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Äâóõçíà÷íûé àíàëîã ïîëèíîìà Âîëüòåððû
äëÿ îïèñàíèÿ ïîëíîé ðåàêöèè
äâîè÷íûõ ìíîãîìåðíûõ íåëèíåéíûõ
ìîäóëÿðíûõ äèíàìè÷åñêèõ ñèñòåì

Ðàññìîòðåíî ïîñòðîåíèå äâóõçíà÷íîãî àíàëîãà ïîëèíîìà Âîëüòåððû äëÿ îïèñàíèÿ ïîë-
íîé ðåàêöèè äâîè÷íûõ ìíîãîìåðíûõ íåëèíåéíûõ ìîäóëÿðíûõ äèíàìè÷åñêèõ ñèñòåì.
Ïðèâåäåíû ðåêóððåíòíûå ôîðìóëû äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ êîýôôèöèåíòîâ ýòîãî
ïîëèíîìà ïðè èçâåñòíûõ çíà÷åíèÿõ âõîäíûõ è âûõîäíûõ ïîñëåäîâàòåëüíîñòåé ìíîãî-
ìåðíûõ íåëèíåéíûõ ìîäóëÿðíûõ äèíàìè÷åñêèõ ñèñòåì.

Ê ë þ ÷ å â û å ñ ë î â à: ìíîãîìåðíûå íåëèíåéíûå ìîäóëÿðíûå äèíàìè÷åñêèå ñèñòåìû,
äâóõçíà÷íûé àíàëîã ïîëèíîìà Âîëüòåððû, ðåêóððåíòíûå ôîðìóëû.

Ðîçãëÿíóòî ïîáóäîâó äâîçíà÷íîãî àíàëîãó ïîë³íîìà Âîëüòåðè äëÿ îïèñó ïîâíî¿ ðåàêö³¿
äâî³÷íèõ áàãàòîâèì³ðíèõ íåë³í³éíèõ ìîäóëÿðíèõ äèíàì³÷íèõ ñèñòåì. Íàâåäåíî ðåêó-
ðåíòí³ ôîðìóëè äëÿ âèçíà÷åííÿ íåâ³äîìèõ êîåô³ö³ºíò³â öüîãî ïîë³íîìà ïðè â³äîìèõ
çíà÷åííÿõ âõ³äíèõ òà âèõ³äíèõ ïîñë³äîâíîñòåé áàãàòîâèì³ðíèõ íåë³í³éíèõ ìîäóëÿðíèõ
äèíàì³÷íèõ ñèñòåì.

Ê ë þ ÷ î â ³ ñ ë î â à: áàãàòîâèì³ðí³ íåë³í³éí³ ìîäóëÿðí³ äèíàì³÷í³ ñèñòåìè, äâîçíà÷íèé
àíàëîã ïîë³íîìà Âîëüòåðè, ðåêóðåíòí³ ôîðìóëè.

Êîíå÷íûå ïîñëåäîâàòåëüíîñòíûå ìàøèíû èëè ìîäóëÿðíûå äèíàìè÷åñêèå

ñèñòåìû (ÌÄÑ) [1—5] øèðîêî ïðèìåíÿþòñÿ â âû÷èñëèòåëüíîé òåõíèêå, â

ñèñòåìàõ äèàãíîñòèêè, êîäèðîâàíèè è äåêîäèðîâàíèè äèñêðåòíûõ ñîîá-

ùåíèé, êðèïòîãðàôèè, çàùèòû äàííûõ è ïðîãðàììíîãî îáåñïå÷åíèÿ ÝÂÌ

[1, 3, 4]. Â ýòèõ ïðèëîæåíèÿõ èñïîëüçóþòñÿ â îñíîâíîì ëèíåéíûå êëàññû

ÌÄÑ. Íåëèíåéíûå ÌÄÑ (ÍÌÄÑ) óñïåøíî ïðèìåíÿþòñÿ â ìîäåëèðîâàíèè

è óïðàâëåíèè ðàçëè÷íûìè íåïðåðûâíûìè è äèñêðåòíûìè ïðîöåññàìè
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[3—6]. Äëÿ ðàçâèòèÿ òåîðèè è ïðèëîæåíèé ÍÌÄÑ ïðåæäå âñåãî íåîá-

õîäèìà ôîðìóëà èõ îáùåãî ïðåäñòàâëåíèÿ (îïèñàíèÿ). Â íàñòîÿùåå âðåìÿ

ïîëó÷åíû ôîðìóëû â âèäå äâóõçíà÷íûõ àíàëîãîâ ïîëèíîìà Âîëüòåððû

äëÿ îïèñàíèÿ ïîëíîé ðåàêöèè íåêîòîðûõ êëàññîâ è îäíîïàðàìåòðè÷åñêèõ

è ìíîãîïàðàìåòðè÷åñêèõ êëàññîâ ÌÄÑ [2—5].

Áóäåì ðàññìàòðèâàòü àíàëèòè÷åñêîå îïèñàíèå ïîëíîé ðåàêöèè äâîè÷-

íûõ ìíîãîìåðíûõ ÍÌÄÑ (ÌÍÌÄÑ) â âèäå äâóõçíà÷íûõ àíàëîãîâ ïîëè-

íîìà Âîëüòåððû è âûâîä ôîðìóë êîýôôèöèåíòîâ äëÿ ýòîãî ïîëèíîìà ïðè

èçâåñòíûõ çíà÷åíèÿõ âõîäíûõ è âûõîäíûõ ïîñëåäîâàòåëüíîñòåé.

Ïîñòàíîâêà çàäà÷è. Ðàññìîòðèì ÌÍÌÄÑ ñ ôèêñèðîâàííîé ïàìÿòüþ

n0, õàðàêòåðèçóåìîé ôóíêöèîíàëüíûì ñîîòíîøåíèåì

y n G u n n n[ ] { [ ]| }� � � �� �0 , GF ( )2 , (1)

ãäå n T� �{ , , ,...}0 1 2 ; y n GF r[ ] ( )� 2 è u n GF q[ ] ( )� 2 — âûõîäíàÿ è âõîäíàÿ

ïîñëåäîâàòåëüíîñòè ÍÌÄÑ. Êðîìå òîãî,

y n y n y nr[ ] ( [ ],..., [ ])� 1 , u n u n u nq[ ] ( [ ],..., [ ])� 1 , G G Gr{...} ( {...},..., {...})� 1 .

Àíàëèòè÷åñêîå îïèñàíèå ïîëíîé ðåàêöèè ÌÍÌÄÑ (1) ñîñòîèò â ïðåä-

ñòàâëåíèè îïåðàòîðà G {...} â âèäå äâóõçíà÷íîãî àíàëîãà ïîëèíîìà Âîëü-

òåððû è îïðåäåëåíèè åãî íåèçâåñòíûõ êîýôôèöèåíòîâ ïðè èçâåñòíûõ âõîä-

íîé è âûõîäíîé ïîñëåäîâàòåëüíîñòÿõ ðàññìàòðèâàåìîé ÌÍÌÄÑ.

Äâóõçíà÷íûé àíàëîã ïîëèíîìà Âîëüòåððû äëÿ îïèñàíèÿ äâîè÷-

íûõ ÌÍÌÄÑ. Äëÿ êàæäîé ��{ ,..., }1 r ôóíêöèÿ G�{...}ìîæåò áûòü çàïèñà-

ía â âèäå ìîäóëÿðíîé ôóíêöèè, çàâèñÿùåé îò ( )n q0 1	 àðãóìåíòîâ:

G f u n n u n u n n uq q� �{...} ( [ ],..., [ ],..., [ ],..., [� � �1 0 1 0 n]). (2)

Ïóñòü

F i m m m m m i m nq

q

( ) { | ( ,..., ), , { , ,..., },� � � � 	
1 00 1 1�

���

� � �1, }q ,

Q i m r m( , ) { | ,� �� � �� ��� � �— êîìïîíåíòà m è m� � 0}, (3)

�1 1 0 1( ) { ( ) ( ( , ),..., ( )) | ( , ) ... (m m� �� � � � � � � � � �� � � � �  �m n) }� 0 ,

� � � �� ( ( ),..., ( ))� �1 ,

ãäå � — ÷èñëî íåíóëåâûõ ýëåìåíòîâ â ìíîæåñòâå Q i m( , ). Ïðè

� � �( ) ( )��1 m , ��Q i m( , ) ìíîæåñòâî âñåõ áëî÷íûõ âåêòîðîâ (íàáîðîâ) �

îáîçíà÷èì ÷åðåç � ( , )i m . ßñíî, ÷òî � �( , ) ( )
( , )

i m m
Q i m

�
�
�

�

�1 .
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Òåîðåìà 1. Ñ èñïîëüçîâàíèåì (2) è (3) ñîîòíîøåíèå (1) ìîæåò áûòü

ïðåäñòàâëåíî â âèäå ñëåäóþùåãî ïîëèíîìà:

y n h h
i

n q

m F t i m
m

Q i
� � �
[ ] [ ],

( )

( ) ( , )

,

(

� 	
�

	

� � �
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� �

�
� , )

[ ( , )]
m

m

u n� �
�

�
�

�

�

� � �
1

,

� �1,..., r, GF ( )2 . (4)

Ôîðìóëà (4) ÿâëÿåòñÿ îáùåé ôîðìóëîé äëÿ ïðåäñòàâëåíèÿ äâîè÷íûõ

ÌÍÌÄÑ, çàäàííûõ â âèäå (1). Äàëåå ïðè çàïèñè âåêòîðà m â îòêðûòîì

âèäå èíîãäà áóäåì çàïèñûâàòü ëèøü åãî íåíóëåâûå êîìïîíåíòû ñ óêàçà-

íèåì íîìåðà êîìïîíåíòà â èíäåêñå.

Îïðåäåëåíèå íåèçâåñòíûõ êîýôôèöèåíòîâ ïîëèíîìèàëüíûõ ïðåä-

ñòàâëåíèé äëÿ ïîëíîé ðåàêöèè ÌÍÌÄÑ. Ðàññìîòðèì îïðåäåëåíèå êîýô-

ôèöèåíòîâ â (4) ïðè èçâåñòíûõ çíà÷åíèÿõ âõîäíûõ è âûõîäíûõ ïîñëåäîâà-

òåëüíîñòåé. Ïóñòü äëÿ âñåõ çíà÷åíèé u n
�
[ ]�� , �� 	{ , ,..., }0 1 10n , � �1,..., q,

èçâåñòíî çíà÷åíèå y n
�
[ ]. Èç (2) ïîëó÷èì y n f u n n u n

� �
[ ] ( [ ],..., [ ],...� �1 0 1

..., [ ],..., [ ])u n n u nq q� 0 , � �1,..., r. Èç (4) âèäíî, ÷òî

h f� �, ( , ..., , ..., , ..., )0 0 0 0 0� , � �1,..., r. (5)

Ââåäåì îáîçíà÷åíèÿ

x u n( , ) [ ]�
�

� �� � , � �0 0, n , � �1,..., q, (6)

X x n�{ ( , ) | ,� � � � � ��� � � �1,..., q }. (7)

Ïóñòü � � ��� ��{ , }1 n , ��{ ,..., }1 q è x ( , )� � ÿâëÿåòñÿ åäèíñòâåííîé ïåðå-

ìåííîé èç X, ïðèíèìàþùåé çíà÷åíèå 1. Â ýòîì ñëó÷àå äëÿ êàæäîãî

� �� 1,..., }r îáîçíà÷èì ÷åðåç f x� �( ( , ) )� �1 çíà÷åíèå ôóíêöèè f � ( )� . Ñ

ó÷åòîì çíà÷åíèé ïåðåìåííûõ èç X â (4) äëÿ êàæäîãî � �� 1,..., }r ïîëó÷èì

h h f x� � �� �, ( ) ,[ ( )] ( ( , ) )1 0 1
�

�� 	 � , (8)

ãäå ( )1
�

— ýëåìåíò m F� ( )1 , â êîòîðîì m
�
�1, à îñòàëüíûå êîìïîíåíòû

ýòîãî ýëåìåíòà ñóòü 0.

Óòâåðæäåíèå 1. Ïóñòü x n( , )� � �� � 1, � ��1, , à îñòàëüíûå ïåðåìåí-

íûå èç X èìåþò çíà÷åíèÿ 0, è ïðè ýòîì äëÿ êàæäîãî � �� 1, ..., }r çíà÷å-

íèÿ ôóíêöèè f � ( ... ) îáîçíà÷åíû ÷åðåç f x n� �� � �( ( , ) | , )� � � �1 1 , ãäå

� � { , ..., }1 q , 0 1 0� � � �� � �... n , � � 	n0 1 . Òîãäà äëÿ êàæäîãî � �� 1, ..., }r
ñïðàâåäëèâî ðàâåíñòâî

h f x n� � � � �� � � � �, ( ) [( ,..., )] ( ( , ) | , )
�

�1 1 1� � � � 	

	 	
�

�

�

 
h h�

�

�

�� ���� � �

� � � �

� �

� �
� �,

( )

, ( ) [ ,...,0

1

1

��

�
)], ( )GF 2 , (9)

Äâóõçíà÷íûé àíàëîã ïîëèíîìà Âîëüòåððû äëÿ îïèñàíèÿ ïîëíîé ðåàêöèè
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ãäå�� �( ) — ìíîæåñòâà�� � �� � � � � �( ) {( ,..., ) | ... }� � � �1 1 ; ��
�
) — ýëåìåíò

m F� ( )� , â êîòîðîì m
�
��, à îñòàëüíûå êîìïîíåíòû ýòîãî ýëåìåíòà ñóòü 0

( ,..., )� ��1 .

Ä î ê à ç à ò å ë ü ñ ò â î. Ñ ó÷åòîì çíà÷åíèÿ x( , )� � , � �0 0, n , � �1,..., q, â

ïðàâîé ÷àñòè (4) ïîñëå óäàëåíèÿ íóëåâûõ ñëàãàåìûõ ïîëó÷èì

f x n h� � �� � �( ( , ) | , ) ,� � � � � 	1 1 0

	
� � �

 

�

�

�� ��� � � �

� � � �

�

�

� �

� �
� �

1 1�� ( )

, ( ) [( ,..., )]h
� �x ( , ),� ��� � �1,..., r, GF( )2 . (10)

Ïîñêîëüêó x ( , )� ��� �1, � ��1, , èç (10) ïîëó÷àåì

f x n h� � �� � �( ( , ) | , ) ,� � � � � 	1 1 0

	
� �

 

�

�

�� ��� � � �

� � � �

� �

� �
� �

1 �� ( )

, ( ) [( ,..., )],h
�

� �1,..., r, GF ( )2 ,

èëè

f x n h� � �� � �( ( , ) | , ) ,� � � � � 	1 1 0

	 	
�

�

�

 

�

�

�� ��� � � �

� � � �

� �

� �
� �

1

1

�� ( )

, ( ) [( ,..., )]h h
� � � � �� �, ( ) [( ,..., )] ,

�
� �1,..., r, GF ( )2 .

Îòñþäà äëÿ îïðåäåëåíèÿ h� � �� �, ( ) [( ,..., )]
� 1 ïîëó÷àåì (9). Óòâåðæäåíèå

äîêàçàíî.

Àíàëîãè÷íî äîêàæåì ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 2. Ïóñòü x ( , )� � �� , � ��1, , à îñòàëüíûå ïåðåìåííûå èç X

èìåþò çíà÷åíèÿ 0, è äëÿ êàæäîé âåëè÷èíû� �� 1,..., }r ÷åðåç f x� � ��( ( , )� �
� �1 1| , )� � îáîçíà÷åíî çíà÷åíèå ôóíêöèè f � (...), ãäå� �� 1,..., }q , � � �� 1,..., }q ,

0 0� �� � n , � ��1, . Òîãäà äëÿ h� �
�

� �, ( , ..., ) [( ), ..., ( )]1 1 1
1� �

ñïðàâåäëèâî ñëå-

äóþùåå:

h f x� � � � �
�

� � � �, ( , ..., ) [( ),...,( )] ( ( , ) | ,1 1 1
1

1 1
� �

�� � � � �) ,	 	h 0

	
�

�

�

 

�

�

� ��� � �

�

� �

� �
�

1

1

1 1
1s s

sh
s s

�� ( )

, ( , ..., ) [((� �
),...,( ))]�

�s
, � �1,..., r, GF( )2 , (11)

ãäå Q s s s s� � �� �( ) {( ,..., ) | ... }� � � � �1 11 ; ( ,..., )1 1
1

� �� ��
— ýëåìåíò m F� ( )� ,

â êîòîðîì m m
� �� ��1

1 1� �, ..., , à îñòàëüíûå êîìïîíåíòû ýòîãî ýëåìåíòà

ñóòü 0 (� ��1,..., ).
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Óòâåðæäåíèå 3. Ïóñòü x j( , ( , ))� �� �� �1, j �1, ( )� �� , � ��1, , à îñòàëü-

íûå ïåðåìåííûå èç X èìåþò çíà÷åíèÿ 0, è ïðè ýòîì äëÿ êàæäîé âåëè÷èíû

� �� 1, ..., }r ôóíêöèÿ f � (...) îáîçíà÷åíà ÷åðåç f x j j� � ��( ( , ( , )) |� � � �1

�1, ( )� �� , � ��1, ), ãäå � �� 1, ..., }q , 1 1� � � �� �... � q, 0 1� �� �( , ) ...�

... ( , ( ))� �� �� �� � n0, � � � �( ) ( ( ), ..., ( ))� � �� 1 , 1 10� � 	� �( )� n , � ��1, .

Ïóñòü i* ( )�
�


�

�

��
1

� . Òîãäà ñïðàâåäëèâî ñëåäóþùåå:

h
� �� �� � � �

, )
[(( ( , ),..., ( , ( ))), ..., ( ( , ), ..

�
� � � �1 1 11 1 ., ( , ( )))]� �� �� � �

� � � � 	 	f x j j h� � � � �� � � � �( ( , ( , )) | , ( , ) ,� � �1 1 1 0

	
�

�

� �

 
 

k

i

v, s F k s v, s
vh

1

1

1 1

*

, ( , ( )) ( , ) ,

, [
�� � �  �� �

�

� � �

�  ( , ( , ))]s s1 � , � �1,..., r, GF( )2 . (12)

Çäåñü

� � �� ( ,..., )1 � ;

�  �  ( , ( , )) (( ( , ( , )),...s s s s1 1 1
1� � ��

..., ( , ( , ))),...,( ( , ( , )),..., (�  �  �
� �

� � � �s s s s sv
1 1 1

1 � �s s sv
� � �
 , ( , ))));

F k v s v v v s s1 1 11( , ( )) {( , , ) | , ( ,..., ), ( ,...,� � � � �� � � � � � s� ),

1 1� � � �s s... � �,
�

�

�

�

 �

1

v ks , vs s� �
��{ ,..., ( )}0 � , � ��1, }; (13)

� ��( , , ) ( , ( ))� �
�

�

� �
v s vs s�

�
�

1

� ,

ãäå ��( , ( )) { ( ) ( ( , ), ..., ( , )) |v vs s s s s s� � � � � �
�    � � � �� � 1 1 � � 

�
( , ) ...� s 1

... ( , ) ( )}� � �
� � �

� �s s sv . Ýëåìåíòû ìíîæåñòâà� ( , , )� v s îáîçíà÷åíû ÷åðåç

   
�1 1

( , ) ( ( ),..., ( ))� � �s s s� .

Ä î ê à ç à ò å ë ü ñ ò â î. ßñíî, ÷òî � � � �( ) ( ( ),..., ( )) ( )*
� � �� �1 F i . Ñ

ó÷åòîì çíà÷åíèÿ x v t( , ), t n�{ , , ..., }0 1 0 , v q�1, ..., , ïîñëå óäàëåíèÿ íóëåâûõ
ñëàãàåìûõ â ïðàâîé ÷àñòè (4) îñòàþòñÿ ñëàãàåìûå, êîòîðûå îòëè÷íû îò
íóëÿ. Ïîíÿòíî, ÷òî îòëè÷íûå îò íóëÿ ñëàãàåìûå ñîñòîÿò èç ìíîæèòåëåé,
ÿâëÿþùèõñÿ ýëåìåíòàìè ìíîæåñòâà

{ ( , ( , )) | , ( , }x j j� � �� � �� � � � �� � �1 1 1 . (14)

Èç ýëåìåíòîâ ìíîæåñòâà (14) ìîæíî îáðàçîâàòü ðàçëè÷íûå ïðîèçâå-

äåíèÿ, ó êîòîðûõ ñòåïåíè íåëèíåéíîñòè èçìåíÿþòñÿ îò 1 äî i* . Âñå òàêèå
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ïðîèçâåäåíèÿ ÿâëÿþòñÿ íåíóëåâûìè ñëàãàåìûìè â ïðàâîé ÷àñòè (4). Îá-

ùèé âèä ïðîèçâåäåíèÿ èç ýëåìåíòîâ (14) ìîæíî çàïèñàòü â âèäå

�

�

�

�

� � �
�  �

� �
��

1 1

v

s s s

s

x ( , ( , ( , )))� � � , (15)

ãäå  �1( , ) ( , , )� s v s�� , ( , , ) ( , ( ))� �v s F k� 1 � , k i�{ ,..., }*1 . ×èñëî âõîäíûõ

ïîñëåäîâàòåëüíîñòåé, âõîäÿùèõ â ïðîèçâåäåíèå (15) êàê ìíîæèòåëè, ðàâ-

íî �, à ÷èñëî ìíîæèòåëåé èç �-õ âõîäíûõ ïîñëåäîâàòåëüíîñòåé (� ��1,..., ),

ÿâëÿþùèõñÿ ìíîæèòåëÿìè â ïðîèçâåäåíèè (15), ðàâíî vs�
. Òàêèì îáðàçîì,

ñòåïåíü íåëèíåéíîñòè ïðîèçâåäåíèÿ (15) ñóòü i v s
* �

�


�

�

�

1

. Ñîãëàñíî (13)

êîýôôèöèåíò ñëàãàåìîãî (15) åñòü h s sv� �  , [ ( , ( , ))]1 � .

Äëÿ ôèêñèðîâàííîãî çíà÷åíèÿ  �1( , ) ( , , )� s v s�� , ( , , ) ( , ( ))� �v s F k� 1 �

è k i�{ ,..., }*1 êàæäîé �  �( , ( , )) ( , , )s s v s1 � �� ñîîòâåòñòâóåò ñëàãàåìîå âè-

äà (15). Òîãäà, ó÷èòûâàÿ çíà÷åíèÿ x v t( , ), t n� { , , ..., }0 1 0 , v q� 1, ..., â (4),

ïîëó÷àåì

f x j j h� � � � �� � � � �( ( , ( , )) | , ( , ) ,� � �� � � � 	1 1 1 0

	
� � �

 
 

k

i

v, s F k s v, s
vh

1 1 1

*

, ( , ( )) ( , ) ,

, [ (
�� � �  �� �

� �
� � �

s s, ( , ))] 1 � !

!
� �
��
�

�

�

�

� � �
�  �

1 1

v

s s s

s

x ( , ( , ( , )))� � � , � �1,..., r, GF( )2 .

Èç (14) ïîëó÷àåì

f x j j h� � � � �� � � � �( ( , ( , )) | , ( , ) ,� � �� � � � 	1 1 1 0

	
� � �

 
 

k

i

v, s F k s v, s
vh

1 1 1

*

, ( , ( )) ( , ) ,

, [ (
�� � �  �� �

� �
� � �

s s, ( , ))] 1 � ,

� �1,..., r, GF( )2 . (16)

Ïðè k i� * ìíîæåñòâî F k1( , ( ))� � ñîäåðæèò åäèíñòâåííóþ òðîéêó( , , )� v s
è � �� , v j j�� ( )� , j �1, �, s jj � , j �1, � . Ìíîæåñòâî ��( , ( ))vs s� �

� �

òàêæå èìååò åäèíñòâåííûé ýëåìåíò    
� � � �

( ) ( ( , )),..., ( , ))� � �s s s sv� 1 è
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�

�



�    �
� � � � � �( , ) ... ( , )) ( ( , ),..., ( , ( ))� � � � �s s sv1 1� � � ) ( ,..., ( ))� 1 � �� . Ñëåäîâà-

òåëüíî,� ( , , ) (( ,..., ( )),...,( ,..., ( )))� � � �v s � 1 11� � . Ïîýòîìó èç (16) ïîëó÷èì

f x j j h� � � � �� � � � �( ( , ( , )) | , ( , ) ,� � �� � � � 	1 1 1 0

	 h
� � �� � � � �

, ( )
[(( ( , ),..., ( , ( )),...,( ( , ),.

�
� � � �1 1 11 1 .., ( , ( )))]� � �� �� � 	

	
�

�

� �

 
 

k

i

v, s F k s v, s
vh

1

1

1 1

*

, ( , ( )) ( , ) ,

, [
�� � �  �� �

�

� � �

�  ( , ( , ))]s s1 � ,

� �1,..., r, GF( )2 .

Îòñþäà âûòåêàåò ñïðàâåäëèâîñòü ôîðìóëû (12). Óòâåðæäåíèå äîêàçàíî.
Ôîðìóëû (8), (9), (11), (12) îñíîâàíû íà îáîçíà÷åíèÿõ (6). Çàïèøåì

ýòè ôîðìóëû áåç ó÷åòà îáîçíà÷åíèé (6). Ôîðìóëó (8) ìîæíî çàïèñàòü â
âèäå

h h f u n� � �� �", ( ) ,[( )] ( [ )1 0 1
� �

� 	 � � , (17)

ôîðìóëó (9) — â âèäå

h f u n h� � � � � � ��  ��� � � " � �, ( ) ,[( )] ( [ | , )
� �

� � � � 	 	1 1 0

	
�

�

�

 

�

�

�� � ���

� � � �

� � �

� �
� �

1

1

, ..., )

, ( ) [( ,..., ]
�

h
�

, GF ( )2 , (18)

ôîðìóëó (11) — â âèäå

h f u n� � � � �
� �

� � ��� � � " �, ( ,..., ) [( ( )] ( [ |1 1
1

1 1
� � �

� � � � , ) ,� �	 	h 0

	
�

�

�

 

�

�

� ���

�

� � �
� �

�
1

1

1 1
1

s s Q
sh

s s
, ..., )

, ( ,..., ) [((� �
),...,( ))]�

�s
,

� �1,..., r, GF ( )2 , (19)

à ôîðìóëó (12) — â âèäå

h
� � �� � � � �

, ( )
[(( ( , ),..., ( , ( )),...,( ( , ),..

�
� � � �1 1 11 1 ., ( , ( ))]� � �� �� � �

� � � � � 	 	f u n j j h� � � ��
� � � � �( [ ( , )] | , ( , ) ,�

� �1 1 1 0

	
�

�

� �

 
 

k

i

v, s F k s v, s
vh

1

1

1 1

*

, ( , ( )) ( , ) ,

, [
�� � �  �� �

�

� � �

�  ( , ( , ))]s s1 � ,

� �1,..., r, GF( )2 .
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Äëÿ âûâåäåíèÿ îáùåé ôîðìóëû îïðåäåëåíèÿ ëþáûõ êîýôôèöèåíòîâ â

(4) ðàññìîòðèì ïðîèçâîëüíóþ ïàðó ( , )i m , ãäå m F i� ( ) è i q n� 	{ ,..., ( )}1 10 .

×åðåç m( )� îáîçíà÷èì �-é êîìïîíåíò âåêòîðà m. Ïóñòü ÷èñëî íåíóëåâûõ

êîìïîíåíòîâ â m åñòü � è íîìåðà ýòèõ êîìïîíåíòîâ — � �1 , ..., � . Ïóñòü

u n j
�

�
�

� �[ ( , )]� �1, j m� �1 1, ( ,� � � � � , à îñòàëüíûå ïåðåìåííûå èç ìíî-

æåñòâà U u n n u n u n n u nq q� � �{ [ ],..., [ ],..., [ ],..., [ ]}1 0 1 0 èìåþò çíà÷åíèå 0 è

äëÿ êàæäîé âåëè÷èíû� �� 1,..., }r ôóíêöèÿ f � (...) îáîçíà÷åíà ÷åðåç f u n� �
( [

�
�

� � �� � � �� �( , )]| , ( , )� �j j m1 1 , ãäå 0 1 10� � � � �� �  � �� � �( , ) ... ( , ( )) , .� � �m n
Ïðè ó÷åòå çíà÷åíèé ïåðåìåííûõ èç U â ïðàâîé ÷àñòè (4) íåíóëåâîé

÷ëåí ìàêñèìàëüíîé íåëèíåéíîñòè èìååò êîýôôèöèåíò

h mm� �� � � � �, [(( ( , ),..., ( , ( )),...,( ( , ),...,� � � �1 1 11 1 ( , ( )))]� �� � �m . (20)

Àíàëîãè÷íî äîêàçàòåëüñòâó óòâåðæäåíèÿ 3 ìîæíî äîêàçàòü ñëåäóþ-

ùóþ òåîðåìó.

Òåîðåìà 2. Äëÿ êîýôôèöèåíòà (20) ñïðàâåäëèâà ñëåäóþùàÿ ôîðìóëà:

h mm� �� � � � �, [(( ( , ),..., ( , ( )),...,( ( , ),...,� � � �1 1 11 1 ( , ( ))]� �� � �m �

� � � � � 	 	f u n j j m h� � � ��
� � � �( [ ( , )] | , ( , ) ,�

� �1 1 1 0

	
�

�

� �

 
 

k

i

v, s F k m s v, s
vh s

1

1

2 1�� �  �� �

� �
, ( , ) ( , ) ,

, [ ( ,
� �

 1( , ))]� s ,

� �1,..., r, GF ( )2 . (21)

Çäåñü

�  �  ( , ( , )) (( ( , ( , )),...s s s s1 1 1
1� � ��

..., ( , ( , ))),...,( ( , ( , )),..., (�  �  �
� �

� � � �s s s s sv
1 1 1

1 � �s s sv
� � �
 , ( , )))) ;

F k m v s v v v s s s2 1 11( , ) {( , , ) | , ( ,..., ), ( ,..., )� � � � �� � � � � ;

1 1� � � �s s... � �;
�

�

�

�

 �

1

v ks ; v ms s� �
�{ ,..., ( )}0 � ; � ��1, };

� ��( , , ) ( , ( ))�
�

�

� �
v s v ms s�

�
�

1

� ,

ãäå ��( , ( )) { ( ) ( ( , ), ..., ( , )) |v m vs s s s s s� � � � � �
   � � � �� � 1 1� � 

�
( , ) ...� s 1

... ( , ) ( )}� � 
� � �

� �s s sv m ;    
�1 1

( , ) ( ( ),..., ( ))� � �s s s� — ýëåìåíò ìíîæåñòâà

� ( , , )� v s .
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Ôîðìóëà (21) âìåñòå ñ (5), (17)—(19) ÿâëÿåòñÿ ðåêóððåíòíûì ñîîòíî-

øåíèåì äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ ïîëèíîìà (4) ïðè èçâåñòíûõ

âõîäíûõ è âûõîäíûõ çíà÷åíèÿõ.

Ïðèìåð. Ïóñòü â (1) r �1, n0 1� , q �2 . Òîãäà ( )n q0 1 4	 � . Ïîñêîëüêó

r �1, ïðè îïèñàíèè ïåðåìåííûõ y, f, h è äðóãèõ èíäåêñ �, ïðèíèìàþùèé

çíà÷åíèå îò 1 äî r, íå áóäåò èñïîëüçîâàí. Ïðè y n f u n[ ] ( [ ],� 1 u n1 1[ ],�
u n u n2 2 1[ ], [ ])� çàïèøåì ïîëèíîìèàëüíîå ïðåäñòàâëåíèå â âèäå (4). Äëÿ

ýòîãî çàïèøåì ýëåìåíòû ìíîæåñòâà F i( ), Q i m( , ) è �( , )i m ïðè i �0 1 4, ,..., .

i �1. Â ýòîì ñëó÷àå F( ) {( , ),( , )}1 1 0 0 1� .

à) m � ( , )1 0 . Ïðè ýòîì

Q ( ,( , )) { }1 1 0 1� , �1 1 1 1 0 1 1 1( ) {( ( , ) ),( ( , ) )}� � �� � , �( ,( , )) {(( )),(( ))}1 1 0 0 1� .

á) m � ( , )1 0 . Ïðè ýòîì

Q ( ,( , )) { }1 0 1 2� , �1 1 2 1 0 2 1 1( ) {( ( , ) ),( ( , ) )}� � �� � , �( ,( , )) {(( )),(( ))}1 0 1 0 1� .

Ýòîìó ñëó÷àþ ñîîòâåòñòâóþò ñëåäóþùèå ñëàãàåìûå:

S h u n1 1 0 10� ( , ) [(( ))] [ ], S h u n2 1 0 11 1� �( , ) [(( ))] [ ] ,

S h u n3 0 1 20� ( , ) [(( ))] [ ], S h u n4 0 1 21 1� �( , ) [(( ))] [ ] .
(22)

i � 2. Â ýòîì ñëó÷àå F( ) {( , ),( , ),( , )}2 1 1 2 0 0 2� .

à) m � ( , )1 1 . Ïðè ýòîì

Q ( ,( , )) { , }2 1 1 1 2� , �1 1 1 1 0 1 1 1( ) {( ( , ) ),( ( , ) )}� � �� � ,

�( ,( , )) {(( ),( )),(( ),( )),(( ),( )),(( ),( )2 1 1 0 0 0 1 1 0 1 1� )}.

Ýòîìó ñëó÷àþ ñîîòâåòñòâóþò ñëåäóþùèå ñëàãàåìûå:

S h u n u n5 1 1 1 20 0� ( , ) [(( ),( ))] [ ] [ ], S h u n u n6 1 1 1 20 1 1� �( , ) [(( ),( ))] [ ] [ ] , (23)

S h u n u n7 1 1 1 21 0 1� �( , ) [(( ),( ))] [ ] [ ], S h u n u n8 1 1 1 21 1 1 1� � �( , ) [(( ),( ))] [ ] [ ] .

á) m � ( , )2 0 . Ïðè ýòîì

Q ( ,( , )) { }2 2 0 1� , �1 2 1 1 1 2 0 1( ) {( ( , ), ( , )) ( , )}� �� � , �( ,( , )) {(( , ))}2 2 0 0 1� .

Ñîîòâåòñòâóþùèå ñëàãàåìûå:

S h u n u n9 2 0 1 10 1 1� �( , ) [(( , ))] [ ] [ ] . (24)

â) m � ( , )0 2 . Ïðè ýòîì

Q ( ,( , )) { }2 0 2 2� , �1 2 2 1 2 2 0 1( ) {( ( , ), ( , )) ( , )}� �� � , �( ,( , )) {(( , ))}2 0 2 0 1� .
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Ñîîòâåòñòâóþùèå ñëàãàåìûå:

S h u n u n10 0 2 2 20 1 1� �( , ) [(( , ))] [ ] [ ] . (25)

i � 3. Â ýòîì ñëó÷àå F( ) {( , ),( , )}3 2 1 1 2� .

à) m � ( , )2 1 . Ïðè ýòîì

Q ( ,( , )) { , }3 2 1 1 2� , �1 2 1 1 1 2 0 1( ) {( ( , ), ( , )) ( , )}� �� � ,

�1 1 2 1 0 2 1 1( ) {( ( , ) ),( ( , ) )}� � �� � .

Ýëåìåíòû ìíîæåñòâà � ( , ( , ))3 2 1 èìåþò âèä (( ( , ), ( , )), ( ( , )))� � �1 1 1 2 2 1 .

Ïîýòîìó

� ( ,( , )) {(( , ),( )),(( , ),( ))}3 2 1 0 1 0 0 1 1� .

Ñîîòâåòñòâóþùèå ñëàãàåìûå:

S h u n u n u n11 2 1 1 1 20 1 0 1� �( , ) [(( , ),( ))] [ ] [ ] [ ], (26)

S h u n u n u n12 2 1 1 1 20 1 1 1 1� � �( , ) [(( , ),( ))] [ ] [ ] [ ] .

á) m � ( , )1 2 . Ïðè ýòîì

Q ( ,( , )) { , }3 1 2 1 2� , �1 1 1 1 0 1 1 1( ) {( ( , ) ),( ( , ) )}� � �� � ,

�1 2 2 1 2 2 0 1( ) {( ( , ), ( , )) ( , )}� �� � .

Ýëåìåíòû ìíîæåñòâà �( ,( , ))3 1 2 èìåþò âèä (( ( , )),( ( , ), ( , )))� � �1 1 2 1 2 2 .

Ïîýòîìó

�( ,( , )) {(( ),( , )),(( ),( , ))}3 1 2 0 0 1 1 0 1� .

Ñîîòâåòñòâóþùèå ñëàãàåìûå:

S h u n u n u n13 1 2 1 2 20 0 1 1� �( , ) [(( ),( , ))] [ ] [ ] [ ] , (27)

S h u n u n u n14 1 2 1 2 21 0 1 1 1� � �( , ) [(( ),( , ))] [ ] [ ] [ ] .

i � 4. Â ýòîì ñëó÷àå F( ) {( , )}4 2 2� . Ïðè ýòîì

Q ( ,( , )) { , }3 2 2 1 2� , �1 2 1 1 1 2 0 1( ) {( ( , ), ( , )) ( , )}� �� � ,

�1 2 2 1 2 2 0 1( ) {( ( , ), ( , )) ( , )}� �� � , �( ,( , )) {(( , ),( , ))}4 1 2 0 1 0 1� .

Ïîýòîìó ñîîòâåòñòâóþùåå ñëàãàåìîå ñëåäóþùåå:

S h u n u n u n u n15 2 2 1 1 2 20 1 0 1 1 1� � �( , ) [(( , ),( , ))] [ ] [ ] [ ] [ ] . (28)
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Òàêèì îáðàçîì,

y n h S S S S S[ ]� 	 	 	 	 	 	0 1 2 3 4 5

	 	 	 	 	 	 	 	 	 	S S S S S S S S S S6 7 8 9 10 11 12 13 14 15, GF( )2 , (29)

ãäå S i , i �1 15, , îïðåäåëÿåì ïî (22)—(29), à h GF0 2� ( ) .

Òåïåðü ðàññìîòðèì îïðåäåëåíèå êàêîãî-ëèáî êîýôôèöèåíòà èç (29),

íàïðèìåð êîýôôèöèåíòà h( , ) [(( ),( , ))]1 2 1 0 1 , ïðè èçâåñòíûõ çíà÷åíèÿõ âõîä-

íîé è âûõîäíîé ïîñëåäîâàòåëüíîñòåé. Êîýôôèöèåíò h( , ) [(( ),( , ))]1 2 1 0 1 ÿâ-

ëÿåòñÿ êîýôôèöèåíòîì ñëàãàåìîãî u n u n u n1 2 21 1[ ] [ ] [ ]� � . Ïðè u n1 1[ ]� �
� � � �u n u n2 2 1 1[ ] [ ] , u n1 0[ ]� ÷åðåç f u n u n u n( [ ], [ ], [ ] )1 2 21 1 1� � � îáîçíà÷èì

ôóíêöèþ f u n u n u n u n( [ ], [ ], [ ], [ ])1 1 2 21 1� � . Äëÿ h( , ) [(( ), ( , ))]1 2 1 0 1 ïîëó÷àåì

i �3 , m m m� �( , ) ( , )1 2 1 2 , �1 1� , � 2 2� , � � �( , ) , ( , ) , ( , )1 1 1 2 1 0 2 2 1� � � .

k �1. Â ýòîì ñëó÷àå F2 1 1 2 1 1 1 1 1 2( ,( , )) {( ,( ),( )),( ,( ), ))}� , ò.å. âîçìîæíî äâà

âàðèàíòà:

à) � �1, v1 1� , s1 1� . Ïðè ýòîì

� �� �( , ( )) ( , ) { ( ) }v ms s1 1
1 1 1 1� � � � , � �( , , ) ( ,( ),( )) (( ))� v s � �1 1 1 1 ,

 1 1( , ) (( ))� s � , �  � �( , ( , )) (( ),(( ))) (( ( , ))) (( ))s s1 1 1 1 1 1� � � � .

Ýòîìó ñëó÷àþ ñîîòâåòñòâóåò êîýôôèöèåíò h( , ) [(( ))]1 0 1 .

á) � �1, v1 1� , s1 2� . Ïðè ýòîì

� �� �( , ( )) ( , ) { ( ) ( ), ( ) ( )}( ) ( )v ms s1 1
1 2 2 1 2 21 2

� � � � �  ,

� �( , , ) ( ,( ),( )) { ( , ) (( )), ( , )( ) ( )�   v s s s� � �1 1 2 1
1

1

1

2
� � � (( ))}2 ,

�  � �( , ( , )) (( ),(( ))) (( ( , )) (( ))( ) ( ) ( )s s
1

1 1 12 2 2 1 0� � � � ,

�  � �( , ( , )) (( ),(( ))) (( ( , )) (( ))( ) ( ) ( )s s
1

2 2 22 2 2 1 1� � � � .

Ýòîìó ñëó÷àþ ñîîòâåòñòâóþò êîýôôèöèåíòû h( , ) [(( ))]0 1 0 è h( , ) [(( ))]0 1 1 .

k � 2. Â ýòîì ñëó÷àå F2 2 1 2 1 2 2 2 1 1 1 2( ,( , )) {( ,( ),( )),( ,( , ),( , ))}� .

à) � �1, v1 2� , s1 2� . Êàê è â ñëó÷àå k �1, ýòîìó ñëó÷àþ ñîîòâåòñòâóåò

êîýôôèöèåíò h( , ) [(( ),( ))]0 2 0 1 .

á) � �2, v1 1� , v2 1� , s1 1� , s2 2� . Êàê è â ñëó÷àå k �1, ýòîìó ñëó÷àþ

ñîîòâåòñòâóþò êîýôôèöèåíòû h( , ) [(( ),( ))]1 1 1 0 è h( , ) [(( ),( ))]1 1 1 1 .

Òàêèì îáðàçîì, íà îñíîâàíèè (16) ïîëó÷àåì

h f u n u n u n h( , ) [(( ),( , ))] ( [ ], [ ], [ ] )1 2 1 2 2 01 0 1 1 1 1� � � � 	 	h( , ) [(( ))]1 0 1 	

	 	 	h h h( , ) ( , ) ( , )[(( ))] [(( ))] [(( ),( ))]0 1 0 1 0 20 1 0 1 , GF( )2 .
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Âûâîäû

Äâóõçíà÷íûé àíàëîã ïîëèíîìà Âîëüòåððû â âèäå (4) ÿâëÿåòñÿ îáùèì ôóíê-
öèîíàëüíûì ñîîòíîøåíèåì äëÿ ÌÍÌÄÑ ñ ôèêñèðîâàííîé ïàìÿòüþ n0 è
ìîæåò áûòü èñïîëüçîâàí ïðè èññëåäîâàíèè åå ñâîéñòâ, íàïðèìåð ïðè ïîñòà-
íîâêå è ðåøåíèè ðàçëè÷íûõ ìàòåìàòè÷åñêèõ è ïðèêëàäíûõ çàäà÷. Ïîëó÷åí-
íîå ðåêóððåíòíîå ñîîòíîøåíèå äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ ïîëèíî-
ìèàëüíûõ ïðåäñòàâëåíèé ìîæåò áûòü èñïîëüçîâàíî ïðè ðàçðàáîòêå àëãî-
ðèòìîâ è ïðîãðàìì äëÿ âû÷èñëåíèÿ çíà÷åíèé ýòèõ êîýôôèöèåíòîâ.
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F.G. Feyziyev, M.R. Mekhtiyeva, A.J. Huseynova

THE TWO-VALUED ANALOGUE OF VOLTERRA POLYNOMIAL
FOR DESCRIPTION OF FULL REACTION OF BINARY MULTIDIMENSIONAL
NONLINEAR MODULAR DYNAMIC SYSTEMS

The construction of a two-valued analogue of Volterra polynomial for description of full reaction
of binary multidimensional nonlinear modular dynamic systems is considered. The recurrence
formulas are presented for determining coefficients of this polynomial at certain values of the in-
put and output sequences of multidimensional nonlinear modular dynamic systems.

K e y w o r d s: multidimensional nonlinear modular dynamic system, two-valued analogue of
Volterra polynomial, the recurrence formulas.
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òèêà, òåîðèÿ êîíå÷íûõ àâòîìàòîâ è òåîðåòè÷åñêèå âîïðîñû èíôîðìàòèêè.
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Ðèñ. 4. Ðîçðàõóíêîâà ñ³òêà ïàëüíèêà êîòëà ÒÏÏ-210À

Ðèñ. 2. Ðîçðàõóíêîâà
ñ³òêà íà çîâí³øí³é ïî-
âåðõí³ ñòåíäó ÂÃÏ-
100Â (à) òà ñ³òêà ñòåí-
äó ç ìîäåëëþ òåðìî-
ïàðè íà ïåðø³é ä³àã-
íîñòè÷í³é ñåêö³¿ (á)

Ðèñ. 5. Ðîçïîä³ë âåêòîð³â øâèäêîñò³ íà ïîïåðå÷íèõ ïåðåð³çàõ



Ðèñ. 6. Ïîëå êîíöåíòðàö³¿ ëåòêèõ ó ïåðåð³ç³ ïàëüíèêà, ñóì³ùåíå ç òðåêàìè ÷àñòî÷îê
âóã³ëëÿ (à), òà 3-d òðåêè âóã³ëüíèõ ÷àñòîê çà òåìïåðàòóðàìè (á)
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