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The dc current through a voltage-biased long transparent SNS junction in a dissipative re-
gime is considered. The problem under certain conditions is mapped onto exactly solvable
model of energy pumping into a quasiballistic 1D quantum ring driven by time-dependent
magnetic flux. A rich peak-like structure of the subgap current at low voltages is predicted.
The maxima in the current correspond to resonant energy absorption for fractional values of
the normalized bias voltage.
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Introduction

The nonequilibrium properties of mesoscopic
conducting systems differ significantly from those
in bulk materials. The reason is the dominant role
of quantum coherent dynamics which develops on a
time scale, shorter than the relaxation times in the
system. As a result, quantum interference pheno-
mena crucially affect the nonlinear kinetics of
mesoscopic  conductors (see, e.g., [1]).

Nonsuperconducting mesoscopic structures have
been shown to be extremely sensitive to external
electromagnetic field, producing giant mesoscopic
fluctuations of the conductance [2]. Mesoscopic
rings placed in a time-dependent magnetic flux are
characterized by strong resonant selection in the
microwave power absorbed (fractional pumping of
mesoscopic rings [3]). The origin of all of the above
effects is quantum interference between different
paths of dynamical evolution of electrons driven by
external fields.

Superconducting nanostructures in which quan-
tum coherence is a «macroscopic» feature of large
numbers of electrons should reveal nonequilibrium
coherent dynamics in an even more pronounced
way. Energy dissipation in mesoscopic supercon-

ducting weak links is an example of phase
coherence nonequilibrium phenomenon in supercon-
ducting mesoscopics.

In the present paper we will consider the effect
of fractional dissipation of electric power in volt-
age-biased long ballistic SNS structures. Andreev
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Fig. 1. The set of Andreev levels, En
�, as a function of

time t in a long ballistic SNS junction. �E is a level
spacing, t0 is a «quasiperiod»  in the problem.



levels representing the energy spectrum in a long
SNS transparent junction are shown in Fig. 1. If a
small voltage eV vF�� � /L is applied (vF is the
Fermi velocity, L is the junction length), the quan-
tum evolution of Andreev states can be represented
as a motion along the lines of Fig. 1. which is inter-
rupted by scattering events in the vicinity of the
crossing points. This scattering splits the trajectory
and results in the appearance of a number of alter-
native quantum paths for the displacement of the
system in energy space. The interference of such
paths ends at the moment of time when relaxation
stops the dynamical pumping of the system.

Two different scenario of dynamical evolution of
quasiparticles in a normal region are possible de-
pending on the intensity of energy relaxation. In
the weak dissipation limit the dynamical drift
along the energy lines eventually brings the system
out of the energy gap. The dissipation of energy
takes place in the leads (bulk superconductors) far
from the junction. This scenario corresponds to the
now traditional picture of current formation by
multiple Andreev reflections (MAR) [4–6]. In con-
trast, in the strong dissipation limit (which is effec-
tively always the case at V � 0 ) the coherent dy-
namical evolution is interrupted by relaxation,
preventing quasiparticles from leaving the gap re-
gion. This is the case where power emission is lo-
calized within a weak link and the formation of
current is totally due to quantized Andreev states.
This is the case we will consider below.

The interference pattern for energy absorption
will be sensitive to commensurability between the
typical time of interscattering dynamics
t eV0 ~ /� and the periods t EA ~ /� � (�E is the
level spacing) characterizing the dynamics of
quantized Andreev states. Since the absorbed power
W directly determines the average current I in the
system, the above interference should produce
nonmonotonic I–V characteristics with the peaks
corresponding to maxima of the resonant absorp-
tion, t t p qA0 / /� (p q, are integers). The calcu-
lation of «fractional structure» of I–V characteris-
tics is the subject of the present work.

The average absorption energy

We begin with the description of a set of bound
states in a single-mode SNS junction. The energies
of Andreev levels, En

�, as a function of the phase
difference � � � ��

R L
between the two supercon-

ductors are found from the transcendental equa-
tion [7]
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where � 	E v LF� � / is the level spacing,
n � � �0 1 2, , ,..., and � � �1 . In a long (L�� 0, 0
is the coherence length) junction the spectrum
Eq.(1) for E �� � �( is the modulus of the order
parameter) is reduced to a set of equidistant levels
that depend linearly on � :
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The terms cross at points � 	p p p� ( is the inte-
ger). This degeneracy is lifted in the presence of
normal scattering in the junction. We will model
the normal scattering by a weak point-like impurity
(U E U0 0�� � , is the impurity potential) placed at
one of the interfaces (asymmetric junction). In this
case the gaps � n that are opened at the degeneracy
points are small and n-independent, � n U� 0.

For a voltage-biased junction the phase diffe-
rence � according to the Josephson relation
( � /� � 2eV � ) depends linearly on time, and the
problem becomes nonstationary and nonequilibrium.
It can be reformulated as a transport problem in en-
ergy space, where in the general situation both the
bound ( E � � ) and the scattering ( E � � ) states
contribute to the dc current. We will consider a long
ballistic SNS junction in a dissipative regime, that
is, in the case when dissipation influences the dy-
namics of quasiparticles in the normal region. In the
presence of dissipation the maximum energy gained
by quasiparticles in the normal region can be much
smaller than �. In this case only the bound states in
a small strip around EF are involved in dynamical
processes, and their spectrum can be approximated
as a linear one, Eq.(2). Thus, our problem is re-
duced to a transport problem on a set of equidistant
Andreev levels (see Fig. 1).

It is evident that for a not fully transparent
junction the dc current will be zero if one neglects
the interlevel tunneling. So, to get finite current
we have to consider electron transitions between
the levels. If the ballistic time t0 2/ of electron
motion between the transition points, t eV0 � 	 �� ,
is much larger than the characteristic scattering
time t Us ~ /� 0, the interlevel transitions will
take place mostly in the vicinity of degeneracy
points, where the interlevel spacing is the smallest
(~U0). Therefore, at low voltages eV U E�� ��0 �
the dynamics of quasiparticles in energy space on a
set of Andreev levels can be represented as a free mo-
tion between the «transition points» � 	p p� and
a scattering at these points described by a unitary
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2 2� -matrix �S. It is convenient to parametrize the
scattering matrix by the amplitude � of interlevel
transition:
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At low voltages the electron transition amplitude
is described by the Landau–Zener quasiclassical
formula (see, e.g., Ref.8)
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The dc current I in a dissipative junction can be
expressed in terms of the average energy accumula-
tion rate W by the standard formula I W V� / .
To calculate this quantity we consider the energy
absorption rate averaged over the time interval
[ / , / ]�t t0 02 2 ,
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where t t t tt� � � �0 2/ , ( )�H H� . The single-elect-
ron density matrix is calculated from the equation
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where  is the relaxation rate and f f0 0� [ ]H is
the equilibrium Fermi–Dirac distribution corres-
ponding to the Hamiltonian
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In expression (4) � �i i, are the Pauli matrices in
electron–hole and «left–right» spaces, respectively,and
� �!( ) (| | / )x x L� � 2 (here !( )x is the Heaviside
step function).

The solution of Eq.(3) can be expressed in terms
of the evolution operator u t t( , )� :
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Then for the energy absorption rate one gets
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With the help of the periodic symmetry property
of the Hamiltonian (4),

H t t H t( ) ( ) ,
 �0 3 3� �

it is easy to show that the average power absorption
does not depend on time, W t W( ) � � const, and
without any loss of generality we can put t � 0 in
Eq.(5). It is convenient to divide the whole time
interval of integration ( , )�" �t in Eq.(5) into
discrete intervals [ / ;� �t mt0 02 t mt0 02/ ],� m =
= 0,1,.... Finally the formula for the average
energy absorption rate takes the form
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In what follows we will consider the most
interesting case of moderately weak dissipation
�  E / ~� �� �� 1.

As one can see from Eq.(6), the only operator asso-
ciated with a long-time dynamics of our system is the
unitary operator P. This means that the I–V charac-
teristics of a long dissipative SNS junction at low bias
voltage and for a weak dissipation are determined by
a spectral properties of P: P i| |$ $$� e . In the basis
of Andreev levels | ,n � this operator coincides with
the one studied in considerable detail in Ref. 3 for the
problem of energy pumping into a quasiballistic quan-
tum ring. It was shown in Ref. 3 that the spectrum of
P crucially depends on the number properties of the
quantity � �% �� E eV/ 4 (here � �x stands for the
fractional part of x).

For an irrational % the spectrum of P is discrete
and all eigenfunctions are localized. In the limit
 � 0 the average energy absorption rate can be
estimated as

W ERi �  � loc
2 , (7)

where Rloc is the dimensionless localization
radius [3]. An analytical expression for Rloc was
derived in our previous paper:
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From Eqs.(7),(8) one can see that for «irrational
case» the absorption power tends to zero in the
limit  � 0.

For rational values % � p/q (p q� are integers)
the eigenfunctions of P are the Bloch functions [3].
In this case the absorbed power in the limit  � 0
takes the form
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(in the last expression we assume that p & 0; if p � 0
we must put q �1 in Eq.(9)).

To compare the contributions (7) and (9) to the
I–V curves, one first of all needs to find the rele-
vant energy scale to satisfy W Wr i�� . It is easy to
show that the above inequality will hold (for
not-too-big values of q) when the bias voltage
falls in the interval � �� ��eV U0 and for
eV U E~ /	 �0

2 when the amplitude � of interlevel
transitions is not exponentially small. At these
voltages the I–V characteristics of a long transpa-
rent SNS junction should demonstrate specific
(peak-like) structure (see Fig. 2) arising from the
effect of fractional pumping of energy into the
quasiballistic electron system with equidistant
quantized energy levels.

Conclusion

In recent experiments [9,10] the effects of quan-
tum coherence were observed in a dissipative long
SNS junction irradiated by an electromagnetic
field. These experiments clearly demonstrated that
dissipation in a long transparent SNS junction is
unable to wash out quantum interference effects
produced by the coherent dynamics of quasi-
particles in the normal region. The orthodox theory
[4–6] of subgap structures in I–V characteristics of
SNS junction is based on the Landauer–Buttiker
approach, where it is assumed that dissipation
occurs only in the leads (bulk superconductors)
and does not influence the dynamics of electrons
inside the normal region. Recently [11] a theory of
MAR was applied for the description of subgap
structures in long ( )L�� 0 quasiballistic junctions
(see also Refs.12,13). It is clear that for a real long
SNS junction at sufficiently low bias voltages the
dissipation will take place in the normal region,
and the junction should be treated as a dissipative
one.

We have proposed an approach in which both
the coherent dynamics of quasiparticles in a long
junction and the relaxation effects inside the nor-
mal region determine the current through a weak
link.

We showed that the problem under certain con-
ditions can be mapped onto an exactly solvable
model of energy dissipation in a quasiballistic
quantum ring driven by a linearly time-dependent
magnetic flux. The existence of this mapping can
be understood physically from the fact that the sets
of energy levels of the two problems under con-
sideration are identical.

We derived analytical expressions for the dc cur-
rent through the junction at low bias voltages in
the limit of moderately weak dissipation
eV E E( / )�  �� �� ��� and predicted nontrivial
(peak-like) subgap structure of I–V characteristic
at low voltages � ��� ��eV E. The peaks in the
current correspond to maxima of absorbed power
and they are a manifestation of the effect of frac-
tional pumping of energy into a quasiballistic elec-
tron system with an equidistant set of energye
levels.
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Fig.2. The normalized absorption energy, W W/ 0,
as a function of parameter %, 0 1� �% , for different
Landau–Zener tunneling amplitudes; W E t0 0� � / . The
value ~ � 0.05 for the dimensionless relaxation rate was
used.
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