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ENERGY ESTIMATES OF BOUNDED SOLUTIONS OF THE
DIRICHLET PROBLEM FOR A CLASS OF NONLINEAR
FOURTH-ORDER ELLIPTIC EQUATIONS

We consider a class of nonlinear elliptic fourth-order equations with the principal part satisfying a
strengthened coercivity condition, absorption and a lower-order term. It is supposed that the lower-
order term of the equations admits the growth rates of derivatives of unknown function coinciding with
the exponents of the corresponding energy space. At the same time, we do not suppose that the lower-
order term satisfies a sign condition. Energy estimates of bounded generalized solutions of the Dirichlet
problem for equations of the given class are established.
Keywords: nonlinear elliptic fourth-order equations, strengthened coercivity, Dirichlet problem, bounded
solutions, energy estimates.

1. Preliminaries and the statement of the main result. Let n ∈ N, n > 2, and
let Ω be a bounded open set of Rn.

We shall use the following notation: Λ is the set of all n-dimensional multi-indices α
such that |α| = 1 or |α| = 2; Rn,2 is the space of all mappings ξ : Λ → R; if u ∈ W 2,1(Ω),
then ∇2u : Ω → Rn,2, and for every x ∈ Ω and for every α ∈ Λ, (∇2u(x))α = Dαu(x).

Let p ∈ (1, n/2) and q ∈ (2p, n). We denote by W 1,q
2,p (Ω) the set of all functions in

W 1,q(Ω) that have the second-order generalized derivatives in Lp(Ω). The set W 1,q
2,p (Ω) is

a Banach space with the norm

‖u‖ = ‖u‖W 1,q(Ω) +
( ∑

|α|=2

∫

Ω
|Dαu|pdx

)1/p

.

We denote by
◦

W 1,q
2,p(Ω) the closure of the set C∞

0 (Ω) in W 1,q
2,p (Ω).

We set q∗ = nq/(n− q). As is known (see for instance [1, Chapter 7]),

◦
W 1,q(Ω) ⊂ Lq∗(Ω), (1)

and there exists a positive constant c depending only on n and q such that for every

function u ∈
◦

W 1,q(Ω),

( ∫

Ω
|u|q∗ dx

)1/q∗

6 c

( ∑

|α|=1

∫

Ω
|Dαu|q dx

)1/q

. (2)

Next, let c1, c2, c3, c4, c5 > 0, let g1, g2, g3, g4, g5 be nonnegative summable functions
on Ω, and let A0 : Ω × R → R, B : Ω × R × Rn,2 → R and Aα : Ω × Rn,2 → R, where
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α ∈ Λ, are Carathéodory functions. We assume that for almost every x ∈ Ω, for every
s ∈ R and for every ξ ∈ Rn,2 the following inequalities hold:

∑

|α|=1

|Aα(x, ξ)|q/(q−1) 6 c1

{ ∑

|α|=1

|ξα|q +
∑

|α|=2

|ξα|p
}

+ g1(x), (3)

∑

|α|=2

|Aα(x, ξ)|p/(p−1) 6 c2

{ ∑

|α|=1

|ξα|q +
∑

|α|=2

|ξα|p
}

+ g2(x), (4)

∑

α∈Λ

Aα(x, ξ)ξα > c3

{ ∑

|α|=1

|ξα|q +
∑

|α|=2

|ξα|p
}
− g3(x), (5)

|B(x, s, ξ)| 6 c4

{ ∑

|α|=1

|ξα|q +
∑

|α|=2

|ξα|p
}

+ g4(x), (6)

A0(x, s)s > c0|s|q, (7)

|A0(x, s)| 6 c5|s|q−1 + g5(x). (8)

Further, let
f ∈ Lq∗/(q∗−1)(Ω). (9)

We consider the following Dirichlet problem:
∑

α∈Λ

(−1)|α|DαAα(x,∇2u) + A0(x, u) + B(x, u,∇2u) = f in Ω, (10)

Dαu = 0, |α| = 0, 1, on ∂Ω. (11)

Observe that, by virtue of (3) and (4), for every u, v ∈
◦

W 1,q
2,p(Ω) and for every α ∈ Λ

the function Aα(x,∇2u)Dαv is summable on Ω, by (8), for every u, v ∈
◦

W 1,q
2,p(Ω) the

function A0(x, u)v belongs to L1(Ω), and finally, by (6), for every u ∈
◦

W 1,q
2,p(Ω) and for

every v ∈
◦

W 1,q
2,p(Ω) ∩ L∞(Ω) the function B(x, u,∇2u) v is summable on Ω. Moreover, it

follows from (1) and (9) that for every v ∈
◦

W 1,q
2,p(Ω) the function fv is summable on Ω.

Definition 1. A generalized solution of problem (10), (11) is a function u ∈
◦

W 1,q
2,p(Ω)

such that for every function v ∈
◦

W 1,q
2,p(Ω) ∩ L∞(Ω),

∫

Ω

{ ∑

α∈Λ

Aα(x,∇2u)Dαv + A0(x, u)v + B(x, u,∇2u)v
}

dx =
∫

Ω
fvdx. (12)

Before stating the main result of the work we give some comments on the equations
of the given class.

If in (10) B ≡ 0, then equation (10) belongs to the class of quasi-linear divergent
high-order equations with strengthened coercivity condition on the leading coefficients
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(for the fourth-order equations, the condition has the form (5)). This class was introduced
in [2], where, by modifying Moser’s method [3], the boundedness and Holder continuity
of generalized solutions of equations of the given class with sufficiently regular data were
established at first.

Using an analogue of Stampacchia’s method [4-6], a weaker (exact) condition on
integrability of data was established in [7] to guarantee the boundedness of generalized
solutions of nonlinear fourth-order equations with a strengthened coercivity. Moreover,
in [7] a dependence of summability of generalized solutions of these equations on
integrability of data was described. Analogous results for nonlinear high-order equations
with a strengthened coercivity were obtained in [8].

Condition (6) means that the lower-order term B in equation (10) may have growth of
the derivatives of unknown function of orders q and p, which coincide with the exponents

of the energy space
◦

W 1,q
2,p(Ω) (the natural growth of the derivatives of unknown function).

The question of the solvability of the Dirichlet problem for elliptic second-order equations
with natural growth lower-order terms was considered by many authors (see for instance
[9-12]).

Usually, to solve this problem a sequence of approximate problems for equations with
bounded lower-order terms is considered. The solvability of the approximate problem is
established, for example, using the theory of pseudomonotone operators under certain
assumptions on the coefficients of the initial equation. Then same appropriate a priori
estimates are established for the sequence of the obtained solutions {ui} (uniform with
respect to i), and on this basis the limit passage is made in the corresponding integral
identities.

For problem (10), (11) we consider the following approximate problem:
∑

α∈Λ

(−1)|α|DαAα(x,∇2u) + A0(x, u) + Bi(x, u,∇2u) = f in Ω, (13)

Dαu = 0, |α| = 0, 1, on ∂Ω, (14)

where i ∈ N, Bi(x, s, ξ) = Ti(B(x, s, ξ)) and Ti(s) = max{min{s, i},−i}.
Using such a scheme and approximate problem (13), (14), in [13] the existence of a

bounded generalized solution of problem (10), (11) is proved in the case where A0 ≡ 0
and the following conditions are satisfied. The functions g2, g3 and f belong to Lr(Ω),
r > n/q, for almost every x ∈ Ω and every s ∈ R, ξ, ξ′ ∈ Rn,2, ξ 6= ξ′, the following
inequalities hold: ∑

α∈Λ

[Aα(x, ξ)−Aα(x, ξ′)](ξα − ξ′α) > 0,

B(x, s, ξ)s > 0. (15)

Without condition (15) the proof of solvability of problem (10), (11) meets the
principal difficulties. First of all, we cannot use the functions ψ(Gk(s)), where ψ(s) =
(eλ|s| − 1)signs, Gk(s) = s − Tk(s), λ, k > 0 and s ∈ R, in the test functions
(superpositions) to obtain the necessary estimates of solutions of the approximating
problems in the same manner as for the second-order equations (see for instance [9]).
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However, using in the integral identity (12) the test function v = ψ(u) with a suitable
λ, where u is a bounded generalized solution of problem (10), (11), we arrive at the
estimate ‖u‖ 6 C, where C > 0 does not depend on u.

In this case, as in the case of the second-order equations (see for instance [9], [11]),
the presence of additional absorption term A0 (with condition (7)) in equation (10) is
significant.

The following theorem is the main result of the present article.
Theorem 1. Let the functions g2, g3, g4, f belong to Ln/q(Ω), and let u be a generalized

solution of problem (10), (11) such that u ∈ L∞(Ω). Then for every λ > c4/c3,
∫

Ω

( ∑

|α|=1

|Dαu|q +
∑

|α|=2

|Dαu|p
)

exp(λ|u|)dx 6 C1, (16)

where C1 is a positive constant depending only on n, p, q, meas Ω, c, c0, c2, c3, c4, λ,
the functions g2, g3, g4 and f .

Corolarry 1. Let the functions g2, g3, g4, f belong to Ln/q(Ω), and let u be a
generalized solution of problem (10), (11) such that u ∈ L∞(Ω). Then

‖u‖ 6 C2, (17)

where C2 is a positive constant depending only on n, p, q, measΩ, c, c0, c2, c3, c4, the
functions g2, g3, g4 and f .

Remark 1. Let r > n/q, let the functions g2, g3 and f belong to Lr(Ω), and the
function g4 belong to Ln/q(Ω). Let i ∈ N, and let ui be a generalized solution of problem
(13), (14). By assertion (iii) of theorem 1 in [7], the function ui belong to L∞(Ω). Now,
using Corolarry 1 and the inequality Bi(x, s, ξ) 6 B(x, s, ξ), (x, s, ξ) ∈ Ω × R × Rn,2,

we establish the inequality ‖ui‖ 6 C2. Hence the sequence {ui} ⊂
◦

W 1,q
2,p(Ω) is bounded

in
◦

W 1,q
2,p(Ω), and hence there exist an increasing sequence {ij} ⊂ N and a function u ∈

◦
W 1,q

2,p(Ω) such that uij → u weakly in
◦

W 1,q
2,p(Ω).

2. Auxiliary results. By analogy with Lemma 2.2 of [14], we establish the following
lemma.

Lemma 1. Let u ∈
◦

W 1,q
2,p(Ω) ∩ L∞(Ω), h ∈ C2(R) and h(0) = 0. Then h(u) ∈

◦
W 1,q

2,p(Ω) ∩ L∞(Ω) and the following assertions hold :
1) for every n-dimensional multi-index α, |α| = 1,

Dαh(u) = h′(u)Dαu a.e. in Ω,

2) for every n-dimensional multi-index α, |α| = 2,

Dαh(u) = h′(u)Dαu + h′′(u)Dα′uDα′′u a.e. in Ω,

where |α′| = |α′′| = 1, α′ + α′′ = α.
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Lemma 2. Let ψ be an odd function on R such that ψ ∈ C1(R), ψ ∈ C2(R \ {0})
and ψ′′ has a discontinuity at the origin of the first kind. Then if

u ∈
◦

W 1,q
2,p(Ω) ∩ L∞(Ω), (18)

then ψ(u) ∈
◦

W 1,q
2,p(Ω) ∩ L∞(Ω) and the following assertions hold :

1) for every n-dimensional multi-index α, |α| = 1,

Dαψ(u) = ψ′(u)Dαu a.e. in Ω,

2) for every n-dimensional multi-index α, |α| = 2,

Dαψ(u) =
{

ψ′(u)Dαu + ψ′′(u)Dα′uDα′′u a.e. in {u 6= 0},
ψ′(0)Dαu a.e. in {u = 0},

where |α′| = |α′′| = 1, α′ + α′′ = α.

Proof. Let u ∈
◦

W 1,q
2,p(Ω) ∩ L∞(Ω). We define the function Ψ: R→ R by

Ψ(s) = ψ(s)− ψ′(0)s, s ∈ R. (19)

If |α| = 1, we put
wα = Ψ′(u)Dαu, (20)

and if |α| = 2, we put

wα(x) =
{

Ψ′(u)Dαu + Ψ′′(u)Dα′uDα′′u if u(x) 6= 0,
0 if u(x) = 0,

(21)

where |α′| = |α′′| = 1, α′ + α′′ = α.
Clearly,

wα ∈ Lq(Ω), |α| = 1; wα ∈ Lp(Ω), |α| = 2. (22)

We fix ε > 0. Let Ψε be the function on R such that

Ψε(s) =





Ψ(s) + (1
2εΨ′′(ε)−Ψ′(ε))(s− ε) + 1

6ε2Ψ′′(ε)−Ψ(ε) if s > ε,

Ψ′′(ε)s3/(6ε) if |s| 6 ε,

Ψ(s) + (1
2εΨ′′(ε)−Ψ′(ε))(s + ε)− 1

6ε2Ψ′′(ε) + Ψ(ε) if s < −ε.

We have
Ψε ∈ C2(R), (23)

Ψ′
ε(s) =

{
Ψ′(s) + εΨ′′(ε)/2−Ψ′(ε) if |s| > ε,
Ψ′′(ε)s2/(2ε) if |s| 6 ε,

Ψ′′
ε(s) =

{
Ψ′′(s) if |s| > ε,
Ψ′′(ε)s/ε if |s| 6 ε.
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The following limit relations hold:

lim
ε→0

Ψε(s) = Ψ(s) for every s ∈ R, (24)

lim
ε→0

Ψ′
ε(s) = Ψ′(s) for every s ∈ R, (25)

lim
ε→0

Ψ′′
ε(s) =

{
Ψ′′(s) if s ∈ R \ {0},
0 if s = 0.

(26)

Using the inclusions (18) and (23), the equality Ψε(0) = 0 and Lemma 1, we establish
that

Ψε(u) ∈
◦

W 1,q
2,p(Ω) ∩ L∞(Ω),

for |α| = 1
DαΨε(u) = Ψ′

ε(u)Dαu,

and for |α| = 2
DαΨε(u) = Ψ′

ε(u)Dαu + Ψ′′
ε(u)Dα′uDα′′u,

where |α′| = |α′′| = 1, α′ + α′′ = α. Hence, using (18), (24)–(26) and Lebesgue’s
dominated convergence theorem, we deduce

lim
ε→0

‖Ψε(u)−Ψ(u)‖Lq(Ω) = 0, (27)

lim
ε→0

∑

|α|=1

‖DαΨε(u)− wα‖Lq(Ω) = 0, lim
ε→0

∑

|α|=2

‖DαΨε(u)− wα‖Lp(Ω) = 0. (28)

Using these limit relations, we establish in the usual way that the generalized derivative
DαΨ(u) exists for every α ∈ Λ, and DαΨ(u) = wα a.e. on Ω. Then, by (22), (27) and

(28), the function Ψ(u) belong to
◦

W 1,q
2,p(Ω)∩L∞(Ω), and (19)–(21) imply that assertions

1) and 2) hold. The lemma is proved. ¤
3. Proof of Theorem 1. Let the functions g2, g3, g4 and f belong to Ln/q(Ω), and

let u be a bounded generalized solution of problem (10), (11). We fix an arbitrary positive
number λ such that

λ > c4/c3. (29)

By ci, i = 6, 7, ..., we shall denote positive constants depending only on n, p, q,
measΩ, c, c0, c2, c3, c4, λ, the functions g2, g3, g4 and f .

We define the function ψ : R→ R by

ψ(s) = (eλ|s| − 1)signs, s ∈ R.

We set c6 = c3λ− c4. By (29), we have c6 > 0. Elementary calculations show that

c3ψ
′ − c4|ψ| > c6ψ

′ on R. (30)
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We set

I ′ =
∫

{u6=0}

{ ∑

|α|=2

|Aα(x,∇2u)|
}{ ∑

|β|=1

|Dβu|2
}
|ψ′′(u)|dx,

Φ =
∑

|α|=1

|Dαu|q +
∑

|α|=2

|Dαu|p.

By virtue of Lemma 2, ψ(u) ∈
◦

W 1,q
2,p(Ω) ∩ L∞(Ω). Thus, by (12), we have

∫

Ω

{ ∑

α∈Λ

Aα(x,∇2u)Dαψ(u) + A0(x, u)ψ(u) + B(x, u,∇2u)ψ(u)
}

dx =
∫

Ω
fψ(u)dx.

From this equality and assertions 1) and 2) of Lemma 2 we deduce that
∫

Ω

{ ∑

α∈Λ

Aα(x,∇2u)Dαu

}
ψ′(u)dx +

∫

Ω
A0(x, u)ψ(u)dx

6
∫

Ω
|B(x, u,∇2u)||ψ(u)|dx +

∫

Ω
|f ||ψ(u)|dx + I ′.

Hence, using (5)-(7) and the fact that 0 < ψ′ = λ|ψ|+ λ and signψ(s) = sign s on R, we
obtain ∫

Ω
Φ(c3ψ

′(u)− c4|ψ(u)|)dx + c0

∫

Ω
|u|q−1|ψ(u)|dx

6
∫

Ω
(λg3 + g4 + |f |)|ψ(u)|dx + λ

∫

Ω
g3dx + I ′.

From this and (30) it follows that

c6

∫

Ω
ψ′(u)Φdx + c0

∫

Ω
|u|q−1|ψ(u)|dx

6
∫

Ω
(λg3 + g4 + |f |)|ψ(u)|dx + λ

∫

Ω
g3dx + I ′.

(31)

Let us estimate the integral I ′. We fix an arbitrary ε > 0. It is obvious that

p− 1
p

+
2
q

+
q − 2p

qp
= 1.

Using this equality and Young’s inequality, we establish that if α ∈ Λ, |α| = 2, and
β ∈ Λ, |β| = 1, then

|Aα(x,∇2u)| |Dβu|2 6 ε2|Aα(x,∇2u)|p/(p−1)

+ ε2|Dβu|q + ε2−2qp/(q−2p) on Ω.
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From this and (4) we deduce that

I ′ 6 n(c2 + n)ε2

∫

{u6=0}

Φ|ψ′′(u)|dx + nε2

∫

{u6=0}

g2|ψ′′(u)|dx

+n3ε2−2qp/(q−2p)

∫

{u6=0}

|ψ′′(u)|dx.

Putting in the last inequality ε = ( c6
2λn(c2+n))

1/2, and noting that |ψ′′| = λψ′ and |ψ′′| =
λ2|ψ|+ λ2 on R \ {0}, we obtain

I ′ 6 c6

2

∫

Ω
ψ′(u)Φdx + c7

∫

Ω
(g2 + 1)|ψ(u)|dx + c8.

From this and (31) it follows that

c6

2

∫

Ω
ψ′(u)Φdx + c0

∫

Ω
|u|q−1|ψ(u)|dx 6 c9

∫

Ω
F |ψ(u)|dx + c10, (32)

where F = g2 + λg3 + g4 + |f |+ 1.
We now estimate the integral

∫
Ω F |ψ(u)|dx. We fix an arbitrary H > 0. It is clear

that
∫

Ω
F |ψ(u)|dx =

∫

{F>H,|u|>1}

F |ψ(u)|dx+
∫

{F<H}

F |ψ(u)|dx+
∫

{F>H,|u|<1}

F |ψ(u)|dx, (33)

∫

{F<H}

F |ψ(u)|dx < H

∫

Ω
|ψ(u)|dx,

∫

{F>H,|u|<1}

F |ψ(u)|dx < (eλ − 1)
∫

Ω
Fdx. (34)

Before estimating the first integral in the right-hand side of equality (33), we remark
that there exists a positive constant cq,λ depending only on q and λ such that

|ψ(s)| 6 cq,λ|ψ(s/q)|q for every s > 1. (35)

Note also that, by (2), assertion 1) of Lemma 1 and equality (ψ′(s/q))q = λq−1ψ′(s),
s ∈ R, we have

( ∫

Ω
|ψ(u/q)|q∗dx

)q/q∗

6 (cλq−1/qq)
∫

Ω
ψ′(u)Φdx. (36)

Now, using Holder’s inequality, (35) and (36), we obtain

∫

{F>H,|u|>1}

F |ψ(u)|dx 6
( ∫

{F>H}

Fn/qdx

)q/n( ∫

{|u|>1}

|ψ(u)|n/(n−q)dx

)(n−q)/n
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6 cq,λ‖F‖Ln/q({F>H})

( ∫

Ω
|ψ(u/q)|q∗dx

)q/q∗

6 cq,λcλq−1q−q‖F‖Ln/q({F>H})

∫

Ω
ψ′(u)Φdx.

From this and (33) and (34) it follows that
∫

Ω
F |ψ(u)|dx 6 c11‖F‖Ln/q({F>H})

∫

Ω
ψ′(u)Φdx +

∫

Ω
H|ψ(u)|dx + c12. (37)

Now, choosing H > 0 such that c9c11‖F‖Ln/q({F>H}) < c6/4, from (32) and (37) we
obtain

c6

4

∫

Ω
ψ′(u)Φdx +

∫

Ω
c0|u|q−1|ψ(u)|dx 6

∫

Ω
c9H|ψ(u)|dx + c13. (38)

It is clear that∫

Ω
c0|u|q−1|ψ(u)|dx >

∫

{c0|u|q−1>c9H}

c0|u|q−1|ψ(u)|dx >

∫

{c0|u|q−1>c9H}

c9H|ψ(u)|dx,

(39)∫

Ω
c9H|ψ(u)|dx =

∫

{c0|u|q−1>c9H}

c9H|ψ(u)|dx +
∫

{c0|u|q−16c9H}

c9H|ψ(u)|dx

6
∫

{c0|u|q−1>c9H}

c9H|ψ(u)|dx + c9H(eλ(c9H/c0)1/(q−1) − 1)measΩ .

(40)

From (38)–(40) it follows that

c6

4

∫

Ω
ψ′(u)Φdx 6 c14.

Hence, using the fact that for every s ∈ R, ψ′(s) = λ exp(λ|s|), we deduce (16). Theorem
1 is proved.
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М.В. Войтович
Энергетические оценки ограниченных решений задачи Дирихле для одного класса
нелинейных эллиптических уравнений четвертого порядка.

Рассматривается класс нелинейных эллиптических уравнений четвертого порядка со старшими
коэффициентами, удовлетворяющими условию усиленной коэрцитивности, абсорбцией и младшим
коэффициентом, имеющим рост порядков, совпадающих с показателями соответствующего уравне-
ниям энергетического пространства, относительно производных неизвестной функции. Не делается
никаких предположений о выполнении определенных знаковых условий относительно младшего ко-
эффициента. Устанавливаются энергетические оценки ограниченных обобщенных решений задачи
Дирихле для уравнений рассматриваемого класса.

Ключевые слова: нелинейные эллиптические уравнения четвертого порядка, усиленная коэр-
цитивность, задача Дирихле, ограниченные решения, энергетические оценки.

М.В. Войтович
Енергетичнi оцiнки обмежених розв’язкiв задачi Дiрiхле для одного класу нелiнiйних
елiптичних рiвнянь четвертого порядку.

Розглядається клас нелiнiйних елiптичних рiвнянь зi старшими коефiцiєнтами, якi задовольняють
умову пiдсиленої коерцитивностi, абсорбцiєю i молодшим коефiцiєнтом, що має зростання порядкiв,
якi спiвпадають з показниками вiдповiдного рiвнянням енергетичного простору, вiдносно похiдних
невiдомої функцiї. Не робиться жодних припущень щодо виконання певних знакових умов вiдносно
молодшого коефiцiєнта. Встановлено енергетичнi оцiнки обмежених узагальнених розв’язкiв задачi
Дiрiхле для рiвнянь, що розглядаються.

Ключовi слова: нелiнiйнi елiптичнi рiвняння четвертого порядку, пiдсилена коерцитивнiсть,
задача Дiрiхле, обмеженi розв’язки, енергетичнi оцiнки.
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