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ENERGY ESTIMATES OF BOUNDED SOLUTIONS OF THE
DIRICHLET PROBLEM FOR A CLASS OF NONLINEAR
FOURTH-ORDER ELLIPTIC EQUATIONS

We consider a class of nonlinear elliptic fourth-order equations with the principal part satisfying a
strengthened coercivity condition, absorption and a lower-order term. It is supposed that the lower-
order term of the equations admits the growth rates of derivatives of unknown function coinciding with
the exponents of the corresponding energy space. At the same time, we do not suppose that the lower-
order term satisfies a sign condition. Energy estimates of bounded generalized solutions of the Dirichlet
problem for equations of the given class are established.

Keywords: nonlinear elliptic fourth-order equations, strengthened coercivity, Dirichlet problem, bounded
solutions, energy estimates.

1. Preliminaries and the statement of the main result. Let n € N, n > 2, and
let €2 be a bounded open set of R™.

We shall use the following notation: A is the set of all n-dimensional multi-indices «
such that |a| = 1 or |a| = 2; R™?2 is the space of all mappings & : A — R; if u € W21(Q),
then Vou : Q — R™2 and for every x € Q and for every a € A, (Vau(z))o = D%(x).

Let p € (1,n/2) and g € (2p,n). We denote by WQI;’(Q) the set of all functions in
W14(Q) that have the second-order generalized derivatives in LP((2). The set WQIZ;I(Q) is
a Banach space with the norm

1/p
Z / \Do‘upd:z:> .
Q

T —— (
|a|=2

We denote by V?/é:g(ﬁ) the closure of the set C§°(f2) in W;,}?(Q)~
We set ¢* = ng/(n — q). As is known (see for instance [1, Chapter 7]),

Whe(Q) ¢ L7(9), (1)

and there exists a positive constant ¢ depending only on n and g such that for every
function u € WHe(Q),

. 1/q"
(/ |ul? d:n) <c<
Q

Next, let c1,c2,c3,cq4,c5 > 0, let g1, g2, g3, 94, g5 be nonnegative summable functions
on €, andlet A4g: QxR - R, B: QxR xR"» — R and 4, : Q x R»? — R, where

> /Q | D%l d:c> Uq. (2)

|a|=1
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Energy estimates of bounded solutions of the Dirichlet problem

a € A, are Carathéodory functions. We assume that for almost every x € €, for every
s € R and for every & € R™? the following inequalities hold:

S Az, 97 < { NS |5a|p} + 1), 3)

la|=1 |a|=1 |a|=2
> @00 <l Yl 3 Il | + anlo) 0
|a|=2 |a|=1 |a|=2
S A, £)6n > { NAEDS w} ~ gal), (5)
a€cl |a|=1 |a|=2
Basgl<al ¥ lal+ Y 6l | +a) (©)
la]=1 |o|=2
Ao(z,s)s = cols|, (7)
|[Ao(, 5)| < esls|"" + g5(2). (8)
Further, let
fe Lq*/(q*_l)(Q)‘ (9)
We consider the following Dirichlet problem:
Z (_1)\&|Do¢Aa(w7v2u) —‘er(.fL‘,’U,)—'-B(J},’U,,VQU) :f n Q7 (10)
aEA
D% =0, |a/=0,1, on Of. (11)

Observe that, by virtue of (3) and (4), for every u, v € V?/ézg(ﬁ) and for every o € A
the function A, (z, Vou)D%v is summable on €, by (8), for every u,v € V?/ég(Q) the
function Ag(z,u)v belongs to L'(2), and finally, by (6), for every u € ﬁ/ézg(ﬂ) and for
every v € T/%/%Z(Q) N L>(Q) the function B(x,u, Vou)v is summable on . Moreover, it
follows from (1) and (9) that for every v € V?/é:g(ﬁ) the function fv is summable on €.

DEFINITION 1. A generalized solution of problem (10), (11) is a function u € V?/ég((l)

such that for every function v € W;g(Q) N L>(§),

/Q { Z An(z, Vou)D% + Ag(z,u)v + B(z, u, VQU)U}dx — /vad:n. (12)

aeA

Before stating the main result of the work we give some comments on the equations
of the given class.

If in (10) B = 0, then equation (10) belongs to the class of quasi-linear divergent
high-order equations with strengthened coercivity condition on the leading coefficients
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(for the fourth-order equations, the condition has the form (5)). This class was introduced
in 2], where, by modifying Moser’s method [3], the boundedness and Holder continuity
of generalized solutions of equations of the given class with sufficiently regular data were
established at first.

Using an analogue of Stampacchia’s method [4-6], a weaker (exact) condition on
integrability of data was established in [7] to guarantee the boundedness of generalized
solutions of nonlinear fourth-order equations with a strengthened coercivity. Moreover,
in [7] a dependence of summability of generalized solutions of these equations on
integrability of data was described. Analogous results for nonlinear high-order equations
with a strengthened coercivity were obtained in [8].

Condition (6) means that the lower-order term B in equation (10) may have growth of
the derivatives of unknown function of orders ¢ and p, which coincide with the exponents

of the energy space IX/%:Z(Q) (the natural growth of the derivatives of unknown function).
The question of the solvability of the Dirichlet problem for elliptic second-order equations
with natural growth lower-order terms was considered by many authors (see for instance
[9-12]).

Usually, to solve this problem a sequence of approximate problems for equations with
bounded lower-order terms is considered. The solvability of the approximate problem is
established, for example, using the theory of pseudomonotone operators under certain
assumptions on the coefficients of the initial equation. Then same appropriate a priori
estimates are established for the sequence of the obtained solutions {u;} (uniform with
respect to i), and on this basis the limit passage is made in the corresponding integral
identities.

For problem (10), (11) we consider the following approximate problem:

Z (=DM DYA, (2, Vou) + Ag(2,u) + Bi(z,u,Vou) = f in Q, (13)
a€cl

D% =0, |a/=0,1, on 09, (14)

where i € N, B;(x,s,&) = T;(B(z, s,£)) and T;(s) = max{min{s,i}, —i}.

Using such a scheme and approximate problem (13), (14), in [13| the existence of a
bounded generalized solution of problem (10), (11) is proved in the case where Ay = 0
and the following conditions are satisfied. The functions go, g3 and f belong to L"(£2),
r > n/q, for almost every z € Q and every s € R, £,& € R™2 ¢ # ¢ the following
inequalities hold:

Z [Aa(z,8) — Aa(z,8)](a — &) > 0,

acl
B(z,s,&)s = 0. (15)
Without condition (15) the proof of solvability of problem (10), (11) meets the
principal difficulties. First of all, we cannot use the functions ¥(Gg(s)), where 1(s) =
(eMsl — 1)signs, Gi(s) = s — Ti(s), A,k > 0 and s € R, in the test functions
(superpositions) to obtain the necessary estimates of solutions of the approximating
problems in the same manner as for the second-order equations (see for instance [9]).
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However, using in the integral identity (12) the test function v = v (u) with a suitable
A, where u is a bounded generalized solution of problem (10), (11), we arrive at the
estimate [ju|| < C, where C' > 0 does not depend on u.

In this case, as in the case of the second-order equations (see for instance [9], [11]),
the presence of additional absorption term Ay (with condition (7)) in equation (10) is
significant.

The following theorem is the main result of the present article.

Theorem 1. Let the functions go, g3, g4, f belong to L"/q(Q), and let u be a generalized
solution of problem (10), (11) such that w € L>(S2). Then for every A > c4/cs,

/Q ( Z D%l + Z |Da“|p> exp(Alul)dz < Ch, (16)

la|=1 |a|=2

where Cy is a positive constant depending only on n, p, q, meas{l, ¢, cg, C2, C3, C4, A,
the functions ga, g3, g4 and f.

Corolarry 1. Let the functions go,gs,ga, [ belong to L™(Q), and let u be a
generalized solution of problem (10), (11) such that u € L*°(2). Then

[ull < Co, (17)

where Cy is a positive constant depending only on n, p, q, meas{Q, ¢, ¢y, ca, c3, c4, the

functions gs, g3, g4 and f.

REMARK 1. Let r > n/q, let the functions g, g3 and f belong to L"(Q2), and the
function g4 belong to L™/ 2(Q2). Let i € N, and let u; be a generalized solution of problem
(13), (14). By assertion (iii) of theorem 1 in |7], the function u; belong to L>°(2). Now,
using Corolarry 1 and the inequality B;(z,s,¢) < B(z,s,§), (7,s,6) € Q x R x R™2,

o
we establish the inequality ||u;|| < Cs. Hence the sequence {u;} C W;g(ﬂ) is bounded
o
in W;:Z(Q), and hence there exist an increasing sequence {i;} C N and a function u €

W%g(Q) such that u;; — u weakly in W%g(Q)
2. Auxiliary results. By analogy with Lemma 2.2 of [14], we establish the following
lemma.

Lemma 1. Let u € I/%/ég(ﬁ) NL>®(Q), h € C*)R) and h(0) = 0. Then h(u) €

W%g(ﬂ) N L>(Q) and the following assertions hold:
1) for every n-dimensional multi-index «, |a] = 1,

D%h(u) = b (u)D a.e. in Q,
2) for every n-dimensional multi-index o, |a] = 2,
D®h(u) = K (u)D% + B (u)D* uD* v a.e. in 9,

where || = o =1, ¢/ + o = .
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Lemma 2. Let ¢ be an odd function on R such that ¢p € C1(R), ¢ € C?(R\ {0})
and " has a discontinuity at the origin of the first kind. Then if

w e WH(Q) N L=(Q), (18)

then 1 (u) € V(E/;:g(Q) N L>*(92) and the following assertions hold:
1) for every n-dimensional multi-indez «, |a] =1,
D*Y(u) = ' (u)D a.e. in Q,

2) for every n-dimensional multi-index «, |a] = 2,

a [ Y (w)D + ¢ (u)D¥ uD*" u a.e. in {u # 0},
D) = { #'(0)D%u ae. in {u = 0},

where || = [ =1, ¢ + o' = a.

Proof. Let u € W%g(ﬂ) N L>(£2). We define the function ¥: R — R by

U(s) =1(s) —¢'(0)s, s €R. (19)

If |a| = 1, we put
Wa = V' (u) DY, (20)

and if |o| = 2, we put

' (u) D + U (u) D uD*" . if u(x) # 0
_ ) 21
Wal(T) { 0 if u(x) =0, (21)
where [o/| = || =1, d + " = a.
Clearly,
we € LY(Q), || =1; wy € LP(Q), |af = 2. (22)
We fix € > 0. Let ¥, be the function on R such that
U(s) + (3e0"(e) — W'(e))(s — ) + £V (e) — U(e) if 5 > ¢,
U.(s) =< U"(e)s?/(6e) if |s| < e,
U(s) + (50" (e) = W'(e))(s +€) — £e2W"(e) + ¥(e) if s < —e.
We have
U, € C*(R), (23)
¥ (s) = U'(s) +eW’(e)/2 — W' (e) if |s] > e,
ST W (e)s?/(2e) if [s| <,

U (s) if [s| > ¢
" _ 9
els) = { U (g)s/e if |s| <e.
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Energy estimates of bounded solutions of the Dirichlet problem

The following limit relations hold:

hH(l) U (s) = U(s) for every s € R, (24)
liII[l) Ul (s) = W'(s) for every s € R, (25)
e—
. U”(s) if s e R\ {0}
" _ 9
Jimg We(s) = { 0  ifs=0. (26)

Using the inclusions (18) and (23), the equality U.(0) = 0 and Lemma 1, we establish
that

Ve (u) € Wy (9) N L(9),
for |a| =1
DV, (u) = ¥.L(u) DY,
and for |a| =2
DV, (u) = V. (u) D + ¥ (u) D uD*"u,

where /| = |&"] = 1, ¢ + &” = «a. Hence, using (18), (24)—(26) and Lebesgue’s
dominated convergence theorem, we deduce

lim | W (1) = () |y = O, (27)

lim > | DWe(u) — wallpa) = 0, lim D7 [ID"Ve(w) = wallny = 0. (28)

|a|=1 |a|=2
Using these limit relations, we establish in the usual way that the generalized derivative
DYV (u) exists for every a € A, and D*¥U(u) = w, a.e. on . Then, by (22), (27) and

(28), the function ¥(u) belong to V(E/;:g((l) NL>(Q), and (19)—(21) imply that assertions
1) and 2) hold. The lemma is proved. [J

3. Proof of Theorem 1. Let the functions g, g3, g4 and f belong to L"/Q(Q), and
let u be a bounded generalized solution of problem (10), (11). We fix an arbitrary positive
number A such that

A > 04/63. (29)
By ¢, ¢ = 6,7,..., we shall denote positive constants depending only on n, p, q,
meas (2, ¢, cp, C2, 3, ¢4, A, the functions go, g3, g4 and f.
We define the function ¢ : R — R by
¥(s) = (Ml — 1signs, s eR.
We set cg = cs\ — ¢4. By (29), we have ¢g > 0. Elementary calculations show that

Cg@/)l — C4‘1M > Cﬁlﬁl on R. (30)
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We set
r- | { S Aule, Vzu)\}{ T DﬁuP}W(u)dx,
{uzto}  lal=2 |Bl=1
o= [Du|+ > Dl
la|=1 |a|=2

By virtue of Lemma 2, ¢ (u) € W%g(Q) N L>®(£2). Thus, by (12), we have

/Q { 3" Aa(e, Vau)D(u) + Ao(z, u)tb(u) + Bz, u, vww(u)}dx _ /Q Fio(u)da.

aeA

From this equality and assertions 1) and 2) of Lemma 2 we deduce that

/Q { 2 Aol VQU)D%}W(“MQ? + /Q Ao(z, u)p(u)dz

a€eN

< /Q 1B, u, Vo) [ (us) |z + /Q |l de + T

Hence, using (5)-(7) and the fact that 0 < ¢’ = A¢)|+ X and sign¢(s) = sign s on R, we
obtain

/ B(ex () — ealtb (u)])dz + co / ]9 ()|
Q Q

< [ O+ gu+ Dz ) [ gudo+ T
Q Q
From this and (30) it follows that
CG/w'(u)tﬁdaﬁ—i—co/ ]u\qfl\w(u)\dx
Q Q
< [ O+ gu+ 17D00ldz + [ gudo+ 1
0 0

Let us estimate the integral I’. We fix an arbitrary € > 0. It is obvious that

—1 2 g¢-2
LA e
P a ap

1.

Using this equality and Young’s inequality, we establish that if « € A, |a| = 2, and
B €A, |B] =1, then

|Aa(z, Vou)| |DPul? < €2|Aq(z, Vou) [P/
+ 52|D5u\‘1 4 g272a0/(a=2p)  on Q.
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From this and (4) we deduce that

I’ < n(ea +n)e? / B[ (u)|da + ne? / 9ol ()| de
{u#0} {u#0}

+ n3s2—2ap/(a—2p) / [" (u)|da.
{u#0}
Putting in the last inequality e = (m)lﬂ, and noting that |[¢"| = M\’ and |[¢"| =
A2|9] 4+ A% on R\ {0}, we obtain

I' < 626/le(u)@da;—i—w/ﬂ(gg—i—1)]1/1(u)|dx+cs.

From this and (31) it follows that

3 [ et [ vt <o [ Floldeen @)

where F' = go + Ags + g4 + [ f| + 1.
We now estimate the integral [, F|i(u)|dz. We fix an arbitrary H > 0. It is clear
that

[rwwiz= [ Fp@ies [ Pl [ P, 63

{F>H,|u|>1} {F<H} {F>H,|u|<1}

/ F|¢(u)\da;<H/sz(u)ydx, / Flip(u)|dz < (e)‘—l)/Fdx. (34)

{F<H} {F>H,|u|<1} “

Before estimating the first integral in the right-hand side of equality (33), we remark
that there exists a positive constant ¢, x depending only on ¢ and A such that

[V (8)] < cqalto(s/q)|? for every s> 1. (35)

Note also that, by (2), assertion 1) of Lemma 1 and equality ('(s/q))? = X~19/(s),
s € R, we have

(f |w<u/q>|q*das>q/q* < (@) [ ¥ weds (36)

Now, using Holder’s inequality, (35) and (36), we obtain

/n (n—q)/n

{(F>H Ju[>1) (F> 1} {lui>1}
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a/q"
S € ’F||L“/Q({F>H})</Q [W(u/q)|? de) < Cq7/\C/\q_1q_q||F||Ln/q({F>H}) /ng'(u)@dx.

From this and (33) and (34) it follows that
/QFW(u)\d:c < 011HF||L"/q({F>H})/Qz//(u)édx + /Q H|p(u)|dz + c19. (37)

Now, choosing H > 0 such that coc11|[F|| pn/a(psy) < c6/4, from (32) and (37) we
obtain

T/Q?//(U)‘I’dx"‘/gcqu1W(u)|d$</§269H|w(u)|dx+613' (38)

It is clear that

/ colul o) d > / ol o ()] d > / coH |4 (u)|dz,
Q

{colul9=1>coH} {colu|9=1>coH}
(39)
[ampwie= [ eHpwis [ aHb@lds
Q
{colul9=1>cgH} {colu|1=1<co H} (40)

< / o H |t (w)|dax + co H(eXH/0) ™D _ 1) peas .
{colu|9=1>coH}

From (38)—(40) it follows that

06/ Y (u)®dr < c14.
4 Jo

Hence, using the fact that for every s € R, ¢/(s) = Aexp(A|s|), we deduce (16). Theorem
1 is proved.

1. Gilbarg D., Trudinger N.S. Elliptic partial differential equations of second order. — Berlin: Springer-
Verlag, 1983. — 513 p.

2. Skrypnik I.V. Higher order quasilinear elliptic equations with continouos generalized solutions,
(Russian) // Differentsialnye Uravneniya. — 1978. — 14, Ne 6. — P. 1104-1118.

3. Moser J. A new proof of De Giorgi’s theorem concerning the regularity problem for elliptic differential
equations // Comm. Pure Appl. Math. — 1960. — 13. — P. 457-468.

4. Stampacchia G. Régularisation des solutions de problemes aux limites elliptiques & données
discontinues // Proc. Internat. Sympos. Linear Spaces (Jerusalem, 1960), Pergamon, Oxford. — 1961.
— P. 399-408.

5. Stampacchia G. BEquations elliptiques du second ordre & coefficients discontinus, Séminaire de
Mathématiques Supérieures, No. 16 (Eté7 1965), Les Press. Univ. Montreal, Montreal. — 1966.

6. Kinderlehrer D. and Stampacchia G. An Introduction to Variational Inequalities and Their
Applications, Academic Press, New York-London. — 1980.

7. Kovalevskii A.A. and Voitovich M.V. On increasing the summability of generalized solutions of the
Dirichlet problem for fourth-order nonlinear equations with strengthened ellipticity // Ukrainian
Math. J. — 2006. — 58, Ne 11. — P. 1717-1733.

8. Voitovich M.V. Integrability properties of generalized solutions of the Dirichlet problem for higher-
order nonlinear equations with strengthened ellipticity, (Russian) // Tr. Inst. Prikl. Mat. Mekh. —
2007. — 15. — P. 3-14.

66



Energy estimates of bounded solutions of the Dirichlet problem

9. Boccardo L., Murat F. and Puel J.-P. L*-estimate for some nonlinear elliptic partial differential

equations and application to an existence result // SIAM J. Math. Anal. — 1992. — 23, Ne 2. —
P. 326-333.

10. Drdbek P. and Nicolosi F. Existence of bounded solutions for some degenerated quasilinear elliptic
equations // Ann. Mat. Pura Appl. (4). — 1993. — 165. — P. 217-238.

11. Dall’aglio A., Giachetti D. and Puel J.-P. Nonlinear elliptic equations with natural growth in general
domains // Ann. Mat. Pura Appl. — 2002. — 181. — P. 407-426.

12. Grenon N., Murat F. and Porretta A. Existence and a priori estimate for elliptic problems with
subquadratic gradient dependent terms // C. R. Acad. Sci. Paris, Ser I. — 2006. — 342. — P. 23-28.

13. Voitovich M.V. Existence of bounded solutions for a class of nonlinear fourth-order equations //
Differential Equations and Applications. — 2011. — 3, Ne 2. — P. 247-266.

14. Kovalevskii A.A. Entropy solutions of the Dirichlet problem for a class of fourth-order nonlinear
elliptic equations with L*-right-hand sides // Izv. Math. — 2001. — 65, Ne 2. — P. 231-283.

M. B. BoiiToBuu

9HepreaneCKHe OII€HKH OI'PaHHUYIE€HHbIX pemeHHﬁ 3agavaun ,Z[npnx.ne AJisd OJHOI'O KJIacca

HEJIMHENHBIX 3JIJIUIITUICCKUX ypaBHeHnﬁ YeTBEepTOoro mnmopdaka.

PaccmaTrpuBaercst KitacCc HeJMHENHBIX SJUTUNTUYECKUX YPABHEHUN UYETBEPTOrO TOPSIKA CO CTAPIIMMU
KO3 bUIUEHTAME, YIOBJIETBOPSAIONIUME YCIOBUIO YCUJIIEHHON KOSPIMTUBHOCTH, aOCOPOIME 1 MJIaIIIIIM
KO3 PUITMEHTOM, UMEIOIIUM POCT TTOPSIIKOB, COBIIAIAIOIIUX C TOKA3aTEISIMI COOTBETCTBYIOIIETO YpaBHe-
HUSIM 9HEPreTUYIECKOTO IIPOCTPAHCTBA, OTHOCUTEJILHO IPOU3BOIHBIX Hen3BecTHOU dyHKinu. He nemaercs
HUKAKUX [TPE/IMOJIOZKEHU O BBITOJTHEHUH OIPE/IEIEHHBIX 3HAKOBBIX YCJIOBUM OTHOCUTETBHO MJIAJIIIETO KO-
s dunmenTa. YCTaHABIMBAIOTCA SHEPreTUIECKHE OIEHKU OrPaAaHUYEHHBIX ODOOIIEHHBIX PEIIeHuil 3a,/1a4u

Hupuxite njisi ypaBHEHH pacCMaTPUBAEMOTO KJIACCa.

Karouesnie caoga: HeauHelHble IANUNTMUYECKUE YPaBHEHUA HEMBEPTNO20 nopﬂdna, YcuneHHasn Koap-

YUMUBHOCTND, 3adava JTupurie, 02paHuUMerHble PeWEeHUS, IHEPZEMUMECKUE OUCHKU.
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eJIiNTUYHUX PiBHSHb YE€TBEPTOrO MOPSAKY.

Posrismaerbest Kiaac HeHIRHUX eJIIITUYHAX PIBHSHD 31 crapmmmu KoedillieHTamMu, siKi 3a/I0BOJIbHSIOTH
YMOBY TiICUIEHOT KOEPIIMTUBHOCT, a6COPOITiero i MOIOAIIIM KOedilieHTOM, 10 Ma€ 3POCTAHHS TOPSIIKIB,
K1 CHIBITQIAI0Th 3 OKA3HUKAMU Bi/IIOBI/THOTO PIBHSAHHSAM €HEPreTUYHOI'O IIPOCTOPY, BITHOCHO MOX1THUX
HeBizomol dyHKIil. He pobuThcs *KOMHUX MPUITYIIEHD MO0 BUKOHAHHS IEBHUX 3HAKOBUX YMOB BiTHOCHO
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