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Abstract. In this paper, a new class of fuzzy topological spaces called
ordered fuzzy Gs-extremally disconnected spaces is introduced. Tietze
extension theorem for ordered fuzzy Gs-extremally disconnected spaces
has been discussed as in [10] besides proving several other propositions
and lemmas.
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Introduction

The fuzzy concept has invaded almost all branches of mathematics
since the introduction of the concept by L. A. Zadeh [11]. Fuzzy sets
have applications in many fields such as information [7| and control [8].
The theory of fuzzy topological space was introduced and developed by
C. L. Chang [5] and since then various notions in classical topology have
been extended to fuzzy topological space [3,4]. A new class of fuzzy
topological spaces called ordered fuzzy Gs-extremally disconnected spaces
is introduced in this paper by using the concepts of fuzzy extremally
disconnected spaces [1], fuzzy Gs-sets [2| and ordered fuzzy topology [6].
Some interesting properties and characterizations are studied. Tietze
extension theorem for ordered fuzzy Ggs-extremally disconnected spaces
has been discussed as in [10] besides proving several other propositions
and lemmas.
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1. Preliminaries

Definition 1.1. Let (X, T) be a fuzzy topological space and \ be a fuzzy
set in X. X is called a fuzzy Gs-set if X = N5, \; where each A\; € T [2].

Definition 1.2. Let (X, T) be a fuzzy topological space and X be a fuzzy
set in X. X is called a fuzzy Fo-set if A = V52, \; where each 1 —\; € T.

Definition 1.3. Let (X, T) be any fuzzy topological space. For any fuzzy
set A in X we define the o-closure of A\, denote by cl, A, to be the inter-
section of all fuzzy F,-sets containing \. That is

clo A= N{p: pis a fuzzy Fy-set and p > \}.

Definition 1.4. Let (X, T) be any fuzzy topological space. For any fuzzy
set X in X, we define the o-interior of A, denote by int, A, to be the
union of all fuzzy Ggs-sets contained in X\. That is,

int, A\ = V{u: p is a fuzzy Gs-set and p < A\}.

Definition 1.5. For each t € R, let Ly, Ry : R(I) — I be given by
Li(A) =1—Xt—) and R(X) = A(t+). Define L={L;:t € R} U{0,1}
and R = {R¢|t € R} U{0,1}. Then L and R are called I-topologies on
R(I) [9].

Definition 1.6. Suppose (X,T) is a fuzzy topological space. X is said
to be fuzzy extremally disconnected [2] if X € T implies cl\ € T.

Remark 1.1. The symbol (¢) (¢t € R) stands for the member of R(L)
containing A such that A(t4+) = A(t—)" = 0 [10].

2. Ordered Fuzzy Gj-extremally Disconnected Spaces

In this section, the concept of ordered fuzzy Gs-extremally discon-
nected spaces is introduced. Some interesting properties and characteri-
zations are studied.

Definition 2.1. Let (X, T,<) be an ordered fuzzy topological space and
let X be any fuzzy set in (X,T,<), X is called fuzzy increasing Gs/Fy if
A= A2 N/if A= V2 A\ where each \; is fuzzy increasing open/closed
in (X,T,<). The complement of fuzzy increasing Ggs/F,-set is fuzzy
decreasing Fs/Gy.



384 TIETZE EXTENSION THEOREM...

Definition 2.2. Let A be any fuzzy set in the ordered fuzzy topological
space (X, T,<). Then we define
I;(\) = fuzzy increasing o-closure of X.
= the smallest fuzzy increasing F,-set containing .
D, () = fuzzy decreasing o-closure of X.
= the smallest fuzzy decreasing Fy-set containing A.
I%(\) = fuzzy increasing o-interior of \.
= the greatest fuzzy increasing Gg-set contained in .
DY(\) = fuzzy decreasing o-interior of A.

= the greatest fuzzy decreasing Gs-set contained in A.

Prorosition 2.1. For any fuzzy set X of an ordered fuzzy topological
space (X, T, <), the following equalities are valid.

(a)
(b)  1-Ds(A) =
()
(d)

1—I,(\) = D°(1

0
o
0
o

=DO(1—
(1—MN).

1—1I9\) = Dy(1 —

(_

1-D%)\) = I,(1

Proof. We shall prove (a) only, (b), (¢), and (d) can be proved in a similar
manner.

(a) Since I,(\) is a fuzzy increasing F,-set containing A, 1 — I,(\) is
a fuzzy decreasing Gs-set such that 1 — I,(A) <1 — A. Let p be another
fuzzy decreasing Gg-set such that © < 1 — A. Then 1 — p is a fuzzy
increasing F,-set such that 1 — u > A. It follows that I,(\) < 1 — pu.
That is, p < 1 — I;(\). Thus, 1 — I,(\) is the largest fuzzy decreasing
Gs-set such that 1—1,(\) < 1—\. Thatis, 1—I,(\) =1-D(1-)). O

Definition 2.3. Let (X, T, <) be an ordered fuzzy topological space. Let
A be any fuzzy increasing Gs-set in (X, T,<). If I,(\) is fuzzy increasing
Gs-setin (X, T, <), then (X, T, <) is said to be upper fuzzy Gg-extremally
disconnected. Similarly we can define lower fuzzy Ggs-extremally discon-
nected space. (X, T, <) is said to be ordered fuzzy Gs-extremally discon-
nected if it is both upper and lower fuzzy Gs-extremally disconnected.

Example 2.1. Let X = {a,b,c} and T = {0,1, A1, A2, A3, A4} where

A1 X —[0,1] is such that Aj(a) =0, A\ (b) =1/4, \i(c) =3/4,
Ao 1 X — [0,1] is such that Aa(a) =1, A2(b) = 3/4, Xo(c) = 3/4,



E. RoJja, M. K. UmMA, G. BALASUBRAMANIAN 385

Az : X — [0, 1] is such that Ag(a) =1, A3(b) = 3/4, A3(c) =1/4,
and

Aq 0 X — [0, 1] is such that A\q(a) =0, A\y(b) =1/4, \y(c) =1/4.

The partial order ”<“ is defined as a < b, b < ¢. Then (X,T,<) is an
ordered fuzzy topological space. It is clear that (X, T, <) is an ordered
fuzzy Gs-extremally disconnected space.

Prorosition 2.2. For an ordered fuzzy topological space (X,T,<), the
following statements are equivalent.

(a) (X,T,<) is upper fuzzy Ggelta-extremally disconnected.

(b) For each fuzzy decreasing F,-set X\, D()\) is a decreasing fuzzy
F,-set.

(¢) For each fuzzy increasing Gg-set A\, we have

IO + Dy(1 = [,(\) = 1.

(d) For each pair of fuzzy increasing Gs-set A and a fuzzy decreasing
Gs-set pin (X, T, <) with I,(\) + p =1, we have

IO'()\) + DO’(M) =L

Proof. (a) = (b). Let A be any fuzzy decreasing F,-set. We claim DY()\)
is a fuzzy decreasing Fy-set. Now 1 — A is fuzzy increasing G5 and so by
assumption (a), I,(1 — \) is fuzzy increasing Gs. That is, D(\) is fuzzy
decreasing Fy.

(b) = (¢). Let A be any fuzzy increasing Gs-set. Then,

1—I,(\)=D%1 - \). (2.1)

Consider I,(A) + Dy (1 — I;(X)) = I,(A) + Dy(D2(1 — X)). As X is any
fuzzy increasing Gs-set, 1 — X is fuzzy decreasing F,, and by assumption
(b), DY(1 — ) is fuzzy decreasing F,. Therefore,

Dy(D2(1— X)) = D2(1 - )\).

Now,
I,(A) + Do (D2(1 = ) = I,(\) + D21 = \) = 1.

That is,
IO'()\) + Do(l - IO'()\)) =1
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(c) = (d). Let X be any fuzzy increasing Gs-set and p be any fuzzy
decreasing Gg-set such that

I,(\) +p =1 (2.2)
By assumption (c),

Ia()‘) + Da(l - Ia()‘)) =1

= I(\) + p. (2:3)
That is, p = Dy(1 — I5(N)). Since p =1 — I,(N),
Da(“) = Da(l - Ia()‘))' (2'4)

From (2.3) and (2.4)
Ia()‘) + DO(N) =1

(d) = (a). Let X be any fuzzy increasing Gs-set. Put p =1 — I,()\).
Clearly, p is fuzzy decreasing Gs-set and from the construction of p it
follows that I,(\)+p = 1. By assumption (d), we have I,(A)+D,(p) =1
and so I;(A\) = 1 — D, (u) is fuzzy increasing Gs. Therefore, (X, T, <) is
upper fuzzy Gs-extremally disconnected. O

Prorosition 2.3. Let (X,T,<) be an ordered fuzzy topological space.
Then (X,T,<) is an upper fuzzy Gs-extremally disconnected space <
for fuzzy decreasing Gs-set A and fuzzy decreasing Fy-set pu such that
A < p, we have Dy(N) < DY ().

Proof. Suppose (X,T,<) is an upper fuzzy Gs-xtremally disconnected
space. Let X be any fuzzy decreasing Ggs-set such that A < . Then
by (b) of Proposition 2.2, DY (u) is fuzzy decreasing F,,. Also, since X is
fuzzy decreasing G5 and A < p, it follows that A < D%(u). Again, since
DY(u) is fuzzy decreasing F,, it follows that D,()\) < D2(u).

To prove the converse, let p be any fuzzy decreasing F,-set. By
Definition 2.2, DI(u) is fuzzy decreasing G5 and it is also clear that
DO(u) < p. Therefore by assumption, it follows that D, (D9(u)) <
DY%(p). This implies that D (u) is fuzzy decreasing F,,. Hence by (b)
of Proposition 2.2, it follows that (X, T, <) is upper fuzzy Gs-extremally
disconnected. O

Remark 2.1. Let (X,7T,<) be an upper fuzzy Gs-extremally discon-
nected space. Let {\;,1 — p; : i € N} be a collection such that \;, i € N
are fuzzy decreasing Ggs-sets and pu;, ¢ € N are fuzzy decreasing Fj-sets.
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Let A\, 1 — u be fuzzy decreasing Gs-set and fuzzy increasing Ggs-set re-
spectively. If \; < XA < pj and Ay < p < pj for all 4,5 € N, then there
exists a fuzzy decreasing GsF,-set v such that

Dy(Ni) <y < DY(u;) forallid,jeN.
By Proposition 2.3,
Dy(Xi) < Do(A) A Dg(p) < Dy(ns) (1,5 €N).
Put v = Dy (A) A D(u). Now ~ satisfies our required condition.

Prorosition 2.4. Let (X,T,<) be an ordered fuzzy Gs-extremally dis-
connected space. Let {\;}qeq and {4}qcq be monotone increasing col-
lections of fuzzy decreasing Ggs-sets and fuzzy decreasing Fy-sets of
(X, T, <) respectively and suppose that Ng, < pig, whenever ¢ < g2 (Q
is the set of rational numbers). Then there exists a monotone increasing
collection {Vq}qeq of fuzzy decreasing GsFy-sets of (X, T,<) such that
Dy(Ag;) < Ygo and 7g, < Dg(pg,) whenever qi < ga.

Proof. Let us arrange into sequence {g,} of rational numbers without
repetitions. For every n > 2, we shall define inductively a collection
{74 : 1 <i<n} CI¥ such that

DU()‘Q) < Vai if q < qi,
Yo < Do (1) if ¢ < g,

for all i < n.

By Proposition 2.3, the family {D,(\;)} and {DY(u,)} satisfying
Dy(Agy) < D9(pgy) if 1 < q2. By Remark 2.1, there exists fuzzy de-
creasing GgF,-set §; such that

DU()‘QH) < < Dg(:uth)-

Setting 74, = 01 we get (S2). Assume that fuzzy sets v, are already
defined for ¢ < n and satisfy (.S,,). Define

E=V{yg, :i<n, ¢ <qn} Vg

and
D =N 7 <n, @G> qu} N g,
Then we have that

Dy (vq;) < Dp(2) < Dg(’qu)
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and
Ds(vg;) < Dy (@) < Dg(’Yqj)

whenever ¢; < ¢, < q; (1,7 < n) as well as Ay < Dy(X) < pgy and
Ay < DY(®) < p, whenever ¢ < g, < ¢ This shows that the countable
collection {yg, : i <mn, ¢; < ¢} U{Ag: ¢ < qn} and {vg : j <n, g >
qn} U{lg : ¢ > gn} together with ¥ and & fulfill all conditions of the
mentioned Remark 2.1. Hence, there exists a fuzzy decreasing G5 Fsigma-
set 0,, such that

Do (6n) < g if gn <4,

A < Do’ (6,) if ¢ < gn,
Do(7g,) < Dg(‘sn) if ¢; < gn,
Dy (6n) < Dg(')’qg') if g, < gj,

where 1 < 7,5 < n — 1. Now, setting -, = d, we obtain the fuzzy sets
Yagr:Vgzs - - - » Vqn that satisfy (Sp41). Therefore, the collection {v,, : i =
1,2,...} has the required property. This completes the proof. O

Definition 2.4. Let (X,T,<) and (Y, S, <) be ordered fuzzy topological
spaces. A mapping f : (X, T,<) — (Y, 5,<) is called fuzzy increas-
ing/decreasing Gg-continuous if f~1(A\) is fuzzy increasing/decreasing
Gs-set of (X,T,<) for every fuzzy Gs-set X of (Y,S,<). If f is both
fuzzy increasing and fuzzy decreasing Gg-continuous, then it is called or-
dered fuzzy Ggs-continuous.

Definition 2.5. Let (X,T,<) be an ordered fuzzy topological space. A
function f : X — R(I) is called lower fuzzy Gg-continuous if f~1(Ry) is
fuzzy increasing of fuzzy decreasing G for each t € R and upper fuzzy
Gs-continuous if f~1(L¢) is fuzzy increasing of fuzzy decreasing Gs for
each t € R.

Lemma 2.1. Let (X, T, <) be an ordered fuzzy topological space, let A €
IX, and let f : X — R(I) be such that

1 ift <0,
f@)t) =< Mx) f0<t<1,
0 ift > 1,

for all x € X. Then f is lower/upper fuzzy Ggs-continuous iff \ is fuzzy
increasing of decreasing Gs/F,-set.
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Proof. 1f suffices to observe that

1 ift<O0,
FHR) =X ifo<t<,
0 ift>1
and
1 ift <0,
ULy =N ifo<t <1,
0 ift>1.
Thus proved. ]

Definition 2.6. The characteristic function of X € IX is the map x» :
X — [0,1)(I) defined by xx(x) = (A(x)), = € X [10].

Lemma 2.2. Let (X,T, <) be an ordered fuzzy topological space, let A €
IX. Then x is lower/upper fuzzy Gs-continuous iff \ is fuzzy increasing
or decreasing Gs/F,-set.

Proof. Proof is similar to Lemma 2.1. O

Prorosition 2.5. Let (X,T,<) be an ordered fuzzy topological space.
Then the following statements are equivalent.

(a) (X,T,<) is upper fuzzy Gg-extremally disconnected.

(b) If g,h : X — R(I), g is lower fuzzy Gs-continuous, h is upper fuzzy
Gs-continuous and g < h, then there exists an fuzzy increasing G-
continuous function f: (X, T,<) — R(I) such that g < f < h.

(¢) If 1 — X is fuzzy increasing Gs-set, i is fuzzy decreasing Gg-set and
w < A, then there exists fuzzy increasing Gs-continuous function
(X, T,<) = [0,1)(I) such that p < (1 — Ly)f < Rof < A.

Proof. (a) = (b). Define H, = Lyh and G, = (1—R,)g, r € Q. Thus we
have two monotone increasing families of respectively fuzzy decreasing
Gs-sets and fuzzy decreasing F,-sets of (X, T,<). Moreover, H, < G,
if r < s. By Proposition 2.4, there exists a monotone increasing family
{F} }req of fuzzy decreasing GsFy-sets of (X, T, <) such that D,(H,) <
Fy and F, < DY%(Gs) whenever r < s. Letting V; = Ap(1 — F,) for
all t € R, we define a monotone decreasing family {V; : t € R} c IX.
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Moreover, we have I,(V;) < I2(Vy), whenever s < t. We have

Vvi=V ANa-F)=\/ ANt-¢

teR teR r<t teR r<t

=V Ao = Vo w =g (V) <1
teR r<t teR teR
Similarly, AyerVz = 0.

We now define a function f : (X, T, <) — R(I) satisfying the required
properties. Let f(x)(t) = Vi(x) for all z € X and ¢ € R. By the above
discussion, it follows that f is well defined. To prove f is fuzzy increasing
(s-continuous, we observe that

VVi=VDRwv),  AVi= \IL(W)

s>t s>t s<t s<t

Then

=\/ V.=V W)

s>t s>t
is fuzzy increasing Gs. Now

=Ly = A\Vi= \L(Vs)

s<t s<t

is fuzzy increasing F, so that f is fuzzy increasing Gs-continuous. To
conclude the proof it remains to show that g < f < h, that is g71(1 —
Lt) < f_l(l — Lt) < h_l(l — Lt) and g_l(Rt) < f_l(Rt) < h_l(Rt) for
each t € R.

We have

g a-L)=Ngt0-Ly=N\ Ao ‘(&)

s<t s<t r<s
=N ANa-G)< N Na-F)=A\V.=f"'(1-Ly)
s<t r<s s<t r<s s<t
and

fla-ry=Av.e=A\ Na-r) <\ N0-H

s<t s<t r<s s<t r<s

:/\ /\h—1(1 /\h =h7(1-L,).

s<t r<s s<t
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Similarly, we obtain

o'’y =\ g '®)=\ Ve '®)=\ V-6

s>t s>t r>s s>t r>s
<V AN@-F)=\/Vi=f""(R)
s>t r<s s>t
and
ey =\ vi=\ Na-r)<\ \/0-H)
s>t s>t r<s s>t r>s
=\/ Vr'0-L)=\ 11 (R) =0 (Ry)
s>t r>s s>t

Thus, (b) is proved.

(b) = (¢). Suppose 1 — X is fuzzy increasing Gs and p is fuzzy
decreasing G's, such that u < A. Then x, < x», X, and x) are lower and
upper fuzzy Gs-continuous functions respectively. Hence by (b), there
exists fuzzy increasing Gs continuous function f : (X,7,<) — R({)
such that x, < f < xa. Clearly, f(z) € [0,1](1) for all z € X and
p=01=Li)x, < (1—L1)f <Rof < Roxa= A\

(¢) = (a). This follows from Proposition 2.3, and the fact that
(1—Ly)f and Ry f are fuzzy decreasing F,, and fuzzy decreasing Gs-sets
respectively. Hence the result. ]

Remark 2.2. Propositions 2.2-2.5 and Remark 2.1 can be discussed for
other cases also.

3. Tietze Extension Theorem for Ordered
Fuzzy Gs-extremally Disconnected Spaces

In this section, Tietze extension theorem for ordered fuzzy Ggs-extrem-
ally disconnected space is studied.

Prorosition 3.1 (Tietze Extension Theorem). Let (X,T,<) be an
upper fuzzy Gg-extremally disconnected space and let A C X be such that
XA is fuzzy increasing Gs in (X, T,<). Let f : (A, T/A) — [0,1](I) [6] be
an increasing fuzzy Gs-continuous function. Then f has an increasing
fuzzy Gg-continuous extension over (X, T, <).

Proof. Let g,h: X — [0,1](I) be such that

g=f=hon Aand g(x) = (0), h(z) = (1) if x & A.
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We now have

e Axa ift>0

Rig —
Y= ift <0

where p; is fuzzy increasing G such that

and

Mt/A =R f

Lih =
1 if > 1

where )\; is increasing fuzzy Gg such that

AJA = Lif.

Thus, g is lower fuzzy Gg-continuous, h is upper fuzzy Gs-continuous and
g < h. By Proposition 2.5, there exists an increasing fuzzy Gs-continuous
function F': X — [0,1](]) such that g < F < h; hence FF = fon A. O

Remark 3.1. The above proposition can be discussed for other cases
also.
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