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Optimal discretization for
ill-posed integral equations with finitely
smoothing operators
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Abstract. A new approach to the approximate solution of Fredholm
integral equations of the first kind with finitely smoothing operators is
worked out. It is established that on wide classes of such equations this
approach allows to achieve the given level of accuracy at the minimal
expense of the discrete information.
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1. Introduction

In a real Hilbert space Ly = L9(0,1) with the usual inner product

(f,9) = Ji F(t)g(t)dt and the norm |[f| = (fi f2(t)dt)""* we shall
consider a Fredholm integral equation of the first kind

1
Az(l) = / Wt ) (r) dr = (D). (1.1)
0

We assume that at some fixed r = 1,2, ... the integral operators A and A*
act from Lo into the Sobolev space W3 of r times differentiable functions,
where A* is the adjoint operator of A, and the norm in W3 is defined as
[ fllwy = £+ >0y [|d £ () /dt"||. Besides let the kernel h(t,7) of A be
non-degenerate and for any ||g|| <1 it holds that
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We denote the class of such operators A by A”. Take an arbitrary real
number vy, where 2 < 11 < co. Suppose that the interval [2, 1] contains
such point v (the value of v is unknown) that

feAM,,(A):={g: g=Au, ue M,,(A)},

where M, ,(A) = {u: u = |A]"v, |Jv|| < p}, |A] = (A*A)V2 p>0is
known. Assume that instead of f we are given an approximation f5 €
Lo s, where Lo s is a sphere of radius § in Ly with its centre at f. By
U2 we denote the class of Eqs. (1.1) with the operators A € A, the
right-hand sides f € AM, ,(A) and with the perturbations fs filling the
sphere Lo 5.

We study a problem of optimal recovery of Egs. (1.1) solutions from

the class
= | v

vE(2,1]

In so doing we shall construct the approximations to the solutions z! of
(1.1) from M, ,(A) at all v € [2,1]. Hereinafter, an optimal method for
solving (1.1) is called a method that retains the given level of accuracy
at minimal expenses of certain computational resources. By computa-
tional resources we shall understand a discrete information on (1.1) in
the form of values of the functionals of a special kind (see (2.2)). At
present similar studies are being intensively carried out in the framework
of the Information Based Complexity Theory (see [1]) for a wide range
of mathematical problems. In particular, for many classes of the 2-nd
kind Fredholm integral equations their complexity is found and the cor-
responding optimal methods are constructed (see, for example, [2]). As
to the 1-st kind Fredholm equations, the investigation of complexity of
such equations was initiated in [3| for f € AM, ,(A) in a case, when the
value of v is exactly known. The aim of the present article is to continue
the indicated research on the case of an unknown v.

2. Statement of the problem

Let £ = {ej,e2,...,€em,...} be an arbitrary orthonormal basis of Lo
and P, an orthogonal projector on the linear span of eq, es, ..., ey, i.e.
m
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It is known that an arbitrary linear continuous operator A : Ly — Lo can
be presented by the following infinite matrix

e}

Ag = (es, Aej)(ej, 9)ei

ij=1

In the coordinate plane of F we take any bounded set 2 C [1,00) x[1, 00).
Denote w = {i: (i,7) € Q}. A projection discretization scheme (€2, E) of
Eq. (1.1) is called the passage from the input data A and fs of the initial
problem to the elements

Aag =Y (ei, Aej)(ej, g)ei,
(4,5)€

Pofs =) (ex: fs)ex:

kew

Obviously, with various sets 2 and bases F it is possible to construct any
possible projection discretization schemes (€2, E'), that use as a discrete
information the inner products

(ei, Aej), (ex, fs), (4,7) €Q, kew. (2.2)

The set of numbers (2.2) is referred to as Galerkin information on the
Eq. (1.1). As card(f2) we denote the total number of inner products (2.2)
involved in the scheme (2, F).

By a projection method for solving (1.1) we mean an arbitrary opera-
tor ¢ that assigns to the Galerkin information (2.2) an element (), E, A,
f5) € Lo, which is taken as the approximate solution of (1.1). Further-
more, ¢(Q), E, A, f5) is uniquely determinated by means of a finite number
of numerical parameters. By ®(Q2, F') we understand a set of various pos-
sible projection methods ¢, that apply the discretization scheme (Q, F).
Then ® = |J, p ®(2, E') means a set of all projection methods for solving
(1.1). Here the union is executed over all orthonormal bases E in Ly and
bounded sets €2 of the corresponding coordinate planes.

The accuracy of the method ¢ € ®(, E) on the class ¥ is charac-
terized by a maximal error

E(W,0,0,E) = sup sup sup  |lz" — o(Q, B, A, f5)]|.
A€AL fEAM, ,(A) f5:llf—f51I<0
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It is known [4] that on a class of Egs. (1.1) with solutions from M,, ,(A)
and perturbed right-hand sides filling the sphere Ly s no approximate
method (not necessarily projection method) can at best guarantee the
accuracy of the recovery less than p'/(*+1)§7/(*+1) " Therefore, the value
o(6 /(v H)) determines the optimal order of accuracy on the class \Il,‘i.

Since the efficiency of an approximate method is characterized first
of all by its accuracy on the class of problems under investigation, it is
reasonable to separate from all sets of projection methods those, which
attain the best order of accuracy on the class ¥9. In other words, we
shall study a subset @Opt(\l’(s) C ® of such projection methods ¢ that at
any v € [2,11] it holds that

E(V8, 0,0, F) < 87/ )] (2.3)

where the constant & > 0 does not depend on §. Suppose that ¢ is selected
such that @Opt(\IJ‘S) is not empty.

By (I)opt(q’(s)N we denote a set of all projection methods from
@Opt(\IJ‘S), satisfying the condition card(2) < N. By information com-
plexity of Egs. (1.1) from ¥° we understand the quantity

Card(¥?) = min {N L Dopt () # @} .

This quantity determines the minimal volume of the discrete information
(2.2), through which an optimal order of accuracy on the class ¥° may be
achieved. Our goal is to calculate exact orders of the quantity Card(W¥?)
at any r=1,2,....

The lower bound for Card(¥%) can be obtained from the previous
results. With this purpose we shall consider the minimal radius of the
Galerkin information (2.2) on the class ¥9, which is defined as

5\ - . . 5
TN(WV) - I%f lgl’if ¢E$?£7E) g(\IIanOaQaE)'
card(Q)<N

The value of ry(¥?) characterizes a minimal error of the approximate
solution of Eqs. (1.1) from W9, which can be guaranteed by using no
more than N of Galerkin functionals (2.2). It should be noted that the
quantity 7y (¥%) was first studied in [3] at the exactly known value of
v = 2. The findings of the paper [3| were generalized in [5] on the case of
an arbitrary known parameter 1 < v < co. From these results it follows

that at any 1 > 2 and N = 0(6_<"1U+11>T) the bound
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ry(¥),) = O(N™") = O/t +Y) (2.4)

is valid. With the help of this estimation it is easy to obtain the lower
bound for the information complexity of the Egs. (1.1). Namely, in the
definitions of @Opt(\Il‘S), @Opt(\lf‘s)N, Card(¥°) we insert the class W9,
instead of ¥, Thus, we obtain the quantity Card(\lf‘gl) which is equal to
the minimal volume of the Galerkin functionals (2.2) needed to attain the
accuracy £6“1/(“11) on the class \Ilf,l. Then by virtue of the definition of
quantities 7y (¥?), Card(¥?) and Card(¥9 ) from (2.4) it follows that

O(5~ T777) = Card (3, ) < Card (). (2.5)

Thus, to obtain the exact order bound of Card(¥°) it is enough to
construct at least one method from @Opt(\lﬂs) which supports (2.5) by
means of the corresponding upper estimation of its accuracy.

3. Proposed approach to solve equations from ¥’

The present section will introduce a set of projection methods which
guarantee the attainment of the optimal order of accuracy on the class
U0 of the Eqgs. (1.1).

By virtue of the given assumptions about the operator A, made in
Section 1, it is true that Range(A) # Range(A). It is known ([4]) that in
this case the problem (1.1) is ill-posed and to ensure stable approxima-
tions it is required to apply special regularization methods (see [6]). In
view of the problem formulated above we restrict ourselves by the study
of such regularization methods with the help of which it is possible to
achieve the best accuracy of approximations on the class of equations
under investigation. Following [7], as a regularization method we use an
operator R, = Ry (A) : Ly — Lo such that as an approximate solution of
(1.1) one takes the element R, (A)fs, where the number o > 0 is referred
to as regularization parameter and R,, is of the form

Ro(A) = ga(ATA)A”. (3.6)

Here go(\) is a Borel measurable function on [0,00) which satisfies the
following conditions

sup A’|1 — Aga(N)| < xp0, 0<v<u, (3.7)
0<A<oc0

sup A2 |ga (V)] < xua ™2, (3.8)
0<A<o0
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where
v <2u, —1 (3.9)

and v, is called a qualification of the method R, and x,, xs« are some
positive constants (yo = 1) independent of a. The qualification v, char-
acterizes the greatest value of v, at which the method R, guarantees
attainment of the optimal order of accuracy. Note that many known
regularization methods satisfy (3.6)—(3.9) at various vy; for example, the
Showalter method and the nonstationary iterated Tikhonov method (with
any vy < 00), the iterative Landweber and Fakeev-Lardy methods (with
v, = 00), etc. The set of all methods R,, satisfying (3.6)—(3.9) is denoted
by R.

Let us pass to the description of a projection discretization scheme
that will be used in solving (1.1). As © we take a set of the coordinate
plane of the following form

L= {1} x [1,227] [ J (2571, 24 x [1, 22704,
k=1

where a = (3v1 —2)/(2v1), 1 < a < 3/2. Then the proposed projection
discretization scheme consists in replacing the coefficients A € A% and f5
of the initial problem by their finite-dimensional analogues

Ap = Ar, =Y (Py — Py-1)APpn—ar + PLAPyn,
k=1

on (3.10)
Py fs = (f5,€k)ék,
k=1
where F = {€1,€2,...,€m,...} is an orthonormal basis of the space Lo,

ensuring the order-optimal approximation to all functions from the space
W3 by their partial Fourier sums. By virtue of the definition of A’ the

last condition on F means that at any m = 1,2,... and some (G, > 0 it
holds that
(I = Pp)All < Bpm™",  [[AUI = Pl < Brm™", (3.11)

where A € A7. As an example of the basis satisfying (3.11) we can
recall the orthonormal system of Legendre’s polynomials considered on
the interval [0,1]. If 2n — ak is not an integer, we will write Py2n—ax but
mean Pyzn—ak) Where [g] is the integer part of g.

The proposed approach to solving (1.1) is as follows. In the framework
of a projection method ¢ we take an arbitrary regularization method
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R, € R and perform the discretization according to (3.10), (3.11), where
the parameter n is calculated in accordance with the condition

2—2(V1+1)TH/V1 < i < 2—2(y1+1)7’(n—1)/l/1 (312)
C1

’7’7220'7‘_‘—1

ST 3p, ¥ = max{1,4'}. By an approximate solution

with Ccl =

Ya = @a(ln, E, A, f5) we understand the element

Pa = Ra(An)PQ'nf5, (313)

where the regularization parameter « is chosen according to the discrep-
ancy principle [8], i.e. the computational procedure (3.13) terminates as
soon as is executed

b1 < HPgnf(; — AnQOaH < bgd, 2 < by <bo. (3.14)

By ®(R, T, E, by, by) we denote the set of all methods described above,
i.e. of all projection methods satisfying (3.6)—(3.14).

4. Information complexity

In what follows we shall need some approximate properties of the
operator A,.

Lemma 4.1. Let A € A7, zt € M, ,(A), v € [2,11]. If the discretization
parameter n is chosen according to (3.12), then

| Apat — Pon f5]| < 29,
| A*A — AL Ay < 272 < eggvt/ (D),
p322r+1 v1/(v1+1)

where czzvz(ﬁf—l-m), c3 =ca/c; .

Proof. Using Lemma 2 [9] and the relation (3.12), we obtain

HAnZET — Pgnf(;H
< [[Ana = Pon fl| + [[Pon(f = f5)|
< 612—2(1/1—1—1)1%/1/1 15 <26.
The bound of the norm of A*A — A* A,, is given by Lemma 1 [9]. O

Theorem 4.1. Within the framework of any method from ®(R, Fn,E,
b1, by) the optimal order of the accuracy O(6/+V) is achieved on the
class ¥,
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Proof. To establish the present statement we use the technique applied
earlier in the proof of Theorem 3.3 [10] and Theorem 4.1 [11]. One
can write a representation for the error of the arbitrary method ¢ €
®(R,Ty, E, by, by) as

xT - Pa = Roz,n(-’élnfo - PZ”fé) + Sa,nxTa

where Ran = ga(A740) A7, Sap=1— ga (A} Ay) A% A, From (3.8) one
obtains
| Ranll = [|ga(AfAn) Al < xsa™ /2,

Then follows the error estimation
2t — @all < ISamal]| + 2x.a™1/%. (4.15)
Consider the following element
ApSanz’ = (An — AnRanAn)z! = Az’ — AR Apa’
= (Ponf5 — Apa) + (I — AyRop)(Anz’ — Ponfs). (4.16)
Using (3.7), we find

11 = AnRapll = [l = ga(Andy) An ALl < sup [1—Aga(A)] < 1.
0<A<o0

Hence with the help of (3.14) and (4.16) we have
016 — || Apa’ — Pon fs]| < || AnSanal|| < 026+ || Apat — Panf5]|. (4.17)
By virtue of Lemma 4.1 it follows from the left-hand side of (4.17)
b16 — 20 < || ApSana'],
(4.18)
a 25 <am2(by — 2) 7! ApSamal|.

To estimate the norm of A,,S, , we apply the polar decomposition A4,, =
U(A;An)Y2, U]l =1, then

AnSan = Ul - ‘An’ga(‘Anlz)’AnmAn‘ = Usa,n‘An’-

Further,

a V2| ApSant|| = a2 A,Sanl Al
< po‘_l/2” AnSa,n|An’V|| + | Ansa,n(‘A|V — [An]")]]
< pa 2| USam| Al M| + [|Saml Anl 1I(A*A)72 — (A5 An)*/2].
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The application of Lemmas 4.1 [10], 4.1 and (3.7) gives us
a2 ApSapal|
< pa 2 Sanl Anl | + 2(2)[|Sa,n| An] 1| A*A — A7 Ayl

< pxes @’ 4 pxajpesz(v)8/ D, (4.19)

where z(v) is a function bounded on (0, c0).
Similarly we estimate

1 Sanat| = [| Sagnl Al o]
< pllSanlAnl” [l + pllSanll IJA]" = | An["]]
< px,,/Qa”/Q + pz(V)e3d”/ WY (4.20)
Substituting (4.19) into (4.18) we find

a™26 < (b1 = 2) 7 (pxusra?/? + pxa jpcsz(v)d” U HY).

Using (4.15) and the above bounds for values a~'/2§ and ||Sa ,zf|, we
obtain
H al — (pa” < p(Xl,/gal’/2 + Z(U)C35V/(V+1)
+2(b1 — 2) 'xa(xa/? + X1/203z(u)5”/(”+1))
2

_ c4au/2 +655V/(V+1)’

where ¢4 = p(Xy 2+ 2xax g1 (01=2)71), €5 = pa(v)es(2xaxa 2 (b1 —2) 7+
1). Obviously, at o < §2/(*+1) it is true that

2t = pall < (s + c5)8/ D,

Thus in this case Theorem 4.1 is proved.

For arbitrary «; > 0 we take any function g, satisfying (3.7)—(3.9).
It is known (see Lemma 3.2 [10]) that there is a constant ¢, > 0 such
that for all 0 < A < oo and o > o

(1= Aga(N)? < el = Agay (N)? + a7 (AL = Aga (V).

Then
| Sanz! | < (| Sanmat > + o7 [ AnSanz (). (4.21)
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v+1)

Suppose o = §2/( . Keeping in mind Lemma 4.1, from the right-hand

side of (4.17) we get
o7 ApSanzt||? < (by + 2)26%/ 0+,
From (4.20) we obtain
1S w12 < (o028 FD 4 pa(v)esd”/ ¢+ D)2
= 52V/(V+1)(pxy/2 ¥ pz(v)es)?.

Substituting the above bounds for values aj || A, Sanzt||? and || Sy, n2f|?
into (4.21) we find

I1Sana"[* < c. ((oxw /2 + pz(v)es) 262/ D 4

+(b2 + 2)262V/(V+1)) _ c*((pXV/2 —i—pZ(V)Cg)z + (bg + 2)2)(521//(%}—1).
By virtue of a > a1 = 6%+ it is easy to see that
a~1/25 < a1—1/25 — gv/(w+l)
Then, we substitute into (4.15) the bounds for values a~/2§ and

1Sanatl
2t — @all < cs6”/0 Y,

where ¢g = (c(pXy/2 + pz(v)es)? + (b2 +2)?) vz 2Xx-
We finally obtain that generally the following holds

2" — al| < c767/0HY
with ¢7 = max{cg, cs + ¢5}. Thus, Theorem 4.1 is proved. O

Theorem 4.2. At anyr=1,2,...
Card(¥%) < O(3~ T +7),

The exact order of Card(¥?) is retained within any method from the set
(I)(R) Fn’ Ea bl7 b2)

Proof. We calculate the volume of Galerkin information (2.2) involved
by the projection scheme (I'y, F). Thus,

n

n n ]' —a n
card(T,) = 2" + 22 (1 +3 ; [2+0 >]> = 0(2™).
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Having chosen the parameter n (3.12) we get
card(Ty) = O(22%) = O(§~ a7, (4.22)

Since at ¢7 < € any method from the set ¢ € ®(R, I, E. b, by) satisfies
(2.3), then ®(R, Ty, E, b1, ba) C Dot (¥0)y at N = O(2°") and

Card(¥%) < card(T,,).

The last inequality together with (4.22) gives us the upper bound for the
quantity Card(¥?). The corresponding lower bound is established by the
relation (2.5). O
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