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Ãàìèëüòîíîâ ôîðìàëèçì â äâóõæèäêîñòíîé ãèäðîäèíàìèêå îáîáùåí íà ñëó÷àé ñâåðõòåêó-
÷èõ ñìåñåé 4Íå–3He. Íà åãî îñíîâå ðàññ÷èòàíû àìïëèòóäà òðåõâîëíîâîãî âçàèìîäåéñòâèÿ äëÿ
âòîðîãî çâóêà è êîýôôèöèåíò íåëèíåéíîñòè âòîðîãî çâóêà â He II ñ ïðèìåñüþ 3He. Ïîêàçàíî,
÷òî òåìïåðàòóðà, ïðè êîòîðîé êîýôôèöèåíò íåëèíåéíîñòè âòîðîãî çâóêà èçìåíÿåò çíàê ñ îòðè-
öàòåëüíîãî íà ïîëîæèòåëüíûé, ïîíèæàåòñÿ îò 1,88 äî 1,7 Ê ïðè ââåäåíèè 10% ïðèìåñåé 3He â
ñâåðõòåêó÷èé 4Íå. Òàêèì îáðàçîì, äëÿ ñëàáûõ ðàñòâîðîâ 4Íå–3He ñóùåñòâóåò äîñòàòî÷íî øè-
ðîêèé èíòåðâàë òåìïåðàòóð íèæå òåìïåðàòóðû ñâåðõòåêó÷åãî ïåðåõîäà T�, â êîòîðîì êîýôôè-
öèåíò íåëèíåéíîñòè âòîðîãî çâóêà îòðèöàòåëåí, è óäàðíûé ôðîíò ôîðìèðóåòñÿ íà ñïàäå íåëè-
íåéíîé âîëíû íàãðåâà âòîðîãî çâóêà.

PACS: 67.40.Pm, 67.40.Mj

1. Ââåäåíèå

Èçó÷åíû íåëèíåéíûå ñâîéñòâà âîëí âòîðîãî çâó-
êà â ñâåðõòåêó÷åì 4Íå ñ ïðèìåñüþ 3He. Èçâåñòíî
[1], ÷òî âòîðîé çâóê â He II õàðàêòåðèçóåòñÿ çíà÷è-
òåëüíî áîëåå ñèëüíûìè íåëèíåéíûìè ñâîéñòâàìè,
÷åì îáû÷íûé (ïåðâûé) çâóê. Íàïðèìåð, áåãóùèé
èìïóëüñ ðîòîííîãî âòîðîãî çâóêà äëèòåëüíîñòüþ � �
� 10 ìêñ è àìïëèòóäîé �T � 10–2 Ê ïðåâðàùàåòñÿ â
óäàðíóþ âîëíó íà ðàññòîÿíèè ïîðÿäêà 1 ñì îò èñ-
òî÷íèêà [2].

Êîýôôèöèåíò íåëèíåéíîñòè �, îïðåäåëÿþùèé
çàâèñèìîñòü ñêîðîñòè âòîðîãî çâóêà îò àìïëèòóäû
âîëíû �T, u2 = u20 (1 + ��T) (ãäå u20 — ñêîðîñòü
âòîðîãî çâóêà áåñêîíå÷íî ìàëîé àìïëèòóäû), â ÷èñ-
òîì Íå II äàåòñÿ âûðàæåíèåì [1]
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ãäå � — ýíòðîïèÿ åäèíèöû ìàññû æèäêîñòè. Êîýô-
ôèöèåíò � âõîäèò â óðàâíåíèå Áþðãåðñà, îïèñû-
âàþùåå ýâîëþöèþ áåãóùåé îäíîìåðíîé ñëàáîíåëè-
íåéíîé âîëíû [3].

Êîýôôèöèåíò íåëèíåéíîñòè ðîòîííîãî âòîðîãî
çâóêà ñèëüíî çàâèñèò îò òåìïåðàòóðû. Â ÷èñòîì
He II ïðè äàâëåíèè íàñûùåííûõ ïàðîâ êîýôôè-

öèåíò � îòðèöàòåëåí ïðè 1,88 Ê < T < T� è ïîëîæè-
òåëåí ïðè T < 1,88 Ê. Ïðè T = T� = 1,88 Ê êîýôôè-
öèåíò � ìåíÿåò çíàê. Âñëåäñòâèå ýòîãî â îáëàñòè
òåìïåðàòóð âûøå T� âîçìîæíî îáðàçîâàíèå óäàðíî-
ãî ôðîíòà (òåìïåðàòóðíîãî ðàçðûâà) íà ñïàäå âîë-
íû íàãðåâà âòîðîãî çâóêà, ÷òî ÿâëÿåòñÿ ñïåöèôè÷å-
ñêèì ñâîéñòâîì âòîðîãî çâóêà [1].

Â íàñòîÿùåé ðàáîòå èçó÷åíî âëèÿíèå ïðèìåñåé
3He íà íåëèíåéíûå ñâîéñòâà âòîðîãî çâóêà â ñâåðõ-
òåêó÷åì Íå II. Èññëåäîâàíèÿ íåëèíåéíûõ âîëí âòî-
ðîãî çâóêà â ñâåðõòåêó÷èõ ñìåñÿõ èìåþò ñàìîñòîÿ-
òåëüíûé èíòåðåñ è, êðîìå òîãî, âàæíû â ñâåòå
èçó÷åíèÿ âçàèìîäåéñòâèÿ âîëí ïåðâîãî è âòîðîãî
çâóêà ìåæäó ñîáîé [4–6], ñâîéñòâ àêóñòè÷åñêîé òóð-
áóëåíòíîñòè â ñâåðõòåêó÷åì ãåëèè [7–9], à òàêæå èñ-
ñëåäîâàíèé íåëèíåéíûõ ÿâëåíèé â ñâåðõòåêó÷èõ
ñìåñÿõ âáëèçè òðèêðèòè÷åñêîé òî÷êè [10].

Âûðàæåíèå (1) äëÿ êîýôôèöèåíòà íåëèíåéíîñòè
âòîðîãî çâóêà � â ÷èñòîì Íå II íåïðèìåíèìî â ñëó-
÷àå ñâåðõòåêó÷èõ ñìåñåé, ïîñêîëüêó ñàìè óðàâíåíèÿ
ãèäðîäèíàìèêè äëÿ íèõ èçìåíÿþò ñâîé âèä [1]. Äëÿ
âû÷èñëåíèÿ êîýôôèöèåíòà íåëèíåéíîñòè âòîðîãî
çâóêà â ñìåñè óðàâíåíèÿ ãèäðîäèíàìèêè óäîáíî çà-
ïèñàòü â ãàìèëüòîíîâûõ ïåðåìåííûõ.Â íàñòîÿùåé
ñòàòüå ãàìèëüòîíîâ ôîðìàëèçì, ñôîðìóëèðîâàííûé
äëÿ ÷èñòîãî Íå II â ðàáîòàõ [5,11], îáîáùåí íà ñëó-
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÷àé ñâåðõòåêó÷èõ ñìåñåé. Ãàìèëüòîíîâ ïîäõîä óäî-
áåí äëÿ èññëåäîâàíèÿ ñâîéñòâ íåëèíåéíûõ âîëí òåì,
÷òî ïîçâîëÿåò ðàññ÷èòàòü åäèíûì îáðàçîì íå òîëüêî
êîýôôèöèåíòû íåëèíåéíîñòè ïåðâîãî è âòîðîãî çâó-
êà, íî è êîýôôèöèåíòû âçàèìíîãî ïðåâðàùåíèÿ.
Êðîìå òîãî, âñå ýòè âåëè÷èíû ìîãóò áûòü âû÷èñëå-
íû íåïîñðåäñòâåííî â òîì âèäå, â êîòîðîì îíè âõî-
äÿò â êèíåòè÷åñêèå óðàâíåíèÿ äëÿ âîëí, ïðèìåíÿå-
ìûå ïðè èçó÷åíèè àêóñòè÷åñêîé òóðáóëåíòíîñòè [7].

Íåëèíåéíûå óðàâíåíèÿ ãèäðîäèíàìèêè ñâåðõòå-
êó÷èõ ñìåñåé áåç ïðèâëå÷åíèÿ êàíîíè÷åñêîãî ôîð-
ìàëèçìà ïðîàíàëèçèðîâàíû ðàíåå â ðàáîòå [12].

2. Ãàìèëüòîíîâ ôîðìàëèçì â ãèäðîäèíàìèêå
ñâåðõòåêó÷èõ ñìåñåé

Èçâåñòíî [11], ÷òî óðàâíåíèÿ äâóõæèäêîñòíîé
ãèäðîäèíàìèêè ÷èñòîãî He II äîïóñêàþò ôîðìóëè-
ðîâêó íà ÿçûêå êàíîíè÷åñêèõ ïåðåìåííûõ. Â ýòîì
îïèñàíèè ðîëü ãàìèëüòîíèàíà èãðàåò ïîëíàÿ ýíåð-
ãèÿ æèäêîñòè â íåïîäâèæíîé ñèñòåìå îòñ÷åòà, à ïà-
ðàìè âçàèìíî ñîïðÿæåííûõ êàíîíè÷åñêèõ ïåðåìåí-
íûõ ÿâëÿþòñÿ (	,
), (�,S) è (�,f). Çäåñü 
 —
ïëîòíîñòü æèäêîñòè, S — ýíòðîïèÿ åäèíèöû îáúåìà
æèäêîñòè, 	 — ïîòåíöèàë ñâåðõòåêó÷åé ñêîðîñòè, �
— ôàçîâàÿ ïåðåìåííàÿ, ñîïðÿæåííàÿ ñ ýíòðîïèåé
S, è �, f — ïåðåìåííûå Êëåáøà [13], îïèñûâàþùèå
âèõðåâîå äâèæåíèå íîðìàëüíîé êîìïîíåíòû. Ïåðå-
õîä ê íîðìàëüíûì êîîðäèíàòàì — àìïëèòóäàì áå-
ãóùèõ âîëí ïåðâîãî è âòîðîãî çâóêîâ — îïèñàí ñî-
îòâåòñòâóþùèì êàíîíè÷åñêèì ïðåîáðàçîâàíèåì.
Àìïëèòóäà íåëèíåéíîãî âçàèìîäåéñòâèÿ âîëí âòî-
ðîãî çâóêà, ïðîïîðöèîíàëüíàÿ êîýôôèöèåíòó íåëè-
íåéíîñòè �, âû÷èñëåíà êàê êîýôôèöèåíò â ðàçëî-
æåíèè ãàìèëüòîíèàíà ïî ñòåïåíÿì íîðìàëüíûõ
êîîðäèíàò.

«Ðàñøèðåííûé» ôîðìàëèçì, ïðèãîäíûé äëÿ
îïèñàíèÿ ãèäðîäèíàìèêè ñâåðõòåêó÷èõ ñìåñåé,
âêëþ÷àåò â ñåáÿ äîïîëíèòåëüíûå ïåðåìåííûå —
êîíöåíòðàöèþ ïðèìåñè  è ñîïðÿæåííóþ åé ôàçî-
âóþ ïåðåìåííóþ �. Îñîáåííîñòü òàêîãî îïèñàíèÿ,
ïî ñðàâíåíèþ ñ òðàäèöèîííîé ôîðìóëèðîâêîé [11],
ñîñòîèò â òîì, ÷òî íàëè÷èå ïðèìåñè (è, ñîîòâåòñò-
âåííî, ïîÿâëåíèå äîïîëíèòåëüíîé ïàðû ïåðåìåí-
íûõ â óðàâíåíèÿõ ãèäðîäèíàìèêè) íå ïðèâîäèò ê
âîçíèêíîâåíèþ íîâîé àêóñòè÷åñêîé ìîäû, òàê êàê
àòîìû ïðèìåñè ó÷àñòâóþò òîëüêî â íîðìàëüíîì äâè-
æåíèè æèäêîñòè [1]. Ñëåäîâàòåëüíî, ïîòåíöèàë �
äîëæåí áûòü îïðåäåëåí òàê, ÷òîáû ñêîðîñòü äâèæå-
íèÿ ïðèìåñåé ñîâïàäàëà ñî ñêîðîñòüþ vn íîðìàëü-
íîé êîìïîíåíòû. Äàííîå óñëîâèå ïðåäñòàâëÿåò
ñîáîé äîïîëíèòåëüíóþ ñâÿçü, íàëîæåííóþ íà óðàâ-
íåíèÿ ãèäðîäèíàìèêè, ñôîðìóëèðîâàííûå â êàíî-
íè÷åñêèõ ïåðåìåííûõ. Òàêèì îáðàçîì, � íå ÿâëÿåò-
ñÿ íåçàâèñèìîé ïåðåìåííîé è, â ïðèíöèïå, ìîæåò

áûòü èñêëþ÷åíà èç êîíå÷íûõ óðàâíåíèé äâèæåíèÿ.
Îäíàêî â âû÷èñëåíèÿõ íàì áóäåò óäîáíåå ïîëüçî-
âàòüñÿ ðàñøèðåííûì íàáîðîì ïåðåìåííûõ, âêëþ-
÷àþùèì ïîòåíöèàë � â ÿâíîì âèäå. Àíàëîãè÷íàÿ ñè-
òóàöèÿ âîçíèêàåò, íàïðèìåð, ïðè îïèñàíèè íà ÿçûêå
êàíîíè÷åñêèõ ïåðåìåííûõ íåèçîýíòðîïè÷åñêîãî
äâèæåíèÿ íîðìàëüíîé æèäêîñòè [11]. Îòìåòèì, ÷òî
ãàìèëüòîíîâ ôîðìàëèçì äëÿ ñâåðõòåêó÷èõ ñìåñåé
ìîæåò áûòü ïîëó÷åí èñõîäÿ èç ëàãðàíæåâîé ôîðìó-
ëèðîâêè óðàâíåíèé ãèäðîäèíàìèêè ñìåñåé, àíàëî-
ãè÷íî òîìó, êàê ýòî áûëî ïðîäåëàíî â ðàáîòàõ
[11,14] äëÿ äâóõæèäêîñòíîé ãèäðîäèíàìèêè ÷èñòî-
ãî He II.

Ïåðåéäåì ê ôîðìóëèðîâêå êàíîíè÷åñêîãî ôîð-
ìàëèçìà â ãèäðîäèíàìèêå ñìåñåé. Â êà÷åñòâå ôóíê-
öèè Ãàìèëüòîíà ìîæåò áûòü âûáðàíà ïîëíàÿ ýíåð-
ãèÿ æèäêîñòè
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âûðàæåííàÿ ÷åðåç êàíîíè÷åñêèå ïåðåìåííûå. Çäåñü
E0 (
,S,,p) — ýíåðãèÿ åäèíèöû îáúåìà æèäêîñòè â
ñèñòåìå îòñ÷åòà, äâèæóùåéñÿ ñî ñêîðîñòüþ ñâåðõòå-
êó÷åé êîìïîíåíòû vs,  = 
c ïëîòíîñòü ïðèìåñè, c
— ìàññîâàÿ êîíöåíòðàöèÿ ïðèìåñè. Äëÿ ñâåðõòåêó-
÷åé ñêîðîñòè ñîõðàíÿåòñÿ îáû÷íîå îïðåäåëåíèå

v
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èìïóëüñ îòíîñèòåëüíîãî äâèæåíèÿ âûðàæàåòñÿ ÷å-
ðåç êàíîíè÷åñêèå ïåðåìåííûå ñëåäóþùèì îáðàçîì:

p = S�� + f�� + ��. (4)

Ýíåðãèÿ E0 ïîä÷èíÿåòñÿ èçâåñòíîìó òåðìîäèíàìè-
÷åñêîìó ñîîòíîøåíèþ
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 ( )v v p,

ãäå � — õèìè÷åñêèé ïîòåíöèàë ñìåñè, Z — òåðìî-
äèíàìè÷åñêàÿ ïåðåìåííàÿ, ñîïðÿæåííàÿ êîíöåíòðà-
öèè ïðèìåñåé. Èìïóëüñ åäèíèöû ìàññû æèäêîñòè,
âçÿòûé â íåïîäâèæíîé ñèñòåìå îòñ÷åòà, ðàâåí

j p� � �
 	 .

Êàíîíè÷åñêèå óðàâíåíèÿ äëÿ ïàð âçàèìíî ñîïðÿ-
æåííûõ ïåðåìåííûõ èìåþò ñòàíäàðòíûé âèä (òî÷-
êîé îáîçíà÷åíà ïðîèçâîäíàÿ ïî âðåìåíè)
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Èç óðàâíåíèé (5) ñ ôóíêöèåé Ãàìèëüòîíà (2)
ñëåäóþò óðàâíåíèÿ äâèæåíèÿ æèäêîñòè â òåðìèíàõ
êàíîíè÷åñêèõ ïåðåìåííûõ
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Óðàâíåíèÿ (6), (8) è (12) ïðåäñòàâëÿþò ñîáîé
óðàâíåíèÿ íåïðåðûâíîñòè äëÿ ïëîòíîñòè æèäêîñòè,
ýíòðîïèè è êîíöåíòðàöèè ïðèìåñè. Óðàâíåíèå (7) c
ó÷åòîì îïðåäåëåíèÿ (3) ñîâïàäàåò ñ óðàâíåíèåì
ñâåðõòåêó÷åãî äâèæåíèÿ äëÿ ñìåñåé [1]. Èç îïðåäå-
ëåíèÿ (4) è óðàâíåíèé (7)–(13) ñëåäóåò èçâåñòíîå
óðàâíåíèå îòíîñèòåëüíîãî äâèæåíèÿ íîðìàëüíîé
êîìïîíåíòû.

Òàêèì îáðàçîì, ñèñòåìà êàíîíè÷åñêèõ óðàâíåíèé
(5) ñ ôóíêöèåé Ãàìèëüòîíà (2) ýêâèâàëåíòíà ïîë-
íîé ñèñòåìå óðàâíåíèé ãèäðîäèíàìèêè ñâåðõòåêó-
÷åé ñìåñè.

3. Íîðìàëüíûå êîîðäèíàòû

Äëÿ îïèñàíèÿ ýâîëþöèè ôîðìû âîëíû óäîáíî
ïåðåéòè ê íîâûì ïåðåìåííûì — íîðìàëüíûì êî-
îðäèíàòàì ëèíåàðèçîâàííîé ñèñòåìû óðàâíåíèé
(6)–(13), ò.å. ê òàêèì ïåðåìåííûì, â êîòîðûõ áåãó-
ùèå âîëíû íå âçàèìîäåéñòâóþò â ëèíåéíîì ïðèá-
ëèæåíèè [5,15]. Â ðàññìàòðèâàåìîé çàäà÷å ðîëü
íîðìàëüíûõ êîîðäèíàò èãðàþò àìïëèòóäû âîëí
ïåðâîãî è âòîðîãî çâóêîâ.

Íèæå íàì ïîíàäîáèòñÿ ÿâíûé âèä ïðåîáðàçî-
âàíèÿ ê íîðìàëüíûì êîîðäèíàòàì. Òî÷íîå âûðàæå-
íèå äëÿ ïðåîáðàçîâàíèÿ âåñüìà ãðîìîçäêî, ïîýòîìó
âûïèøåì åãî ïðèáëèæåííî, ïðåíåáðåãàÿ âåëè÷èíà-
ìè ïîðÿäêà u u2

2
1
2 (ãäå u1 — ñêîðîñòü ïåðâîãî çâó-

êà), à òàêæå âåëè÷èíàìè, ïðîïîðöèîíàëüíûìè
êîýôôèöèåíòó òåïëîâîãî ðàñøèðåíèÿ æèäêîñòè
� 
 �
 �� – ( )1 T , êîòîðûå ïðåäïîëàãàþòñÿ ìàëûìè.
Êðîìå òîãî, â íàñòîÿùåé ðàáîòå îãðàíè÷èìñÿ âû÷èñ-
ëåíèåì êîýôôèöèåíòà íåëèíåéíîñòè âòîðîãî çâóêà.
Ïîýòîìó îïóñòèì ñëàãàåìûå, ñîäåðæàùèå â êà÷åñòâå
ñîìíîæèòåëÿ àìïëèòóäó âîëíû ïåðâîãî çâóêà.

Òàêèì îáðàçîì, ïðèâåäåííûå íèæå âûðàæåíèÿ
äëÿ ïðåîáðàçîâàíèÿ ê íîðìàëüíûì êîîðäèíàòàì
âåðíû ïðè òåìïåðàòóðàõ, íå ñëèøêîì áëèçêèõ ê

òåìïåðàòóðå ñâåðõòåêó÷åãî ïåðåõîäà T�. Âáëèçè T�
êîýôôèöèåíò òåïëîâîãî ðàñøèðåíèÿ æèäêîñòè � íå-
îãðàíè÷åííî âîçðàñòàåò ïî àáñîëþòíîé âåëè÷èíå,
òàê ÷òî ïðèáëèæåííûå ôîðìóëû (14) ñòàíîâÿòñÿ
íåïðèìåíèìûìè. Ïðè âû÷èñëåíèè êîýôôèöèåíòà
íåëèíåéíîñòè âòîðîãî çâóêà � âáëèçè T� ñëåäóåò
âîñïîëüçîâàòüñÿ ôîðìóëàìè äëÿ ïåðåõîäà ê íîð-
ìàëüíûì êîîðäèíàòàì, â êîòîðûõ êîýôôèöèåíò �
ó÷òåí òî÷íî.

Áóäåì ñ÷èòàòü òàêæå, ÷òî âîëíû ðàñïðîñòðàíÿþò-
ñÿ â íåïîäâèæíîé æèäêîñòè. Òîãäà ïåðåìåííûå
Êëåáøà f è � ìîãóò áûòü ïîëîæåíû ðàâíûìè íóëþ.

Äëÿ ôóðüå-êîìïîíåíò îòêëîíåíèé êàíîíè÷åñêèõ
ïåðåìåííûõ îò ðàâíîâåñíûõ çíà÷åíèé â ïðèíÿòîì
ïðèáëèæåíèè äàííîå ïðåîáðàçîâàíèå èìååò ñëåäóþ-
ùèé âèä:
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Çäåñü � � �� � � �c c( ), bk — íîðìèðîâàííàÿ àìïëè-
òóäà âîëíû âòîðîãî çâóêà ñ âîëíîâûì âåêòîðîì k,
� = u20k — ÷àñòîòà âîëíû âòîðîãî çâóêà. Ñêîðîñòü
âòîðîãî çâóêà â ðàñòâîðå îïðåäåëÿåòñÿ èçâåñòíûì
ñîîòíîøåíèåì [1]:
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Íîðìèðîâî÷íûé ìíîæèòåëü

Íåëèíåéíûå âîëíû âòîðîãî çâóêà â ñâåðõòåêó÷èõ ñìåñÿõ 4Íå–3He
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(15)

âûáðàí òàêèì îáðàçîì, ÷òîáû êàíîíè÷åñêèå óðàâíå-
íèÿ, çàïèñàííûå â íîðìàëüíûõ êîîðäèíàòàõ bk,
ïðèíèìàëè ñëåäóþùèé âèä:

�

*
b i

H

b
k

k

� �
�

�
. (16)

Íîðìèðîâî÷íûé îáúåì âûáðàí ðàâíûì åäèíèöå.
Ôóíêöèÿ Ãàìèëüòîíà, çàïèñàííàÿ â êâàäðàòè÷íîì
ïî àìïëèòóäàì bk ïðèáëèæåíèè, ïðèíèìàåò ñòàí-
äàðòíóþ äèàãîíàëüíóþ ôîðìó

H b( ) | |2 2� !�k
k

k . (17)

4. Âçàèìîäåéñòâèå âîëí âòîðîãî çâóêà

Ïðè âû÷èñëåíèè êîýôôèöèåíòà íåëèíåéíîãî
âçàèìîäåéñòâèÿ âîëí âòîðîãî çâóêà áóäåì ñëåäîâàòü
îáùåìó ìåòîäó êàíîíè÷åñêèõ ïåðåìåíííûõ [5,15].
Ôóíêöèÿ Ãàìèëüòîíà (2) ðàçëàãàåòñÿ â ðÿä ïî ñòå-
ïåíÿì íîðìàëüíûõ êîîðäèíàò bk, H = H(2) + H(3) +
� ". Cëàãàåìûå íóëåâîãî è ïåðâîãî ïîðÿäêà ìîãóò
áûòü èñêëþ÷åíû. Êâàäðàòè÷íàÿ ÷àñòü H(2) äàåòñÿ
ðàâåíñòâîì (17) è ñîîòâåòñòâóåò ðàñïðîñòðàíåíèþ
ëèíåéíûõ âîëí âòîðîãî çâóêà â îáúåìå æèäêîñòè.
Ñëàãàåìîå, ïðîïîðöèîíàëüíîå òðåòüåé ñòåïåíè àì-
ïëèòóä bk, îïèñûâàåò íåëèíåéíîå âçàèìîäåéñòâèå
âîëí âòîðîãî çâóêà — ðàñïàä âîëíû ñ âîëíîâûì
âåêòîðîì k íà äâå âîëíû ñ âîëíîâûìè âåêòîðàìè k1
è k2 è îáðàòíûé åìó ïðîöåññ ñëèÿíèÿ äâóõ âîëí â
îäíó

H b b b( )
– –,

,

*3
1 2

1 2

1 2 1 2
� �!Vk,k k

k,k k
k k k k k k� c. c., (18)

ãäå c.c. — âûðàæåíèå, êîìïëåêñíî ñîïðÿæåííîå
ïåðâîìó ñëàãàåìîìó â ïðàâîé ÷àñòè óðàâíåíèÿ.

Èíâàðèàíòíîé âåëè÷èíîé â òåîðèè ÿâëÿåòñÿ àì-
ïëèòóäà òðåõâîëíîâîãî âçàèìîäåéñòâèÿ Vk,k k1 2,

,
âçÿòàÿ íà ðåçîíàíñíîé ïîâåðõíîñòè

k k k– –1 2 0� , � � �� � �1 2 0. (19)

Èìåííî îíà âû÷èñëåíà íèæå.
Ñîãëàñíî óðàâíåíèþ (18), àìïëèòóäà âçàèìîäåé-

ñòâèÿ âîëí âòîðîãî çâóêà Vk,k k1 2,
ïðåäñòàâëÿåò ñî-

áîé âåëè÷èíó, ñòîÿùóþ ïðè ïðîèçâåäåíèè òðåõ íîð-
ìàëüíûõ êîîðäèíàò bk â êóáè÷íîé ÷àñòè H(3)

ôóíêöèè Ãàìèëüòîíà. Â îáùåì ñëó÷àå ïðîèçâîëü-
íîé êîíöåíòðàöèè ñìåñè ðàñ÷åò ïðèâîäèò ê âåñüìà
ãðîìîçäêîìó âûðàæåíèþ äëÿ àìïëèòóäû âçàèìî-
äåéñòâèÿ. Äëÿ ñëàáîãî ðàñòâîðà (c << 1) âûðà-

æåíèå, âåðíîå ñ òî÷íîñòüþ äî âåëè÷èí ïåðâîãî
ïîðÿäêà ïî êîíöåíòðàöèè ïðèìåñè c, èìååò âèä
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(
)
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*%
'
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( )

kk k

u

1 2
1 2

20
3 2 22 
+

.

(20)

Â âûðàæåíèè (20) ïåðåøëè ê íîâûì íåçàâèñèìûì
òåðìîäèíàìè÷åñêèì ïåðåìåííûì — äàâëåíèþ p,
òåìïåðàòóðå T è ìàññîâîé êîíöåíòðàöèè c.

Èñêîìûé êîýôôèöèåíò íåëèíåéíîñòè âòîðîãî
çâóêà � ïðîïîðöèîíàëåí àìïëèòóäå òðåõâîëíîâîãî
âçàèìîäåéñòâèÿ Vk,k ,k1 2

. Ìîæíî ïîêàçàòü, ÷òî ýòè
äâå âåëè÷èíû ñâÿçàíû ñëåäóþùèì ñîîòíîøåíèåì:

V
u k k k

T n s

k,k k1 2 3 2
20
1 2

1 2
1 2

,

( , , )

( ) [ ( ln ln
�

�

� �

�� � 
 
 
 � 
 � c) ]2
.

(21)

Ðàñ÷åò çàâèñèìîñòè êîýôôèöèåíòà � îò òåìïåðà-
òóðû ïî ôîðìóëàì (20), (21) äëÿ ðàñòâîðà ñ ìîëÿð-
íîé êîíöåíòðàöèåé 3He x = 10% ïðè äàâëåíèè íàñû-
ùåííûõ ïàðîâ ïîêàçûâàåò, ÷òî òåìïåðàòóðà T�, ïðè
êîòîðîé êîýôôèöèåíò íåëèíåéíîñòè ìåíÿåò çíàê ñ
îòðèöàòåëüíîãî íà ïîëîæèòåëüíûé, ïîíèæàåòñÿ äî
1,7 Ê. Òàêèì îáðàçîì, äîáàâëåíèå 10% 3Íå â Íå II
àíàëîãè÷åí, ñ òî÷êè çðåíèÿ èçìåíåíèÿ íåëèíåéíûõ
ñâîéñòâ âòîðîãî çâóêà, ïîâûøåíèþ äàâëåíèÿ â æèä-
êîñòè äî Ð � 10 àòì [16]. Ïðè ðàñ÷åòàõ èñïîëüçîâà-
ëè äàííûå èç [17]. Çàâèñèìîñòü êîýôôèöèåíòà
íåëèíåéíîñòè âòîðîãî çâóêà îò òåìïåðàòóðû, êîí-
öåíòðàöèè è äàâëåíèÿ â æèäêîñòè äëÿ êîíöåíòðè-
ðîâàííûõ ðàñòâîðîâ òðåáóåò äîïîëíèòåëüíîãî èçó-
÷åíèÿ.

Ðàçâèòûé ïîäõîä ïîçâîëÿåò âû÷èñëèòü íàðÿäó ñ
êîýôôèöèåíòàìè íåëèíåéíîñòè çâóêîâ òàêæå è êî-
ýôôèöèåíòû âçàèìîäåéñòâèÿ âîëí ïåðâîãî è âòîðî-
ãî çâóêîâ â ñìåñÿõ, ñîîòâåòñòâóþùèå ðàñïàäó âîëíû
ïåðâîãî çâóêà íà äâå âîëíû âòîðîãî çâóêà è ÷åðåí-
êîâñêîìó èçëó÷åíèþ âòîðîãî çâóêà âîëíîé ïåðâîãî
çâóêà. Ýòè âåëè÷èíû ïðîïîðöèîíàëüíû êîýôôèöè-

670 Ôèçèêà íèçêèõ òåìïåðàòóð, 2003, ò. 29, ¹ 6

Ã.Â. Êîëìàêîâ



åíòàì ïðè ïåðåêðåñòíîì ïðîèçâåäåíèè êàíîíè÷åñ-
êèõ àìïëèòóä ïåðâîãî è âòîðîãî çâóêîâ â ôóíêöèè
Ãàìèëüòîíà H(3).

5. Çàêëþ÷åíèå

Óðàâíåíèÿ ãèäðîäèíàìèêè ñâåðõòåêó÷èõ ñìåñåé
4He—3He äîïóñêàþò ãàìèëüòîíîâó ôîðìóëèðîâêó,
ïðåäñòàâëÿþùóþ ñîáîé îáîáùåíèå èçâåñòíîãî êàíî-
íè÷åñêîãî ôîðìàëèçìà [11] äëÿ ÷èñòîãî He II. Ïðè-
ìåíåíèå ãàìèëüòîíîâà ïîäõîäà äëÿ àíàëèçà íåëè-
íåéíûõ ñâîéñòâ âòîðîãî çâóêà â ñâåðõòåêó÷åì 4He ñ
ïðèìåñüþ 3He ïîçâîëèëî âû÷èñëèòü àìïëèòóäó
âçàèìîäåéñòâèÿ âîëí âòîðîãî çâóêà, ïðîïîðöèî-
íàëüíóþ êîýôôèöèåíòó íåëèíåéíîñòè âòîðîãî çâó-
êà. Äëÿ ñëàáûõ ðàñòâîðîâ ñóùåñòâóåò äîñòàòî÷íî
øèðîêèé èíòåðâàë òåìïåðàòóð íèæå T�, â êîòîðîì
êîýôôèöèåíò íåëèíåéíîñòè âòîðîãî çâóêà â ñâåðõ-
òåêó÷åé ñìåñè îòðèöàòåëåí, è òåìïåðàòóðíûé ðàç-
ðûâ ôîðìèðóåòñÿ íà ñïàäå óäàðíîé âîëíû íàãðåâà
âòîðîãî çâóêà.
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Second-sound nonlinear waves in
superfluid 4He—3He mixtures

G.V. Kolmakov

The Hamiltonian formalism in two-fluid
hydrodynamics is generalized to superfluid
4He—3He mixtures. It is used to calculate the
coefficient of three-wave interaction and the
nonlinearity coefficient of second sound in He II
admixed with 3He. It is shown that the tempera-
ture which results in a negative-positive sign
change for the second-sound nonlinearity factor
decreases from 1.88 to 1.7 K as 10% of 3He are
introduced in superfluid 4He. Thus, for dilute
4He—3He solutions these exists a rather wide
temperature range below the temperature of su-
perfluid transition T� where the second-sound
nonlinearity coefficient is negative and the shock
front is formed at the back side of nonlinear
second sound wave of heating.

Íåëèíåéíûå âîëíû âòîðîãî çâóêà â ñâåðõòåêó÷èõ ñìåñÿõ 4Íå–3He
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