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Èññëåäîâàíû ðåøåíèÿ ìîäåðíèçèðîâàííîãî (ñ ó÷åòîì âûñøåé äèñïåðñèè) ñèíóñîèäàëü-
íîãî óðàâíåíèÿ Ãîðäîíà â âèäå äâîéíîãî ñîëèòîíà (4�-êèíêà) è ïàðû ïðîñòðàíñòâåííî ðàç-
äåëåííûõ ñâÿçàííûõ êèíêîâ. Ñôîðìóëèðîâàíî àíàëèòè÷åñêîå óñëîâèå îòñóòñòâèÿ èçëó÷å-
íèÿ ñîëèòîíà íà áîëüøèõ ðàññòîÿíèÿõ îò íåãî. Ïîäòâåðæäåí ïîëó÷åííûé ðàíåå ðåçóëüòàò
î íàëè÷èè äèñêðåòíîãî íàáîðà áåçûçëó÷àòåëüíûõ ñîñòàâíûõ ñîëèòîíîâ. Ôèçè÷åñêèé
ñìûñë ýòîãî ðåçóëüòàòà ñîñòîèò â òîì, ÷òî ïðè îïðåäåëåííûõ ðàññòîÿíèÿõ ìåæäó êèíêàìè
ïîðîæäàåìîå èçëó÷åíèå îò îäíîãî èç êèíêîâ ïîëíîñòüþ ãàñèò âíå ñîëèòîíà ïîëå äðóãîãî
êèíêà â ðåçóëüòàòå îáû÷íîé èíòåðôåðåíöèè íàõîäÿùèõñÿ â ïðîòèâîôàçå âîëí.

Äîñë³äæåíî ð³øåííÿ ìîäåðí³çîâàíîãî (ç óðàõóâàííÿì âèùî¿ äèñïåðñ³¿) ñèíóñî¿-
äàëüíîãî ð³âíÿííÿ Ãîðäîíà ó âèãëÿä³ ïîäâ³éíîãî ñîë³òîíà (4�-ê³íêà) ³ ïàðè ïðîñòîðîâî
ðîçïîä³ëåíèõ çâ’ÿçàíèõ ê³íê³â. Ñôîðìóëüîâàíî àíàë³òè÷íó óìîâó â³äñóòíîñò³ âèïðîì³íþ-
âàííÿ ñîë³òîíà íà âåëèêèõ â³äñòàíÿõ â³ä íüîãî. Ï³äòâåðäæåíî îòðèìàíèé ðàí³øå ðåçóëüòàò
ïðî íàÿâí³ñòü äèñêðåòíîãî íàáîðó ñêëàäíèõ ñîë³òîí³â, ùî íå âèïðîì³íþþòü. Ô³çè÷íèé
ñåíñ öüîãî ðåçóëüòàòó ïîëÿãàº â òîìó, ùî çà ïåâíèìè â³äñòàíÿìè ì³æ ê³íêàìè ïîðîäæóâàíå
âèïðîì³íþâàííÿ â³ä îäíîãî ç ê³íê³â ïîâí³ñòþ ãàñèòü ïîçà ñîë³òîíà ïîëå ³íøîãî ê³íêà ÿê ðå-
çóëüòàò çâè÷àéíî¿ ³íòåðôåðåíö³¿ õâèëü, ùî çíàõîäÿòüñÿ ó ïðîòèôàç³.

PACS: 05.45.–a

1. Îäíèì èç îñíîâíûõ óðàâíåíèé, îïèñûâàþ-
ùèõ íåëèíåéíóþ äèíàìèêó 1D ñèñòåì, ÿâëÿåòñÿ
ñèíóñîèäàëüíîå óðàâíåíèå Ãîðäîíà (ÑÃ). Îíî
èñïîëüçóåòñÿ ïðè àíàëèçå íåëèíåéíûõ âîçáóæäå-
íèé â êâàçèîäíîìåðíûõ ôåððîìàãíåòèêàõ, àíòè-
ôåððîìàãíåòèêàõ [1] è öåïî÷êàõ äæîçåôñîíîâ-
ñêèõ ïåðåõîäîâ [2]. Íàñ áóäóò èíòåðåñîâàòü
ñîëèòîííûå ðåøåíèÿ íåñêîëüêî ìîäèôèöèðîâàí-
íîãî óðàâíåíèÿ ÑÃ, ñîäåðæàùåãî âûñøóþ äèñ-
ïåðñèþ:
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u� sin , � � 0. (1)

Óðàâíåíèå (1) ëþáîïûòíî òåì, ÷òî â îòëè÷èå
îò îáû÷íîãî óðàâíåíèÿ ÑÃ, ãäå ñðåäè íåëèíåéíûõ
ýëåìåíòàðíûõ âîçáóæäåíèé ïðèñóòñòâóåò íàáîð
äâèæóùèõñÿ 2��êèíêîâ, îíî èìååò òî÷íîå ðåøå-

íèå â âèäå 4��êèíêà, äâèæóùåãîñÿ ñ âïîëíå îïðå-
äåëåííîé ñêîðîñòüþ

V0 1
4
3

� � � � . (2)

Ýòî ðåøåíèå âïåðâûå ïîëó÷åíî â [3] è ñîãëàñóåò-
ñÿ ñ ÷èñëåííûìè ðåçóëüòàòàìè ðàáîò [4,5]. Îäíà-
êî â ðàáîòå [5], êðîìå ñîëèòîíà, äâèæóùåãîñÿ ñî
ñêîðîñòüþ (2), ÷èñëåííî áûë ïîëó÷åí ñïåêòð ïî-
õîæèõ ñîëèòîíîâ ñ îïðåäåëåííûì äèñêðåòíûì
íàáîðîì ñêîðîñòåé. Â [6] áûë ðàçðàáîòàí àíàëè-
òè÷åñêèé ìåòîä òåîðèè âîçìóùåíèé, ïîçâîëèâ-
øèé ïîêàçàòü, ÷òî ñîëèòîíû óðàâíåíèÿ (1) ìîæ-
íî ðàññìàòðèâàòü êàê ñâÿçàííûå ñîñòîÿíèÿ ïàðû
2��êèíêîâ óðàâíåíèÿ ÑÃ.
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Íåîáû÷íîñòü äèíàìè÷åñêèõ ñîëèòîíîâ óðàâíå-
íèÿ (1) çàêëþ÷àåòñÿ â òîì, ÷òî, áóäó÷è ïðîñòðàí-
ñòâåííî ëîêàëèçîâàííûìè âîçáóæäåíèÿìè 1D
ñèñòåìû, îíè îáëàäàþò ÷àñòîòíûìè õàðàêòåðè-
ñòèêàìè, ïîïàäàþùèìè â ñïëîøíîé ñïåêòð ýëå-
ìåíòàðíûõ âîçáóæäåíèé ëèíåàðèçîâàííîãî óðàâ-
íåíèÿ. Ñ÷èòàåòñÿ, ÷òî â ïîäîáíûõ ñèòóàöèÿõ
ëîêàëèçîâàííîå âîçáóæäåíèå íåâîçìîæíî, ïî-
ñêîëüêó åãî ïðèñóòñòâèå â íåëèíåéíîé ñðåäå ïî-
ðîæäàåò èçëó÷åíèå âîëí ìàëûõ (ãàðìîíè÷åñêèõ)
êîëåáàíèé èçó÷àåìîé ñèñòåìû. Îäíàêî â ðàáîòå
[7] áûëî ïîêàçàíî, ÷òî òàêîé ñòðîãèé çàïðåò
ñïðàâåäëèâ òîëüêî â òîì ñëó÷àå, êîãäà ëèíåàðè-
çîâàííîå óðàâíåíèå ÿâëÿåòñÿ óðàâíåíèåì âòîðîãî
ïîðÿäêà îòíîñèòåëüíî ïðîñòðàíñòâåííûõ ïðîèç-
âîäíûõ (âîëíîâîå óðàâíåíèå èëè óðàâíåíèå
Øðåäèíãåðà). Åñëè æå â ëèíåàðèçîâàííîì óðàâ-
íåíèè ïðèñóòñòâóþò ïðîñòðàíñòâåííûå ïðîèçâîä-
íûå áîëåå âûñîêîãî ïîðÿäêà (ó÷òåíà âûñøàÿ äèñ-
ïåðñèÿ), òî ñèòóàöèÿ ìåíÿåòñÿ. Â ðàáîòå [7]
ñôîðìóëèðîâàíû ôèçè÷åñêèå óñëîâèÿ ñóùåñòâî-
âàíèÿ ëîêàëèçîâàííûõ íåëèíåéíûõ âîçáóæäåíèé
ñ ÷àñòîòàìè, ïîïàäàþùèìè â ñïëîøíîé ñïåêòð, è
óêàçàíà ñâÿçü ýòèõ óñëîâèé ñ âèäîì ëèíåàðèçî-
âàííîãî óðàâíåíèÿ. Ëåãêî ïîíÿòü êà÷åñòâåííóþ
ïðè÷èíó âîçíèêíîâåíèÿ ïîäîáíûõ óñëîâèé.

Ðàññìîòðèì äëÿ ïðîñòîòû óðàâíåíèå òèïà íå-
ëèíåéíîãî óðàâíåíèÿ Øðåäèíãåðà
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ãäå 	 	g g� � � 0, à F u( ) — íåêîòîðàÿ íåëèíåéíàÿ
ôóíêöèÿ, äëÿ êîòîðîé F( )0 0� . Ëèíåàðèçîâàííîå
óðàâíåíèå èìååò ñîáñòâåííûå ðåøåíèÿ âèäà


( , ) exp( )x t ikx i t� � � , (4)

îòâå÷àþùèå çàêîíó äèñïåðñèè

	 	� � �k gk2 4, (5)

âñå ÷àñòîòû êîòîðîãî ïîëîæèòåëüíû (� � 0).
Ïðåäïîëîæèì, ÷òî óðàâíåíèå (3) îáëàäàåò ñîëè-

òîííûì ðåøåíèåì 
s s
i tf x� �( ) e � , ãäå f xs ( ) � 0

ïðè x  ��. Ïðè êàêèõ ÷àñòîòàõ ýòî âîçìîæíî?
Óáûâàíèå àìïëèòóäû f xs ( ) íà áåñêîíå÷íîñòè

îçíà÷àåò, ÷òî íà äîñòàòî÷íî áîëüøèõ ðàññòîÿíèÿõ
îíà áóäåò îïèñûâàòüñÿ ëèíåàðèçîâàííûì óðàâíå-
íèåì, è åå âèä áóäåò ñîîòâåòñòâîâàòü ñîáñòâåííûì
ðåøåíèÿì ñ çàêîíîì äèñïåðñèè (5). Åñëè g � 0, òî
èç (5) ñëåäóåò, ÷òî ôèêñèðîâàííîé ÷àñòîòå � îò-
âå÷àåò åäèíñòâåííàÿ ïàðà çíà÷åíèé k � � �. Ñëå-
äîâàòåëüíî, ïðè � > 0 íà áåñêîíå÷íîñòè áóäóò ñó-
ùåñòâîâàòü âîëíû (4) íå íóëåâîé àìïëèòóäû
(ëîêàëèçîâàííîå ïðè êîíå÷íûõ x âîçìóùåíèå ñ

÷àñòîòîé � íåèçáåæíî ïîðîæäàåò èçëó÷åíèå ñ
ýòîé ÷àñòîòîé). Îäíàêî ïðè � � 0 èìååì 	 	k i� � � ,

ïîýòîìó íà áåñêîíå÷íîñòè ðåøåíèå âåäåò ñåáÿ

ñëåäóþùèì îáðàçîì: 	 	f xs
x( ) | |� �e � . Çíà÷èò, äè-

íàìè÷åñêèå ëîêàëèçîâàííûå â ïðîñòðàíñòâå ñîëè-
òîíû âîçìîæíû òîëüêî â òîì ñëó÷àå, åñëè èõ ÷àñ-
òîòû íàõîäÿòñÿ âíå ñïëîøíîãî ñïåêòðà çàêîíà
äèñïåðñèè � � k2. Àíàëîãè÷íûå óñëîâèÿ ñóùåñò-
âîâàíèÿ äèíàìè÷åñêèõ ìàãíèòíûõ ñîëèòîíîâ óðàâ-
íåíèÿ Ëàíäàó–Ëèôøèöà îáñóæäåíû â ïóáëèêà-
öèÿõ [8].

Åñëè g � 0, òî ñèòóàöèÿ êàðäèíàëüíî ìåíÿåòñÿ.
Òåïåðü ôèêñèðîâàííîé ïîëîæèòåëüíîé ÷àñòîòå �

îòâå÷àþò äâå ïàðû çíà÷åíèé: ïàðà âåùåñòâåííûõ k
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1 4 1� � �( )� (6)

è ïàðà ÷èñòî ìíèìûõ k i� �

	 	
	 	� �2 1

2
1 4 1� � �

g
g( ). (7)

Ýòî îçíà÷àåò, ÷òî íà áîëüøèõ ðàññòîÿíèÿõ îò
öåíòðà ñîëèòîíà (ãäå óðàâíåíèå ëèíåéíî) îäíî-
âðåìåííî ìîæåò ñóùåñòâîâàòü êàê ñïàäàþùåå ñ
ðîñòîì êîîðäèíàòû ðåøåíèå (çà íåãî îòâåòñòâåí
ïàðàìåòð (7)), òàê è ðàñïðîñòðàíÿþùååñÿ â âèäå
âîëíû ðåøåíèå ñ âîëíîâûì âåêòîðîì (6). Åñëè
ïåðâîå îòâå÷àåò ëîêàëèçîâàííîé (ñîëèòîííîé)
÷àñòè âîçìóùåíèÿ, òî âòîðîå îáóñëîâëåíî èçëó÷å-
íèåì äèíàìè÷åñêîãî ñîëèòîíà. Âîîáùå ãîâîðÿ,
èçëó÷åíèå ñóùåñòâóåò ïðè íàëè÷èè ëþáîãî äèíà-
ìè÷åñêîãî ëîêàëèçîâàííîãî âîçìóùåíèÿ â òàêîé
ñèñòåìå. Íî â [7] ïîêàçàíî, ÷òî èçëó÷åíèå îòñóò-
ñòâóåò ïðè òàêèõ k k� ( )� , êîãäà ïðîñòðàíñòâåí-
íàÿ êîìïîíåíòà Ôóðüå ïîñëåäíåãî ñëàãàåìîãî â
(3), îáóñëîâëåííîãî ñîëèòîííûì ðåøåíèåì, îáðà-
ùàåòñÿ â íóëü:

e ikx
s sF f x f x dx(| ( )| ) ( )2 0�� . (8)

ßñíî, ÷òî âîçìîæåí òîëüêî äèñêðåòíûé íàáîð
÷àñòîò (è âîëíîâûõ ÷èñåë), ïðè êîòîðûõ óñëîâèå
(8) ìîæåò âûïîëíÿòüñÿ. Îêàçûâàåòñÿ, ÷òî âûÿñ-
íåíèå âîçìîæíîñòè òàêîé ñèòóàöèè ñâÿçàíî ñ èçó-
÷åíèåì ñâîéñòâ ëèíåàðèçîâàííîé ñèñòåìû è åå
âîëíîâûõ ðåøåíèé. Â ÷àñòíîñòè, â òîì ñëó÷àå,
êîãäà ñëîæíîå ñîëèòîííîå ðåøåíèå àíàëîãè÷íî
ñâÿçàííîìó ñîñòîÿíèþ äâóõ äâèæóùèõñÿ ïðî-
ñòûõ ñîëèòîíîâ (â íàøåì ñëó÷àå êèíêîâ), áûëî
ñäåëàíî ëþáîïûòíîå íàáëþäåíèå [9,10]. Èçëó÷å-
íèå òàêîãî ñîëèòîíà îòñóòñòâóåò, åñëè ìåæäó äâó-
ìÿ åãî «ïàðòíåðàìè» óêëàäûâàåòñÿ íå÷åòíîå ÷èñ-
ëî ïîëóâîëí ïîëÿ èçëó÷åíèÿ ëèíåàðèçîâàííîãî
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óðàâíåíèÿ. Ñìûñë ýòîãî óñëîâèÿ ôèçè÷åñêè
ïðîñò: ëèíåéíûå âîëíû, èçëó÷åííûå êàæäûì èç
«ïàðòíåðîâ», ïðè òàêîì óñëîâèè ãàñÿò äðóã äðóãà
çà ïðåäåëàìè ñîëèòîíà â ðåçóëüòàòå èíòåðôå-
ðåíöèè.

Ïîäòâåðäèì âûñêàçàííûå âûøå óòâåðæäåíèÿ è
ïðåäïîëîæåíèÿ íà ïðèìåðå àíàëèçà óñëîâèé ñó-
ùåñòâîâàíèÿ áåçûçëó÷àòåëüíûõ ñîëèòîíîâ óðàâ-
íåíèÿ (1).

2. Îñíîâûâàÿñü íà ðåçóëüòàòàõ ðàáîòû [3],
èùåì ñîëèòîííîå ðåøåíèå óðàâíåíèÿ (1) ïðè
� � 0 â áåçûçëó÷àòåëüíîì âèäå:

u x Vt u x Vts s( ) ( )� � �2 0 . (9)

Çäåñü u xs
0( ) — êèíê-ðåøåíèå îáû÷íîãî óðàâíå-

íèÿ ÑÃ (â ôîðìóëå (1) ñëåäóåò ïîëîæèòü � � 0):

u x x ls
0 4( ) exp ( )� �arctg , (10)

ãäå ñêîðîñòü ñîëèòîíà V óäîâëåòâîðÿåò óñëîâèþ
V � 1.

×òîáû ïîíÿòü ôèçè÷åñêèé ñìûñë âîçíèêàþùèõ
ïðè òàêîì âûáîðå ðåøåíèÿ ïðîáëåì, èçîáðàçèì ãðà-
ôèê çàêîíà äèñïåðñèè (ñì. ðèñ. 1) ëèíåàðèçîâàí-
íîãî óðàâíåíèÿ (1), à èìåííî ñîîòíîøåíèÿ

� �� � � �1 2 4k k , (11)

è ïðåäñòàâèì (9) â âèäå ïàêåòà ëèíåéíûõ âîëí
(«ôîíîíîâ»):

u x Vt C ks
ik x Vt

k

( ) ( ) ,( )� � �� e (12)

ãäå C k( ) — êîìïîíåíòû Ôóðüå èçó÷àåìîé ôóíê-
öèè.

Âèäíî, ÷òî ýòîò ïàêåò îáðàçîâàí «ôîíîíàìè» ñ
çàêîíîì äèñïåðñèè

� � kV, (13)

ãðàôèê êîòîðîãî ïåðåñåêàåò ãðàôèê çàêîíà äèñ-
ïåðñèè (11) â òî÷êå ñ âîëíîâûì ÷èñëîì k0.

Íàëè÷èå òàêîãî ïåðåñå÷åíèÿ îçíà÷àåò, ÷òî
âçàèìîäåéñòâèå ñîëèòîíà ñî ñïåêòðîì ãàðìîíè÷å-
ñêèõ êîëåáàíèé, îïèñûâàåìûõ ëèíåàðèçîâàííûì
óðàâíåíèåì (1), âûçîâåò èçëó÷åíèå âîëí ñ âîë-
íîâûì ÷èñëîì k0, ò.å. áóäåò ïðîèñõîäèòü ÷åðåí-
êîâñêîå èçëó÷åíèå ðåàëüíûõ ôîíîíîâ. Ñëåäîâà-
òåëüíî, ñòàöèîíàðíîå äâèæåíèå ñîëèòîíà (9) ñ
ïîñòîÿííîé ñêîðîñòüþ V îêàæåòñÿ íåâîçìîæíûì
ïðè V � 1.

Îäíàêî â [7] óòâåðæäàåòñÿ, ÷òî ñóùåñòâóþò
òàêèå ïàðàìåòðû ðåøåíèÿ (9), à èìåííî âåëè÷è-
íû V è l, ïðè êîòîðûõ èçëó÷åíèå îòñóòñòâóåò.
Íàéäåì ýòè ïàðàìåòðû èç óñëîâèÿ îòñóòñòâèÿ èç-
ëó÷åíèÿ ëèíåéíûõ âîëí. Âîñïîëüçóåìñÿ ñëåäóþ-
ùèìè ñîîáðàæåíèÿìè:

1) ïðè x l�� èìååì u x x ls
0 4 1( ) exp( )� � �� , ïî-

ýòîìó ñâÿçü ïàðàìåòðîâ V è l ìîæíî íàéòè èç ëè-
íåàðèçîâàííîãî óðàâíåíèÿ (1):

( )1 02 2 4� � � �V l l � ; (14)

2) ïåðåïèøåì óðàâíåíèå (1) â âèäå ëèíåéíîãî
óðàâíåíèÿ ñ ïðàâîé ÷àñòüþ, ðàâíîé sin u, è ïîä-
ñòàâèì â ïðàâóþ ÷àñòü u u x Vts� �( ):

�

�
�

�

�
�

�

�
� � � �

2

2

4

4

2

2 02
u

x

u

x

u

t
u x Vt u x Vts

s� sin ( ) sin ( ).

(15)

Ðàññìîòðèì ôóíêöèþ â ïðàâîé ÷àñòè óðàâíåíèÿ
(15) êàê ëîêàëèçîâàííóþ ñèëó f x Vts ( )� , êîòî-
ðàÿ ÿâëÿåòñÿ èñòî÷íèêîì ïîëÿ u x( ) ëèíåéíîãî
óðàâíåíèÿ:

f x
x x

x
s ( )

( )
�

�sh sh

ch

1 2

4
. (16)

Íà áîëüøèõ ðàññòîÿíèÿõ ( )x Vt�� ëîêàëèçîâàí-
íàÿ ÷àñòü ñîëèòîííîãî ðåøåíèÿ èñ÷åçàåò, è ïîëå
u x( ) ìîæåò áûòü îòëè÷íûì îò íóëÿ òîëüêî çà ñ÷åò
èçëó÷åíèÿ, îïðåäåëÿåìîãî âûðàæåíèåì

u x t G x x f x Vt dxs( , ) ( ') ( ' ) '� � �� , (17)

ãäå G x( ) — ôóíêöèÿ Ãðèíà óðàâíåíèÿ

�

�
�

�

�
�

�

�
�

2

2

4

4

2

2
0

u

x

u

x

u

t
� . (18)
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Ðèñ. 1. Ãðàôèê çàêîíà äèñïåðñèè ëèíåàðèçîâàííîãî
óðàâíåíèÿ (1).
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Âîëíîâàÿ (íåóáûâàþùàÿ ñ ðàññòîÿíèåì) ÷àñòü
ôóíêöèè Ãðèíà óðàâíåíèÿ (18) èìååò î÷åâèäíóþ
ôîðìó

G x A ikx
� �( ) ( ) ,� e (19)

ãäå k ñâÿçàíî ñ ÷àñòîòîé çàêîíîì äèñïåðñèè

� �2 2 4� �k k . (20)

Ïîäñòàâëÿÿ (19) â (17), ïîëó÷àåì

u x t A f dik x Vt ik
s( , ) ( ) ( )( )� �

��

�

�2 0� � ��e e . (21)

Âèäíî, ÷òî ðîëü ÷àñòîòû, êàê è ñëåäîâàëî îæè-
äàòü, èãðàåò � � kV, ïîýòîìó âõîäÿùåå â (19) âîë-
íîâîå ÷èñëî k ñâÿçàíî ñî ñêîðîñòüþ ñîîòíîøåíè-
åì, âûòåêàþùèì èç (20):

V k2 21� �� . (22)

Èòàê, ïîëå èçëó÷åíèÿ îòñóòñòâóåò, åñëè

Q k u dik
s( ) sin ( )� �

��

�

� e � � � 0, (23)

ãäå ïîäûíòåãðàëüíàÿ ôóíêöèÿ â êîìïîíåíòå Ôó-
ðüå îïðåäåëÿåòñÿ ôîðìóëîé (16).

Èíòåãðàë (23) âû÷èñëÿåòñÿ â ÿâíîì âèäå:

Q k
k l

kl
( )

( )

( )
�

��
�

2 2 2

2
2

ch
. (24)

Èç òðåáîâàíèÿ (21) íåïîñðåäñòâåííî ñëåäóåò ðà-
âåíñòâî

k l2 2 2� . (25)

Óðàâíåíèÿ (14), (22) è (25) ïîçâîëÿþò íàéòè îñ-
íîâíûå ïàðàìåòðû ñîëèòîíà V è l. Â ÷àñòíîñòè,
îêàçûâàåòñÿ, ÷òî ñêîðîñòü ñîëèòîíà V â òî÷íîñòè
ðàâíà ïîëó÷åííîìó â [3] çíà÷åíèþ (2).

Òàêèì îáðàçîì, ïîêàçàíî, ÷òî ôèçè÷åñêèì óñ-
ëîâèåì îòñóòñòâèÿ èçëó÷åíèÿ ñîëèòîíà ñ îïðåäå-
ëåííûìè ÷àñòîòíûìè õàðàêòåðèñòèêàìè, ïîïà-
äàþùèìè â ñïëîøíîé ñïåêòð ãàðìîíè÷åñêèõ
êîëåáàíèé, äåéñòâèòåëüíî ÿâëÿåòñÿ óñëîâèå ðà-
âåíñòâà íóëþ ñîîòâåòñòâóþùåé ôóðüå-êîìïîíåí-
òû âûíóæäàþùåé ñèëû f x ts ( , ).

3. Êðîìå ñîëèòîíîâ (9) â âèäå äâîéíîãî êèíêà
óðàâíåíèÿ ÑÃ, íåëèíåéíîå óðàâíåíèå (1) îáëàäà-
åò äèñêðåòíîé ñåðèåé ñîëèòîíîâ áîëåå ñëîæíîé
ñòðóêòóðû, à èìåííî ñîëèòîíîâ òèïà äâóõ ïðî-
ñòðàíñòâåííî ðàçäåëåííûõ ñâÿçàííûõ êèíêîâ
[6,7]. Âûÿñíèì, ïðè êàêèõ óñëîâèÿõ ñîëèòîííîå
âîçáóæäåíèé òàêîãî òèïà íå âûçûâàåò èçëó÷åíèÿ.

Ñëåäóÿ [6], çàïèøåì èñêîìîå ðåøåíèå óðàâíå-
íèÿ (1) â âèäå

u x Vt u x Vt u x Vts s s( ) ( ) ( )� � � � � � �0 0� � , (26)

ãäå 2� — ðàññòîÿíèå ìåæäó öåíòðàìè òÿæåñòè
äâóõ êèíêîâ, êîòîðîå ïðè èíòåðåñóþùèõ íàñ ÷àñ-
òîòàõ ïðåäïîëàãàåòñÿ íåçàâèñÿùèì îò âðåìåíè.

Ïîâòîðÿÿ ðàññóæäåíèÿ ïðåäûäóùåãî ïóíêòà,
ïðèõîäèì ê òåì æå óñëîâèÿì (14), (22) è (23),
íî ïîñëåäíåå ñîîòâåòñòâóåò êîìïîíåíòå ôóíêöèè
Ôóðüå

f x f x f xs s s( ) ( ) ( )� � � �0 0� � , (27)

ãäå ñêîðîñòü ñîëèòîíà V óäîâëåòâîðÿåò óñëîâèþ
V � 1. Íàõîæäåíèå èíòåðåñóþùåé íàñ êîìïîíåí-
òû Ôóðüå ñ ó÷åòîì ñèììåòðèè âûðàæåíèÿ (26)
ñâîäèòñÿ ê âû÷èñëåíèþ ñëåäóþùåãî èíòåãðàëà:

Q k u x u xs s( ) [sin ( ) cos ( )� � � �� 0 0� �

� � �sin ( ) cos ( )] sinu x u x kxdxs s
0 0� � . (28)

Ëåãêî óáåäèòüñÿ, ÷òî

sin ( )u x
x

x
s � �

2
2

sh

ch
; cos ( )u x

x
s � �1

2
2ch

, (29)

à Q k( ) ðàâíî ñóììå äâóõ èíòåãðàëîâ:

Q k I I( ) ( ) ( )� �1 2� � , (30)

ãäå

I l

l

k d
l k

kl1
2

2
4

4

2

( )
( )

sin
cos

�

�

�

�
�

�

�
� ��

sh

ch ch

�

�
� �

�
�

;

(31)

I l l

l l

k d2

2 2
2

4( )
sin

sin�

� �

� �
� �

�
�

�

� ��

��
�

��

sh

ch ch

� �

� �
� � ��

� �

��

��
�

��

��16
2 2

2
ch

sh

ch ch

�

�l
l

k d

l l

�
� �

�

sin

� �
�

�

�
�
�

�

�

�
�
�

4

2
2

�

�

l

kl

k
kl kl

l

l

l

ch

ch sh

ch

sh

�

�

�

�

�
�

sin
cos . (32)

Ïîäñòàâëÿÿ (31) è (32) â (30), ïîëó÷àåì âûðàæå-
íèå äëÿ èñêîìîé êîìïîíåíòû Ôóðüå

Îá óñëîâèÿõ ñóùåñòâîâàíèÿ 1D ìàãíèòíûõ ñîëèòîíîâ



Q k
l

l
kl

l

k kl
l

k( ) sin cos� ��

��
�

��

2

2

2
2

3

�

�

ch

ch sh
sh

2 �

�
�

�
� .

(33)

Òðåáîâàíèå âûïîëíåíèÿ ðàâåíñòâà Q k( ) � 0 ïðè-
âîäèò ê ñîîòíîøåíèþ

kl
l

k� �sh tg
2

2
�

�( ), (34)

êîòîðîå âìåñòå ñ (14) è (22) ïîçâîëÿåò ñâÿçàòü
âñå ïàðàìåòðû ñîëèòîíà: ñêîðîñòü V, ðàññòîÿíèå
ìåæäó äâóìÿ åãî ñîñòàâëÿþùèìè êèíêàìè 2�,
ýôôåêòèâíóþ øèðèíó ñîëèòîíà l è çíà÷åíèå âîë-
íîâîãî ÷èñëà k, îáåñïå÷èâàþùåãî áåçûçëó÷àòåëü-
íûé ðåæèì äèíàìèêè ñîëèòîíà ïðè çàäàííîì çíà-
÷åíèè ïàðàìåòðà íåëèíåéíîñòè �. ßñíî, ÷òî òðåõ
ñîîòíîøåíèé íåäîñòàòî÷íî äëÿ îïðåäåëåíèÿ ýòèõ
÷åòûðåõ ïàðàìåòðîâ. Îäíàêî, èñêëþ÷èâ äâà èç
íèõ, ìû ìîæåì óñòàíîâèòü ñâÿçü îñòàâøèõñÿ
äâóõ. Îáñóäèì ñâÿçü ïàðàìåòðîâ k è �. Ïîäñòàâ-
ëÿÿ (22) â (14), ïîëó÷àåì óðàâíåíèå, îïðåäåëÿþ-
ùåå çàâèñèìîñòü l îò k:

l k k� � � �2 4 8 2 41
2

4
�

� � �( ). (35)

Èìåííî ñîîòíîøåíèÿ (34) è (35)ïîçâîëÿþò óñ-
òàíîâèòü ñâÿçü � è k. Îäíàêî ìîæíî ïðîèçâåñòè
êà÷åñòâåííûé àíàëèç ýòîé ñâÿçè, èñõîäÿ íåïî-
ñðåäñòâåííî èç (34), ïåðåïèñàâ åãî â íåñêîëüêî
èíîé ôîðìå:

q
k
q

ksh tg
2

2
�

�� ( ), q kl� (36)

ßñíî, ÷òî ïðè �  0 èç (36) âûòåêàåò ïîëó÷åííîå
íàìè ðàíåå ñîîòíîøåíèå (25).

Ãðàôè÷åñêîå ðåøåíèå ýòîãî óðàâíåíèÿ ïðè
� � 0 ñâîäèòñÿ ê íàõîæäåíèþ òî÷åê ïåðåñå÷åíèÿ
ãðàôèêîâ ëåâîé è ïðàâîé ÷àñòåé (36). Ïîëàãàÿ,
÷òî â àêòóàëüíîé îáëàñòè ïàðàìåòðîâ ìîæíî ñ÷è-
òàòü q � �  âèäèì, ÷òî ãðàôèê ìîíîòîííî âîçðàñ-
òàþùåé ñ ðîñòîì àðãóìåíòà k� ëåâîé ÷àñòè (36)
ïåðåñåêàåò ãðàôèêè ôóíêöèé tg ( )k� â áåñêîíå÷-
íîì ÷èñëå òî÷åê, âûñîòà êîòîðûõ áûñòðî ðàñòåò ñ
ðîñòîì àðãóìåíòà. Ýòî òî÷êè, â êîòîðûõ

k n� ! �
�
2

2 1( ), n = 0, 1, 2, … (37)

Äëÿ èëëþñòðàöèè íà ðèñ. 2 èçîáðàæåíû ãðà-
ôèêè ëåâîé è ïðàâîé ÷àñòåé (36) ïðè òðåõ çíà÷å-
íèÿõ q, ñîîòâåòñòâóþùèõ íåêîòîðûì ðàçëè÷íûì
�. Íà ãðàôèêå ÿñíî âèäíî ïðèáëèæåíèå òî÷åê ïå-
ðåñå÷åíèÿ ãðàôèêîâ ê ïðÿìûì (37).

Äëÿ ìàøèííîãî ðàñ÷åòà èñêîìûõ âåëè÷èí k�
ïîäñòàâèì (35) â (34) è ïîëó÷èì íåÿâíóþ çàâèñè-
ìîñòü k îò � â âèäå

k k k
1
2

44 8 2 4
1 2

�
� � �( )� �

�

�
�

�

�
� "

�

" � �
�

�
�

�

�
�

#
$
%

&%

'
(
%

)%
�sh tg2

1
2

4 24 8 2 4
1 2

� �
�

� � �( )k k k .

(38)

Ôèêñèðóÿ ðàçíûå çíà÷åíèÿ q ìîæíî íàéòè ñîîò-
âåòñòâóþùèå èì ðåøåíèÿ óðàâíåíèÿ (38).

×èñëåííûé ðàñ÷åò ïîêàçûâàåò, ÷òî äëÿ ïåðâûõ
êîðíåé óðàâíåíèÿ (36) îòëè÷èå òî÷íîãî çíà÷åíèÿ
îò îöåíêè (37) ñâîäèòñÿ ê ñëåäóþùèì âåëè÷èíàì:

q � 0,5 q � 1 q � 3

n � 0
�
2

� k� = 0,01592 0,3169 1,57

n � 1
3
2
�

� k� = 10–6 3,2�10–4 0,0602

n � 2
5
2
�

� k� = 5,8�10–7 < 10–5 0,00713

n � 3
7
2
�

� k� < 1�10–10 < 10–8 8,7�10–4

Ñëåäîâàòåëüíî, íà÷èíàÿ ñ n = 2, óñëîâèå (37)
ìîæíî çàìåíèòü ðàâåíñòâîì

k n� � �
�
2

2 1( ) , (39)

èìåþùèì î÷åíü ëþáîïûòíûé ôèçè÷åñêèé ñìûñë
è ïðîñòóþ òðàêòîâêó. Îòäåëüíûé äâèæóùèéñÿ
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Ðèñ. 2 Ïåðåñå÷åíèå ãðàôèêîâ ôóíêöèè q k qsh � � [q =
= 0,5 (1), q = 1 ( 2), q = 3 (3)] ñ ãðàôèêàìè ôóíêöèè
2 2tg ( )�k� (4).



êèíê â ïðèíöèïå ìîæåò ïîðîæäàòü íåêîòîðîå èç-
ëó÷åíèå, âîëíîâîå ÷èñëî êîòîðîãî k îïðåäåëÿåòñÿ
ñêîðîñòüþ ñîëèòîíà V. Êèíêè ðàçíåñåíû íà ðàñ-
ñòîÿíèå 2�, ïîýòîìó óñëîâèå (39) îçíà÷àåò, ÷òî
èçëó÷åííûå âîëíû îäíîãî è âòîðîãî êèíêîâ íàõî-
äÿòñÿ â ïðîòèâîôàçå. Ñëåäîâàòåëüíî, èçëó÷åíèå
îò îäíîãî èç êèíêîâ ïîëíîñòüþ ãàñèò âíå ñîëèòî-
íà ïîëå äðóãîãî êèíêà â ðåçóëüòàòå îáû÷íîé èí-
òåðôåðåíöèè íàõîäÿùèõñÿ â ïðîòèâîôàçå âîëí.
Ýòîò ðåçóëüòàò ìîæíî ðàññìàòðèâàòü êàê èëëþñò-
ðàöèþ ñôîðìóëèðîâàííîé â ðàáîòå [10] âîçìîæ-
íîñòè ñóùåñòâîâàíèÿ ñëîæíîãî ñîñòàâíîãî áåçûç-
ëó÷àòåëüíîãî ñîëèòîíà. Â êàêîé ìåðå ðåøåíèå
òèïà (27) äåéñòâèòåëüíî ÿâëÿåòñÿ ðåøåíèåì
óðàâíåíèÿ (1), îáñóæäåíî â ðàáîòå [6].

Àâòîðû áëàãîäàðíû Ì. Ì. Áîãäàíó çà îáñóæ-
äåíèÿ è ïîëåçíûå ñîâåòû. Ðàáîòà ÷àñòè÷íî ïîä-
äåðæàíà ãðàíòîì INTAS ¹167 (çà 1999 ãîä).

Àâòîðû èìåþò ÷åñòü ïðèóðî÷èòü íàñòîÿùóþ
ðàáîòó ê þáèëåþ àêàäåìèêà Âèêòîðà Åðåìåíêî,
âíåñøåãî âûäàþùèéñÿ âêëàä â èçó÷åíèå äèíàìè-
êè ìàãíèòîóïîðÿäî÷åííûõ ñðåä.

1. H. J. Mikeska and M. Steiner, Adv. Phys. 90, 191
(1991).

2. K. Nakajima, Y. Onodera, T. Nakamura, and
R. Sato, J. Appl. Phys. 45, 4095 (1974).

3. M. M. Bogdan and A. M. Kosevich, in: Nonlinear
Coherent Structures in Physics and Biology, NATO
ASI Ser. Phys. 329, Plenum Press, New York, 373
(1994).

4. M. Peyrard and M. D. Kruskal, Physica D14, 88
(1984).

5. G. L. Alfimov, V. M. Eleonskii, N. E. Kulagin, and
N. N. Mitskevich, Chaos 3, 405 (1993).

6. M. M. Bogdan, A. M. Kosevich, and G. A. Maugin,
Wave Motion 34, 1 (2001).

7. À. Ì. Êîñåâè÷, ÔÍÒ 26, 620 (2000).

8. À. Ì. Êîñåâè÷, Á. À. Èâàíîâ, À. Ñ. Êîâàëåâ,
Íåëèíåéíûå âîëíû íàìàãíè÷åííîñòè. Äèíàìè÷åñ-
êèå è òîïîëîãè÷åñêèå ñîëèòîíû, Íàóêîâà äóìêà,
Êèåâ (1983); A. M. Kosevich, B. A. Ivanov, and
A. S. Kovalev, Sov. Sci. Rev. A, Phys. 6, 161
(1985).

9. B. A. Malomed, Phys. Rev. E47, 2874 (1993).
10. A. V. Buryak and N. N. Akhmediev, Phys. Rev.

E52, 3572 (1995); A. V. Buryak, Phys. Rev. E52,
1156 (1995).

On conditions of existence of 1D magnetic
solitons with frequency characteristics within

the continuous spectrum

A. M. Kosevich and V. I. Grishaev

The solutions of the modified (to account
for the highest dispersion) sinusoidal Gordon
equation in the form of a double soliton
(4�-kink) and a pair of spatially-separated
coupled kinks are investigated. The condition
for the absence of soliton radiation for long
distances has been formulated analytically.
The previous result on a discrete set of non-ra-
diative composite solitons is confirmed. The
physical meaning of these results is that at
certain kink spacings the radiation from one of
the kinks suppresses completely (beyond the
soliton) the field of the other kink due to the
ordinary interference of out-of-phase waves.
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