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The phonon spectra and vibrational thermodynamical characteristics of the Pd–H superlattices
are investigated. Results of our calculations give a possibility to agree the data of neutronographic
and calorimetric experiments and explain for the such systems the atomic mean square amplitudes
and correlations between ones.
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1. Introduction

The fact of absorption of hydrogen by metals, par-
ticularly by palladium, is known from the middle of
19th century. It is widely used in applied purposes in
particular for puritying of hydrogen. In 70th, and
then in the end of 80th years of the last century study
of physical properties of Pd experienced the natural
boom. As the result many of these properties, for ex-
ample electronic, were investigated very explicitly
and in detailes (see, for example, [1]). However the
dynamics of crystal lattice and oscillatory properties
of such systems to the present time are studied obvi-
ously unsufficiently.

From results existing up to now, it is necessary to
mention neutronographic investigation of the law of a
dispersion of phonons of a solid solution PdD0.63 ful-
filled on 1974 [2]. On this basic it is possible to judge
interatomic interaction and oscillatory spectrum of
hydronized palladium. It is known that the contribu-
tion of oscillations of lattice into the different dy-
namic and thermodynamic characteristics of Pd–H
can be essential and even defining. Therefore the com-
parison of the data received in [2] with results of dif-
ferent measurements of such characteristics is impor-
tant and actual.

So in the recently published report [3] the measure-
ment of temperature dependences of heat capacity
PdHx is carried out at different values of concentra-
tion of hydrogen x. It was revealed, that at T ‰ 10 K
the heat capacity grows with growth of x, while the

electronic component with growth of concentration of
hydrogen sharply decreases [1] (the form of tempera-
ture dependence at T � 0 in [3] at x = 0.71 also di-
rectly shows it). Directly from [2] the sign of change
of the lattice contribution to a heat capacity with
growth of x is not obvious. Really, the increasing of a
value of a lattice constant for approximately 5%
should noticeably weaken the interaction between Pd
atoms, and reduce the frequency of their oscillations
giving the determining contribution in lattice heat ca-
pacity. But the appearance of new neighbors for these
atoms that is hydrogen atoms more close than other Pd
atoms can compensate this weakening of links. Besides
it is important to find out how such weakening of in-
teratomic interaction (if it takes place) effects the am-
plitude values of atomic oscillations that is stability of
crystal lattice.

The calculation at microscopic level is necessary to
answer these questions of oscillatory thermodynamic
characteristics of crystal structures like Pd–H. This
report is devoted to such calculation for the case,
when concentration of hydrogen in palladium is high,
and it is possible to consider its allocation as uniform
enough.

2. Interatomic interaction in solutions Pd–H
and their phonon heat capacity

Crystal lattice of palladium is a cubic face-centered
one. The dissolved atoms of hydrogen take in it octa-
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hedral positions [1] and at high concentrations it is
possible to speak about ordering of a solution in some
superstructure.

Here we study two kinds of such superstructures:
the first one corresponds to when the atoms of hydro-
gen disposed in the centers of ribs of cubes of a lattice
Pd, and the centers of cubes remain empty (R-filling)
and another one when the centers of cubes also are
filled (V-filling). The case of R-filling corresponds to
a PdH0.75 composition; V-fillings corresponds to
PdH. V-filling represents an immersion one in another
of two fcc lattices of identical period with detrusion
on value a0/2 along the edge of cube (a0 is a lattice
constant). R-filling corresponds to formation in V-fil-
ling of periodic (with a period a0) system of vacancies
in a sublattice of hydrogen.

In [4] force constants of pure Pd were reduced un-
der the data of neutronographic measurments. Density
of phonon states of palladium �(�) being constructed
during this operation rather unsignificantly differs
from the relevant performance being calculated in
frameworks of approximation of central interaction of
the nearest neighbors. It once again confirms that fact
that in closely-packed crystals at description of inter-
atomic interaction as a rule we can be restricted with
such approximation. Potential �( , )r r� of interaction of
atoms with equilibrium positions determined by posi-
tion r and r� one can consider to be a pair one and iso-
tropic: � �( , ) ( )r r� � � (� � 	 �r r ).

Then the matrix of force constants 
 ik( )r r, � looks
like:
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where  ik is a Kronecker symbol; parameters � and �
characterize, respectively, central and uncentral in-
teraction between atoms:

�
�

( )
( )

�
�

�
�

�
; � � �( ) ( ) ( )� � �� �� 	 . (2)

In a Fig. 1 the dependences of force constants � and
� both with Einstein frequency of fcc crystal with cen-
tral interaction of the nearest neighbors from varying
of interatomic distance (lattice constant) are shown.
For definiteness, as potential �(�) we chose the
Lennard-Jones potential. Let us mark, that as we will
be interested with varying of force constants with
«swelling» of a lattice that is at � � �� � �0 0 0( ( ) )� ,
the area of applicability of presented here results is

much wider than the area of applicability of Len-
nard-Jones potential, because at � �� 0 for the
majority of crystals the van der Waals attraction be-
tween atoms is in typical (� ~ �	6). The values �( )� 0
and �e ( )� 0 are accepted to be equal to unit (the value
�( )� 0 is given in units of � �0 0� ( )� ), and
�( )� 0 1� 	 . One can see that at increase of a lattice
constant from a0 3 88� . Å (lattice constant of a pure
Pd) up to a0 4 03� . Å (palladium with concentration
of hydrogen 0.7–1.0 — look, for example, [1]) the
quantity of central interaction between atoms of Pd
decreases more than twice, and the Einstein frequency
of palladium atom does it approximately in 1.5 times.
From the neutronographical data [2]*, it is possible to
restore the constants of interatomic interaction in a
solid solution Pd–H. According to these data the ma-
ximum frequency of acoustical band � 6 THz (maxi-
mum oscillation frequency of a lattice of a pure palla-
dium � 7 THz); the width of a gap also is � 6 THz and
maximum frequency of optical oscillations is � 21 THz.
As hydrogen is lighter than palladium for approxi-
mately 106.4 times rather small width of the gap and
essential dispersion of optical phonons allow one to as-
sume that the interaction of palladium with hydrogen
is much weaker than the Pd � Pd one. Force cons-
tants being reduced on data from [2]** are in the good
agreement with above estimation made on the basis of
the carried out analysis of potential of interatomic in-
teraction. If we accept for unity the value of force con-
stant describing central interaction of the nearest
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* These data also are given and are analyzed in [1].

** We did not take aim of precision calculations of force constants on data of work [2], as the results of our work have a
qualitative character.
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Fig. 1. Relative change with increase of a lattice constant
of potential of interatomic interaction �, force constants �,
�, and Einstein oscillation frequency of atoms of palla-
dium �e. All quantities are given in relative units: �(a0) =
���e(a0) = – �(a0) = 1 (a0 � 3.88 Å is a lattice constant of
pure Pd).



neighbors in lattice of a pure palladium, we shall have
for the Pd–H solution:

�Pd Pd� � 0 48. ; �Pd H� � 012. ; �H H� � 0 05. ;

(3)
�Pd Pd� � 0 05. ; � �Pd H H H� �� � 0.

On the base of these force constants it is possible at
once to assume that during hydrogenization the low-
temperature phonon heat capacity of a palladium
should noticeably increase. Really, the basic contribu-
tion to this characteristic is done by oscillations of
heavy atoms of Pd, whose interaction in comparison
with the lattice of a pure palladium (because of
«swelling» of lattice) is attenuated more than twice.
The additional interaction of palladium with hydro-
gen taking place here is much less, than even attenu-
ated interaction between atoms of metal. The Einstein
frequency of oscillation of atoms of palladium, be-
cause of interaction Pd � H, will be higher, than the
one shown at Fig. 1 at value of lattice constant rele-
vant to hydrogenized palladium, but is noticeably
lower, than the one for pure Pd. That fact should sti-
pulate higher values of a heat capacity at low tempera-
tures.

The results of more precise calculations of tempera-
ture dependence of a phonon heat capacity of solid so-
lutions Pd–H are shown at Figs. 2 and 3. The calcula-
tions are carried out by J-matrices method [5–7] using
force constants (3). Figure 2 demonstrates the
dependences Cv(T) for pure palladium (solid line),
the one for solutions of PdHx: the dashed line corre-
sponds to x = 0.75 (R-filling), and dots to x = 1.00
(V-filling). Really at implantation of hydrogen the
phonon heat capacity noticeably increases because of
growth of lattice constant approximately for 5%.

In a Fig. 3 the temperature dependences of differ-
ence of lattice heat capacities �Cv(T) of hydrogenized
Pd and of a pure one are shown. On the upper side of
this figure the diagrams of these functions are shown
in a wide interval of temperatures, and at the bottom
one — at low temperatures.

On both parts of this figure the curves 1 and 2 show
the values �Cv(T) for R- and for V-filling, respec-
tively. The fact that the curve 1 lays above the curve 2
is apparent within the framework of our model, as at
identical value of a lattice constant the case of R-fill-
ing corresponds to more «friable» structure. For the
answer to the question how such nonmonotonic char-
acter of concentration dependence of a heat capacity
can really be observed, it is natural to investigate the
concentration dependence of value of lattice constant
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Fig. 2. Temperature dependences of a phonon heat capa-
city of pure Pd (solid line), PdH0.75 (R-filling is presen-
ted as dashed line) and PdH (V-filling is presented as dashed
line with points).
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Fig. 3. Difference of lattice heat capacities of hydro-
genized Pd and of a pure Pd: curve 1 shows R-filling; a
curve 2 is for V-filling. The dependences �Cv(T) in a
broad interval of temperatures are presented at the top,
these dependences for low temperatures are presented be-
low (in larger scale). The dashed curve 3 is electronic
heat capacity of pure palladium [1,4].



in the indicated range of concentrations. Comparison
of curves 1 and 2 with temperature dependence of elec-
tronic heat capacity of pure palladium [1,4] (curve 3,
presented as the dashed line on the bottom of a figure)
shows that already at T � 10–12 K the growth of
phonon part in heat capacity is able to compensate any
(down to zero) decrease of its electronic component.
This result agrees with the one in [3] and at any rate
qualitatively explains such effect.

3. Mean square amplitudes and correlation of
oscillations of atoms in solid solutions Pd–H

Growth of lattice constant at saturation by hydro-
gen of crystals of Pd and stipulated by it decrease of
force constants of palladium atoms must, at the first
sight, stipulated growth of amplitude of oscillations
of these atoms, that can result in destabilising of a lat-
tice. For finding out this problem we have fulfilled
calculations of mean square vibration amplitudes of
atoms for both palladium and hydrogen, within the
framework of the same models, by the same method of
J-matrices.

The mean square vibration amplitudes of atoms of a
crystal lattice are one of the main characteristic of the
crystal. Besides that on their behavior it is possible to
judge about stability of a crystal and about tempera-
ture of its melting. These values determine dispersion
of sound and electromagnetic waves in crystal. The
mean square amplitude of atom with a position vector
r in crystallographic direction i is determined as

� �| ( )|ui T
2 r , where � �| ( )|ui T

2 r is mean square displace-

ment, diagonal element of correlator � � �| ( ) ( )|u ui k Tr r

at i = k and r r� � is as follows:
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Here m(r) is mass of atom with a position vector r;
� is square of eigen frequency; G ik( , ,� r r�) is relevant
element of Green’s tensor of lattice; T is temperature;
� and k are Planck and Boltsmann constants, respec-
tively.

The results of calculation of temperature depen-
dences of mean square amplitudes by J-matrices me-
thod are shown as solid lines in Fig. 4. The curves 0
correspond to pure Pd. Curves 1 and 1� and 3 show
mean square amplitudes for Pd at the presence of hy-
drogen (the curve 3 is obtained for case of V-filling,
the rest are for R-filling). Curve 1 corresponds to dis-
placement of Pd(0) atom (in any direction), and also

to atom of Pd(1) in directions to the nearest atom of
hydrogen; a curve 1� shows displacements of Pd(1) in
direction to center of a cube (at R-filling vacant).
That is why curve 1� lays slightly above curve 1. The
curves 0, 1 and 3 differ from each other very little.
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Fig. 4. Temperature dependences of mean square ampli-
tudes and correlations of displacements. Curves 0 corre-
spond to pure Pd: continuous line is a mean square ampli-
tude, the dashed one is correlation of displacements of
atoms Pd � Pd. The curves 1 and 1� correspond to mean
square amplitudes of atoms Pd in solution PdH0.75; 2 and
2� are for atoms of hydrogen in the same solution (curves 1�
and 2� correspond to displacements in direction of centre of
a cube, that in this case is vacant), the long dashes are
designated correlations of displacements of Pd � Pd, short
ones are designated for Pd � H, points are designated
H � H. Curves 3 and 4 accordingly mean square vibra-
tion amplitudes of atoms of palladium and hydrogen in a
solution PdH (V-filling).



Curves 2 and 2� present mean square vibration ampli-
tudes of hydrogen atoms: in a direction along the rib,
in the middle of which it is (curve 2) and in perpen-
dicular to it directions (curve 2�). The curve 4, practi-
cally coinciding with a curve 2, corresponds to mean
square amplitude of hydrogen atom at V-filling. That
is we have received unexpected on the first sight re-
sult: the change of mean square amplitudes of oscilla-
tions of palladium atoms in solutions Pd–H have, in
comparison with pure Pd, is very little. Because of a
huge difference in mass between a palladium and hy-
drogen, the mean square amplitudes of unit cells of so-
lutions Pd–H and palladium atoms practically coin-
cide, the lattice of such solution will be practically as
stable, as the lattice of a pure palladium.

In order to understand why weakening of inter-
atomic interaction has not lead to noticeable increase
of oscillation amplitudes of a palladium we shall con-
sider correlations of displacements in the given sys-
tems. To have an opportunity to compare the values of
such correlations to the ones of mean square ampli-
tudes of a correlation it is convenient to characterize
by dependence � � �| ( ) ( )|u ui k Tr r , where the radicand
is determined by relation (4). Temperature depen-
dences of such functions for displacements of neighbor
atoms along the line connecting them (when the corre-
lation is maximum) also are shown at the same Fig. 4
(dashed lines): the long dashes correspond to correla-
tions of displacements of Pd � Pd; the short ones cor-
respond to Pd � H and dots correspond to H � H.
For R- and V-fillings the data of dependence practi-
cally coincide and on a fragment relevant to V-filling
the diagrams of correlations of displacements are not
shown.

The high value of a correlation of displacements
Pd � H testifies to considerable pumping-over of en-
ergy from palladium atoms to hydrogen atoms. The
amplitude of oscillation of Pd atoms practically does
not increase with decreasing of interatomic interaction
during hydrogenization, as the palladium atoms thus
«shake» atoms of hydrogen.

4. Conclusions

Thus, our microscopic calculations of thermody-
namic characteristics have shown that the data of
neutronographic [2] and calorimetric experiments [3]
are mutually consistent. In particular it is shown, that
the weakening of interatomic interactions caused by
increasing of lattice constant resulted by implantation
of hydrogen in a palladium gives a noticeable gain of
the phonon contribution in a low-temperature heat ca-
pacity. At T ‰ 10–12 K this phonon contribution in
heat capacity cancels decreasing of an electronic con-
tribution in heat capacity happening at hydrogeni-
zation of palladium [1,4].

Also it is shown, that in a temperature range up to
400 K the value of mean square amplitudes both palla-
dium and hydrogen is insignificant in comparison with
a lattice constant (3.88 Å for a pure palladium and
� 4.03 Å for strongly hydrogenized one), that testifies
to a major stability margin this compound. Thus the
weakening of interatomic interaction at hydrogeniza-
tion of metal does not give in a noticeable growth of
amplitude of its eigen oscillations, and because of a
strong correlation of displacements of neghboring
atoms Pd � H gives in padding «shake» of light hy-
drogen atoms.
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