E T E T

E Tn

n n

n
mag �

�� �
� >

1

2 13
12

3
2

( )

( ) exp ( )

[exp ( ), ? ?

?

]2
.

(39)

The experimental points were obtained as a differ-
ence between the heat capacity CV

exp and the pho-
non contribution. The former value was obtained
from the data on CP [60] and the CP – CV correc-
tion, which was calculated using the data on the
isothermal compressibility [42,61], and on the ther-
mal expansion [1,7]. The phonon contribution was
calculated [62] in the Debye approximation with

�D = 104 K taking into account the �D T( ) de-
pendence obtained from the temperature
dependence of sound velocities [42,61,63]. The
libron contribution is negligible in the given tem-
perature range.

Thus, the magnon heat capacity Eq. (39) con-
tains three variable parameters, and it is most
convenient to use in this capacity the exchange
field J(0) and two dimensionless parameters � and
:. Sensitivity of the magnetic heat capacity to
changes in these parameters can be readily seen
from the low-temperature asymptotic for Cmag :
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As can be seen, the dimensionless interplane ex-
change coupling constant � enters into Eq. (40) as
a singular factor, and thus the low-temperature
magnon heat capacity is very sensitive to this pa-
rameter. The best choice obtained by comparison of
the calculated and experimental magnetic heat ca-
pacity (see Fig. 17) is J(0) = 125.9 cm–1; � =
= 0.025. The fact that the inequality � << 1 holds
means that �-O2 is a quasi-two-dimensional antifer-
romagnet.

The dimensionless intrasublattice exchange pa-
rameter : also enters into Eq. (40) as a singular
factor. For the quasi-two-dimensional antiferro-
magnet (� << 1) it imposes on the magnitude of :
the condition
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Fig. 17. Magnetic heat capacity. Experimental points —
see text, solid curve is the best fit to Eq. (39).



: 	 1 2, (41)

which is a direct consequence of the condition of
stability of the collinear antiferromagnet structure
[64]. If the condition Eq. (41) is violated, the cal-
culated magnon frequencies become imaginery for a
region of wave vectors along the direction
k � ( , , )0 0k . For the 3D antiferromagnet (� = 1) the
magnitude of : instead the condition Eq. (41)
should meet the condition

: 	 1. (42)

For the value of the exchange field obtained by
the fit to the experimental data for the magnon
thermal capacity (J(0) = 125.9 cm–1), the maximum
magnon frequency (see Fig. 16) Emax = 72.7 cm–1.
The magnon frequencies at the Brillouin-zone
boundaries for the magnons with the wave vector k
in the ab plane are close to Emax (around 70 cm–1

for the both branches). For the magnons with k
normal to the basal plane due to the anisotropy of
the exchange interaction there is a gap between the
two spectral branches at the boundary of the
Brillouin zone. The edge frequencies for the two
branches are

E E J
2
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2
10 0 0

4
1 2

02 2 2
1 2
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8� 

�

0

1
2

3

4
5 . (43)

For the adopted parameters we have the following
estimates: E1 0 0( , , )? � 33.2 cm–1, E2 0 0( , , )? �
� 42.4 cm–1, and the gap � 1 2 10 0 0 0� �E E( , , ) ( , , )? ?
amounts to 9.2 cm–1.

These theoretical estimates for the edge frequen-
cies are very close to those obtained by Eremenko
et al. [20,21] (38 and 75 cm–1). It is important to
stress that no spectroscopic data were used in their
derivation and these estimates are based on the fit
to the data on the magnon heat capacity and mag-
netic susceptibility.

It has been speculated [1], that the observed
doubling of exciton-magnon absorption lines [65] is
related to the discussed nature of the magnon spec-
trum of �-O2 .

Allowance for the intrasublattice exchange in-
teraction (: � 0) makes magnons with wave vectors
along a and b axes inequivalent. Degeneracy at the
zone edge for the high-symmetry directions is lifted
and another gap exists between the two spectral
branches at the boundary of the Brillouin zone at
k = (?,0,0) and (0,?,0). The gap is proportional
to the dimensionless intrasublattice coupling con-
stant ::

� 2
2
2

1
2

8 2

0 0

0
�

�:
8

E E

J

( ) ( )

( )
. (44)

The gap is rather small but, in principle, measur-
able (� � 0.25 cm–1).

Recently, systematic Fourier transform infrared
spectroscopy studies of electronic excitations in
solid oxygen were carried out by Jodl group [32].
Though their data confirmed considerable aniso-
tropy of the magnon spectrum, estimates for the
magnon frequencies at the Brillouin-zone boun-
daries obtained in this study turned out to be sig-
nificantly different from those obtained by Ere-
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Fig. 18. Temperature dependence of the sound veloci-
ties in �- and �-O2 [42,61] (a). Schematic dispersion
curves of phonons and magnons in �-O2 illustrating the
way the phonon-magnon coupling results in strong tem-
perature dependence of the phonon velocity. Solid cur-
ves are uncoupled acoustic translational (based upon
crystallographic unit cell) and magnon modes (based
upon magnetic unit cell), coupled modes in the folded
zone are given by dashed curves. @A,@max

( )0 and @0
1( ),@max

( )1

are respectively the zone center and zone edge magnon
frequency at T = 0 K and at a nonzero temperature (b).



menko et al. [20,21]. This discrepancy needs
clarification.

The dispersion equation (27) containes one im-
portant feature of dispersion curves which is lack-
ing in other forms of the dispersion equation. Since
the maximal energy of magnons described by Eq.
(27) is proportional to the magnetic order parame-
ter (Eq. (38)), which is a decreasing function of
temperature, the dispersion curves of magnons are
strongly temperature dependent. Among possible
experimantal implications we note here the ano-
maly temperature dependence of the sound veloci-
ties [61,63].

A qualitative model which provides a possible
explanation in which way the anomaly behavior of
the sound velocities stems from the strong tempera-
ture dependence of the magnon dispersion curves is
illustrated in Fig. 18. One can see, when the zone
edge magnon frequency @max

( )1 decreases with tem-
perature, the slope of the acoustic coupled pho-
non-magnon mode nearly goes to zero at the �–�
transition.

Libron, magnon and phonon branches of the
spectrum of elementary excitations exhibit essen-
tially different anisotropy. The former two reveal
significant anisotropy [1,7] while for the latter the
anisotropy is far less pronounced [11]. Librons and
magnons with the wave vectors in the ab plane is
characterized by significant dispersion, while for
librons and magnons propagating along the normal
to the ab plane the band widths are comparatively
small. The nonequivalence of the different spectral
branches is due to the fact that the anisotropic and
exchange interactions are more short-ranged than
the isotropic interaction determining the phonon
spectrum.

6. Summary

We have reviewed results on the lattice dynam-
ics calculations concerning the elementary excita-
tion spectra of �-, �-, and �-oxygen. An important
characteristic feature of solid oxygen as a magnetic
system is an anomaly large coupling between lattice
and magnetic subsystems. It was shown, in particu-
lar, that it is essential to include the Heisenberg
term in the lattice dynamics calculations to explain
the long-state problem of the anomalously large
libron splitting in �-O2. Developed an integrated
scheme for lattice dynamics and spin-wave calcula-
tions provides a good approach for the theoretical
treatment of the system. The calculated spectrum
of magnons permits to describe the magnetic pro-
perties of �-O2 in a fair agreement with experi-
ment.

Among theoretical problems that remain to be
solved are as follows:

– Detailed calculations of the dispersion curves
and density of states for phonons, librons and
magnons;

– Calculations of thermal and magnetic proper-
ties with obtained density of states;

– Calculations of anharmonic phonon and libron
effects;

– Calculations of kinetic and relaxational pro-
perties;

– Lattice dynamics calculations of the high-pres-
sure phases.
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