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ÎÁ ÈÍÒÅÃÐÈÐÎÂÀÍÈÈ ÓÐÀÂÍÅÍÈÉ ÊÈÐÕÃÎÔÀ
Â ÑËÓ×ÀÅ ËÈÍÅÉÍÎÃÎ ÈÍÂÀÐÈÀÍÒÍÎÃÎ ÑÎÎÒÍÎØÅÍÈß

Èçó÷åíà çàäà÷à èíòåãðèðîâàíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé Êèðõãîôà [1] â ïðåäïîëîæåíèè, ÷òî
îíè äîïóñêàþò ëèíåéíîå èíâàðèàíòíîå ñîîòíîøåíèå îòíîñèòåëüíî êîìïîíåíò ìîìåíòà êîëè÷åñòâà äâè-
æåíèÿ è êîìïîíåíò åäèíè÷íîãî âåêòîðà îñè ñèììåòðèè ñèëîâîãî ïîëÿ. Ñ ïðèâëå÷åíèåì ïåðâûõ èí-
òåãðàëîâ óðàâíåíèé îñóùåñòâëåíà ðåäóêöèÿ èñõîäíîé ñèñòåìû ê ñèñòåìå âòîðîãî ïîðÿäêà. Ïðè äâóõ
óñëîâèÿõ íà ïàðàìåòðû çàäà÷è, õàðàêòåðèçóþùèõ ãåîìåòðèþ ìàññ ãèðîñòàòà, ïîòåíöèàëüíûå è ãèðî-
ñêîïè÷åñêèå ñèëû, óêàçàí èíòåãðèðóþùèé ìíîæèòåëü ïðèâåäåííûõ óðàâíåíèé. Ïîëó÷åííîå â ðàáîòå
ðåøåíèå óðàâíåíèé Êèðõãîôà ñîäåðæèò ÷åòûðå ïðîèçâîëüíûõ ïîñòîÿííûõ è ñîâïàäàåò ñ ðåøåíèåì
Ï.Â. Õàðëàìîâà [4, ñ. 23-26], íàéäåííûì â îñíîâíûõ ïåðåìåííûõ [1].

Ââåäåíèå. Â äèíàìèêå òâåðäîãî òåëà áîëüøîå ÷èñëî ðàáîò ïîñâÿùåíî íå òîëüêî
êëàññè÷åñêîé çàäà÷å î äâèæåíèè òÿæåëîãî òâåðäîãî òåëà (ñì. [3�6]), íî è ðàçëè÷íûì
åå îáîáùåíèÿì � çàäà÷å î äâèæåíèè ãèðîñòàòà ïîä äåéñòâèåì ïîòåíöèàëüíûõ è ãèðî-
ñêîïè÷åñêèõ ñèë [7] è çàäà÷å î äâèæåíèè òÿæåëîãî òâåðäîãî òåëà â èäåàëüíîé íåñæè-
ìàåìîé æèäêîñòè [1�4, 8, 9]. Äàííîå îáñòîÿòåëüñòâî îáóñëîâëåíî òåì, ÷òî ïîñëåäíèå
äâå çàäà÷è ìàòåìàòè÷åñêè ýêâèâàëåíòíû, ïîñêîëüêó îïèñûâàþòñÿ äèôôåðåíöèàëüíûìè
óðàâíåíèÿìè êëàññà Êèðõãîôà [1, 7]. Ýòî îçíà÷àåò, ÷òî ñëó÷àè èíòåãðèðóåìîñòè óðàâ-
íåíèé äâèæåíèÿ òåëà â æèäêîñòè, óñòàíîâëåííûå Êëåáøåì, Êèðõãîôîì, Ñòåêëîâûì,
Ëÿïóíîâûì, ×àïëûãèíûì, Õàðëàìîâûì (ñì. [3�6]) ìîãóò áûòü èíòåðïðåòèðîâàíû, êàê
ðåøåíèÿ óðàâíåíèé äâèæåíèÿ ãèðîñòàòà ïîä äåéñòâèåì ïîòåíöèàëüíûõ è ãèðîñêîïè-
÷åñêèõ ñèë [7]. Î÷åâèäíî, ñïðàâåäëèâî è îáðàòíîå óòâåðæäåíèå: ëþáîå íîâîå ðåøåíèå
óðàâíåíèé äâèæåíèÿ ãèðîñòàòà ÿâëÿåòñÿ íîâûì ðåøåíèåì è óðàâíåíèé Êèðõãîôà.

Èçâåñòíî [10], ÷òî â îáùåì ñëó÷àå óðàâíåíèÿ Ýéëåðà-Ïóàññîíà íåèíòåãðèðóåìû â
êâàäðàòóðàõ. Àíàëîãè÷íûé ðåçóëüòàò èìååò ìåñòî è äëÿ óðàâíåíèé Êèðõãîôà-Ïóàññîíà
[8]. Ïîýòîìó äëÿ ýòèõ óðàâíåíèé àêòóàëüíà çàäà÷à ïîñòðîåíèÿ íîâûõ ÷àñòíûõ ðåøå-
íèé, â ÷àñòíîñòè ðåøåíèé, ñîäåðæàùèõ ìàêñèìàëüíîå ÷èñëî ïðîèçâîëüíûõ ïîñòîÿííûõ
[6]. Ê òàêèì ðåøåíèÿì ìîæíî îòíåñòè ðåøåíèÿ Â. Ãåññà [11], Ë.Í. Ñðåòåíñêîãî [12],
Ñ.À. ×àïëûãèíà [2] è Ï.Â. Õàðëàìîâà [3, 4]. Â äàííîé ðàáîòå ïðîäîëæåíî èçó÷åíèå èí-
òåãðèðóåìîñòè óðàâíåíèé Êèðõãîôà, íà÷àòîå â ðàáîòàõ [2�4]. Íàéäåí èíòåãðèðóþùèé
ìíîæèòåëü ïðèâåäåííûõ óðàâíåíèé â ñëó÷àå, êîãäà óðàâíåíèÿ Êèðõãîôà-Ïóàññîíà äî-
ïóñêàþò îäíî ëèíåéíîå èíâàðèàíòíîå ñîîòíîøåíèå. Ïîëó÷åííîå ðåøåíèå çàâèñèò îò
÷åòûðåõ ïðîèçâîëüíûõ ïîñòîÿííûõ.

1. Ïîñòàíîâêà çàäà÷è. Ðàññìîòðèì äèôôåðåíöèàëüíûå óðàâíåíèÿ äâèæåíèÿ çà-
ðÿæåííîãî è íàìàãíè÷åííîãî ãèðîñòàòà â ñèëîâîì ïîëå, ÿâëÿþùåìñÿ ñóïåðïîçèöèåé
ìàãíèòíîãî, ýëåêòðè÷åñêîãî è öåíòðàëüíîãî íüþòîíîâñêîãî ïîëÿ â ïîñòàíîâêå [7]

ẋ = (x+ λ)× ax+ ax×Bν + s× ν + ν × Cν, (1)

ν̇ = ν × ax, (2)

ãäå x = (x1, x2, x3) � ìîìåíò êîëè÷åñòâà äâèæåíèÿ ãèðîñòàòà; ν = (ν1, ν2, ν3) � åäèíè÷-
íûé âåêòîð îñè ñèììåòðèè ñèëîâûõ ïîëåé; λ = (λ1, λ2, λ3) � ãèðîñòàòè÷åñêèé ìîìåíò,
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õàðàêòåðèçóþùèé äâèæåíèå íîñèìûõ òåë; s = (s1, s2, s3) � âåêòîð, ñîíàïðàâëåííûé ñ
âåêòîðîì îáîáùåííîãî öåíòðà ìàññ ãèðîñòàòà; a = (aij) � ãèðàöèîííûé òåíçîð, ïîñòðî-
åííûé â íåïîäâèæíîé òî÷êå; B = (Bij) � ïîñòîÿííàÿ ñèììåòðè÷íàÿ ìàòðèöà òðåòüåãî
ïîðÿäêà, îïðåäåëÿþùàÿ ãèðîñêîïè÷åñêèå ñèëû; C = (Cij) � ïîñòîÿííàÿ ñèììåòðè÷íàÿ
ìàòðèöà òðåòüåãî ïîðÿäêà, õàðàêòåðèçóþùàÿ ïîòåíöèàëüíûå ñèëû. Òî÷êà íàä ïåðåìåí-
íûìè îçíà÷àåò ïðîèçâîäíóþ ïî âðåìåíè t.

Óðàâíåíèÿ (1), (2) èìåþò ïåðâûå èíòåãðàëû:

x · ax− 2(s · ν) + (Cν · ν) = 2E, ν · ν = 1, (3)

(x+ λ) · ν − 1

2
(Bν · ν) = k.

Çäåñü E è k � ïðîèçâîëüíûå ïîñòîÿííûå.
Ñëåäóÿ ðàáîòàì [2�4], ïîñòàâèì çàäà÷ó îá èíòåãðèðîâàíèè óðàâíåíèé (1), (2) ïðè

óñëîâèè ñóùåñòâîâàíèÿ ó ýòèõ óðàâíåíèé îäíîãî ëèíåéíîãî èíâàðèàíòíîãî ñîîòíîøå-
íèÿ:

x1 − (g0 + g1ν1 + g2ν2 + g3ν3) = 0, (4)

ãäå gi (i = 0, 3) � ïîñòîÿííûå, ïîäëåæàùèå îïðåäåëåíèþ. Äëÿ çàäà÷è î äâèæåíèè òåëà â
æèäêîñòè [4] â ïîëíîé ìåðå ðåøåíà òîëüêî ïåðâàÿ ÷àñòü çàäà÷è èíòåãðèðîâàíèÿ óðàâ-
íåíèé (1), (2), à èìåííî, îïðåäåëåíû óñëîâèÿ ñóùåñòâîâàíèÿ ñîîòíîøåíèÿ (4). Ðåøåíèå
âòîðîé ÷àñòè äàííîé çàäà÷è óêàçàíî òîëüêî â íåêîòîðûõ ÷àñòíûõ ñëó÷àÿõ [2, 3], ïðè÷åì
â ðàáîòå [2] èññëåäîâàí âàðèàíò λ = 0, s = 0, à â ðàáîòå [3] � λ = 0. Äëÿ êëàññè÷åñêîé
çàäà÷è î äâèæåíèè òÿæåëîãî òâåðäîãî òåëà, óðàâíåíèÿ êîòîðîé ïîëó÷èì èç (1), (2) ïðè
λ = 0, B = 0, C = 0, àíàëîã ñîîòíîøåíèÿ (4) (x1 = 0) èçó÷åí Â. Ãåññîì [11]. Ãåîìåòðè-
÷åñêîå èñòîëêîâàíèå ðåøåíèÿ Â. Ãåññà äàíî À.Ì. Êîâàëåâûì [13]. Ë.Í. Ñðåòåíñêèé [12]
îáîáùèë äàííîå ðåøåíèå íà ñëó÷àé λ 6= 0, B = 0, C = 0.

Ïðîäèôôåðåíöèðóåì ñîîòíîøåíèå (4) â ñèëó ñêàëÿðíûõ óðàâíåíèé, âûòåêàþùèõ
èç âåêòîðíûõ óðàâíåíèé (1), (2) è ïîòðåáóåì, ÷òîáû ïîëó÷åííîå ðàâåíñòâî ïîñëå ïîäñòà-
íîâêè â íåãî çíà÷åíèÿ äëÿ x1 èç (4) áûëî òîæäåñòâîì ïðè ëþáûõ çíà÷åíèÿõ ïåðåìåííûõ
x2, x3, ν1, ν2, ν3 è íàéäåì ñëåäóþùèå óñëîâèÿ íà ïàðàìåòðû çàäà÷è è ïàðàìåòðû gi:

a12 = a23 = 0, a22 = a33, λ2 = 0, a13g0 − a22λ3 = 0, g2 = B12,

a13g1 − a22g3 + a22B13 = 0, a13g2 + a22B23 = 0,

a13g3 + a22g1 + a22B33 = 0, a22g1 − a13g3 + a22B22 = 0,

s2 = g0(a11g2 + a13B23), s3 = g0(a11g3 − a13g1 − a13B22), (5)

C12 + g1(a13B23 + a11g2) = 0, C13 + g1(a11g3 − a13g1 − a13B22) = 0,

C23 + g2(a11g3 − a13g1 − a13B22) = 0, C23 + g3(a11g2 + a13B23) = 0,

C22 − C33 = a11(g
2
3 − g2

2)− a13(g1g3 + g2B23 + g3B22).

Ïðè óñëîâèÿõ a12 = a23 = 0, a33 = a22, óðàâíåíèå ãèðàöèîííîãî ýëëèïñîèäà ïðèìåò
âèä a11x

2+a22(y
2+z2)+2a13xz = const. Ïîýòîìó êîîðäèíàòíàÿ îñü, îòíîñèòåëüíî êîòîðîé

çàäàíî èíâàðèàíòíîå ñîîòíîøåíèå (4), îðòîãîíàëüíà êðóãîâîìó ñå÷åíèþ ãèðàöèîííîãî
ýëëèïñîèäà. Î÷åâèäíî, äëÿ ñëó÷àÿ Ãåññà íà ýòîé îñè ëåæèò öåíòð ìàññ ãèðîñòàòà. Íî
äëÿ îáîáùåííîé çàäà÷è (1), (2) äàííîå óñëîâèå íå âûïîëíÿåòñÿ.
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Ðàññìîòðèì ñëó÷àé a13 6= 0. Òîãäà èç ñèñòåìû (5) ïîëó÷èì

a12 = a23 = 0, a22 = a33, λ2 = 0, g0 =
a22λ3

a13

,

g1 = −1

2
(B22 + B33), g2 = B12, g3 =

a22

2a13

(B22 −B33),

B13 =
1

2a13a22

[
(a2

13 + a2
22)B22 + (a2

13 − a2
22)B33

]
, B23 = −a13

a22

B12,

s2 =
λ3B12

a13

(a11a22 − a2
13), s3 =

λ3a22

2a2
13

(a11a22 − a2
13)(B22 −B33), (6)

C12 =
B12

2a22

(a11a22 − a2
13)(B22 + B33), C13 =

1

4a13

(a11a22 − a2
13)(B

2
22 −B2

33),

C23 = − B12

2a13

(a11a22 − a2
13)(B22 −B33),

C22 − C33 =
a11a22 − a2

13

4a2
13a22

[
(a2

22(B22 −B33)
2 − 4a2

13B
2
12

]
.

Íà îñíîâàíèè óñëîâèé (6) èíâàðèàíòíîå ñîîòíîøåíèå (4) çàïèøåòñÿ â âèäå

x1 =
a22

a13

λ3 −
1

2
(B22 + B33)ν1 + B12ν2 +

a22

2a13

(B22 −B33)ν3. (7)

2. Ïðåîáðàçîâàíèå ñèñòåìû (1), (2). Íåïîñðåäñòâåííûå âû÷èñëåíèÿ ïîêàçû-
âàþò, ÷òî èíòåãðàëû ýíåðãèè è ìîìåíòà êîëè÷åñòâà äâèæåíèÿ èç (3) íåçàâèñèìû íà
ñîîòíîøåíèè (4). Ïîýòîìó âìåñòî âòîðîãî è òðåòüåãî óðàâíåíèé, âûòåêàþùèõ èç (1),
ðàññìîòðèì äàííûå èíòåãðàëû. Ñ ïîìîùüþ ðàâåíñòâ (4), (5) ïîëó÷èì

x2 =
1

a22(1− ν2
1)

[
a22ν2ϕ(ν1) + ν3

√
∆(ν1)

]
,

x3 =
1

a22(1− ν2
1)

[
a22ν3ϕ(ν1)− a13(1− ν2

1)(g0 + g1ν1 + g2ν2 + g3ν3)− ν2

√
∆(ν1)

]
,

(8)

ãäå

ϕ(ν1) = k +
1

2
B22 − (λ1 + g0)ν1 +

1

2
(B11 + B23)ν

2
1 , (9)

∆(ν1) = d0 + d1ν1 + d2ν
2
1 + d3ν

3
1 + d4ν

4
1 .

Çäåñü d0 = g2
0(a

2
13 − a11a22) + 1

4
g2
3(a

2
13 − 2a11a22) + a22

(
2E − 1

2
(C22 + C33)

)
−

−a13a22g3

(
k − g1

2

)
− a2

22

(
k − g1

2

)2

+
1

2
g2
2(a

2
13 − a11a22),

d1 = 2g0g1(a
2
13 − a11a22) + 2a22s1 + a22(λ1 + g0)[a13g3 − a22(g1 − 2k)],

d2 = g2
0(a11a22 − a2

13)− 2a22E + a22(C22 + C33 − C11) + g2
2(a11a22 − a2

13)+

+g2
3

(
a11a22 −

1

2
a2

13

)
+ g2

1

(
a2

13 −
1

2
a2

22 − a11a22

)
− 1

2
a13a22g3B11 +

1

2
a2

22g1B11− (10)
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−a2
22(λ1 + g0)

2 + a22k(a13g3 − a22B11 + a22g1),

d3 = a2
22(λ1 + g0)(B11 − g1)− 2a22(s1 − a11g0g1)− 2a2

13g0g1 − a13a22g3(λ1 + g0),

d4 =
1

4
g2
3(a

2
13 − 2a11a22) +

1

2
g2
2(a

2
13 − a11a22) +

1

4
g2
1(4a11a22 − 4a2

13 − a2
22)−

−1

2
a22(C22 + C33 − 2C11) +

1

2
a13a22g3(B11 − g1)−

1

4
a2

22B11(B11 − 2g1).

Ñîîòíîøåíèÿ (8), (9) ïîçâîëÿþò ïðåîáðàçîâàòü óðàâíåíèÿ, âûòåêàþùèå èç (2), ê
âèäó

ν̇1 = −
√

∆(ν1), (11)

ν̇2 =
1

a22(1− ν2
1)

[
ν2(a22ν1 − a13ν3)

√
∆(ν1) + ν3F (ν1, ν2, ν3)

]
, (12)

ν̇3 =
1

a22(1− ν2
1)

[
(a13ν

2
2 + a22ν1ν3)

√
∆(ν1)− ν2F (ν1, ν2, ν3)

]
, (13)

Çäåñü ââåäåíî îáîçíà÷åíèå

F (ν1, ν2, ν3) = ε0ν2(1− ν2
1) + ν3(β0 + β1ν1 + β2ν

2
1) + γ0 + γ1ν1 + γ2ν

2
1 + γ3ν

3
1 , (14)

ãäå

ε0 = (a11a22 − a2
13)B12, β0 = a13a22k +

a22

2a13

[a11a22B22 − (a11a22 − a2
13)B33],

β1 = −a22(a13λ1 + a22λ3), β2 =
a22

2a13

[a2
13B11 − (a11a22 − a2

13)B22 + a11a22B33],

γ0 =
a22λ3

a13

(a11a22 − a2
13), (15)

γ1 = −1

2

[
2a2

22k + (a11a22 + a2
22 − a2

13)B22 + (a11a22 − a2
13)B33

]
,

γ2 =
a2

22

a13

(a13λ1 + a22λ3)−
a22λ3

a13

(a11a22 − a2
13),

γ3 =
1

2

[
(a11a22 − a2

13)B22 + (a11a22 − a2
13 − a2

22)B33 − a2
22B11

]
.

Òàêèì îáðàçîì, èíòåãðèðîâàíèå ñèñòåìû (1), (2) íà èíâàðèàíòíîì ñîîòíîøåíèè (4)
ñâåäåíî ê èíòåãðèðîâàíèþ ñèñòåìû òðåòüåãî ïîðÿäêà (11)-�(13), êîòîðàÿ èìååò ïåðâûé
èíòåãðàë ñ ôèêñèðîâàííîé ïîñòîÿííîé: ν2

1 + ν2
2 + ν2

3 = 1.
3. Èíòåãðèðîâàíèå ñèñòåìû (11)�(13). Â ðàáîòàõ [2, 3] íàõîæäåíèå èíòåãðèðó-

þùåãî ìíîæèòåëÿ àíàëîãîâ óðàâíåíèé (11)�(13) îñóùåñòâëåíî â ïåðåìåííûõ ν1, ν2, ν3.
Îäíàêî, âû÷èñëåíèÿ çíà÷èòåëüíî óïðîùàþòñÿ, åñëè ñèñòåìó (11)�(13) ïðåîáðàçîâàòü
ê íîâûì ïåðåìåííûì:

ν1 = cos θ, ν2 = sin θ cos ϕ, ν3 = sin θ sin ϕ. (16)

Òîãäà ñèñòåìà (11)�(13) ïðèâîäèòñÿ ê äâóì óðàâíåíèÿì

dθ

dt
=

√
∆(cos θ)

sin θ
, (17)
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a22

√
∆(cos θ) sin θdϕ + [ε0 sin3 θ cos ϕ + (β0 + β1 cos θ + β2 cos2 θ) sin θ sin ϕ+

(18)
+γ0 + γ1 cos θ + γ2 cos2 θ + γ3 cos3 θ − a13

√
∆(cos θ) sin θ cos ϕ]dθ = 0.

Èç óðàâíåíèÿ (17) óñòàíàâëèâàåì çàâèñèìîñòü θ = θ(t). Â îáùåì ñëó÷àå íà îñíîâàíèè
óðàâíåíèÿ (11) ìîæíî ñäåëàòü âûâîä î òîì, ÷òî ôóíêöèÿ ν1 = cos θ ÿâëÿåòñÿ ýëëèïòè-
÷åñêîé ôóíêöèåé âðåìåíè.

Äëÿ èíòåãðèðîâàíèÿ óðàâíåíèÿ (18) âîñïîëüçóåìñÿ òåîðèåé èíòåãðèðóþùåãî ìíî-
æèòåëÿ [14]. Áóäåì èñêàòü åãî â âèäå

M(ϕ, θ) =
1√

∆(cos θ)(f1(θ) sin ϕ + f2(θ) cos ϕ + f3(θ))
, (19)

ãäå fi(θ) (i = 1, 3) � ôóíêöèè, ïîäëåæàùèå îïðåäåëåíèþ. Åñëè èíòåãðèðóþùèé ìíîæè-
òåëü áóäåò íàéäåí, òî óðàâíåíèå (18) ïðèìåò âèä

∂V (ϕ, θ)

∂ϕ
dϕ +

∂V (ϕ, θ)

∂θ
dθ = 0, (20)

ãäå
∂V (ϕ, θ)

∂ϕ
= a22 sin θ(f1(θ) sin ϕ + f2(θ) cos ϕ + f3(θ))

−1, (21)

∂V (ϕ, θ)

∂θ
= [ε0 sin3 θ cos ϕ + (β0 + β1 cos θ + β2 cos2 θ) sin θ sin ϕ+

+γ0 + γ1 cos θ + γ2 cos2 θ + γ3 cos3 θ − a13

√
∆(cos θ) sin θ cos ϕ]× (22)

×(f1(θ) sin ϕ + f2(θ) cos ϕ + f3(θ))
−1(∆(cos θ))−

1
2 .

Ïðèíèìàÿ âî âíèìàíèå âûðàæåíèÿ (21), (22), ðàñïèøåì ðàâåíñòâî
∂2V (ϕ, θ)

∂θ∂ϕ
=

∂2V (ϕ, θ)

∂ϕ ∂θ
:

a22(f1(θ) cos θ − f ′
1(θ) sin θ)

√
∆(cos θ) = a13

√
∆(cos θ)f3(θ) sin θ+

+f2(θ)(γ0 + γ1 cos θ + γ2 cos2 θ + γ3 cos3 θ)− ε0f3(θ) sin3 θ, (23)

a22(f2(θ) cos θ − f ′
2(θ) sin θ)

√
∆(cos θ) = f3(θ)(β0 + β1 cos θ + β2 cos2 θ) sin θ−

−f1(θ)(γ0 + γ1 cos θ + γ2 cos2 θ + γ3 cos3 θ), (24)

a22(f3(θ) cos θ − f ′
3(θ) sin θ)

√
∆(cos θ) = f2(θ)(β0 + β1 cos θ + β2 cos2 θ) sin θ−

−ε0f1(θ) sin3 θ + a13f1(θ)
√

∆(cos θ) sin θ. (25)

Ïîêàæåì, ÷òî ñèñòåìà (23)�(25) èìååò ðåøåíèå ïðè óñëîâèè B12 = 0, òî åñòü ïðè ε0 = 0.
Â ýòîì ñëó÷àå èç ñèñòåìû (6) ñëåäóåò ðÿä îãðàíè÷åíèé: B23 = 0, s2 = 0, C12 = 0, C23 = 0.
Ñîîòíîøåíèå (7) ïðèìåò âèä

x1 =
a22λ3

a13

− 1

2
(B22 + B33)ν1 +

a22

2a13

(B22 −B33)ν3. (26)

Íåïîñðåäñòâåííîé ïîäñòàíîâêîé ìîæíî óáåäèòñÿ â òîì, ÷òî óðàâíåíèÿ (23), (25) èìåþò
ðåøåíèå

f1(θ) = P0 + P1 cos θ + P2 cos2 θ,
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(27)
f2(θ) =

√
∆(cos θ), f3(θ) = (Q0 + Q1 cos θ) sin θ,

ãäå Pi (i = 1, 2), Q0, Q1 â ñèëó (15) ìîãóò áûòü ïðåäñòàâëåíû â âèäå

P0 =
a22

2(a2
13 + a2

22)

[
2(a11a22 − a2

13 − a2
22)B33 − (a2

13 + a2
22)(2k + B22)− 2a2

22B11

]
, (28)

P1 =
a22

a13

(a13λ1 + a22λ3),
(29)

P2 =
a22

2(a2
13 + a2

22)

[
(a2

22 − a2
13)B11 + (a2

22 + a2
13 − 2a11a22)B33

]
,

Q0 =
a22

a2
13

[
a13a22λ1 + (a2

22 − a11a22 + a2
13)λ3

]
,

Q1 =
1

2a13(a2
13 + a2

22)

[
−2a2

13a
2
22B11 + (a2

13 + a2
22)(a11a22 − a2

13)B22+

+(a11a
2
13a22 − a11a

3
22 − a4

13 − a2
13a

2
22)B33

]
. (30)

Âíåñåì âûðàæåíèÿ (27) â óðàâíåíèå (24) è ïîòðåáóåì, ÷òîáû îíî áûëî òîæäåñòâîì ïî
θ:

a22d1 = 2(β0Q0 − γ0P0), a22(d0 + d2) = β0Q1 + β1Q0 − γ0P1 − γ1P0,
(31)

1

2
a22(d1 + 3d3) = β2Q0 + β1Q1 − β0Q0 − γ2P0 − γ1P1 − γ0P2,

1

2
a22d3 = β2Q0 + β1Q1 + γ3P1 + γ2P2,

2a22d4 = β2Q1 − β1Q0 − β0Q1 − γ3P0 − γ2P1 − γ1P2,

a22d4 = β2Q1 + γ3P2.

Ñèñòåìà (31) ñîâìåñòíà ïðè íàëè÷èè ñîîòíîøåíèé (10), (28)�(30), åñëè âûïîëíÿþòñÿ
óñëîâèÿ íà ïàðàìåòðû:

C22 − C11 =
a11a22 − a2

13

4a2
13(a

2
13 + a2

22)
[a11a

2
13(B22 + B33)

2 + a11a
2
22(B22 −B33)

2 − 4a2
13a22B11B22

]
,

s1 =
a22(a11a22 − a2

13)

2a3
13(a

2
13 + a2

22)

(
a13λ1(a

2
13 + a2

22)(B22 −B33) + λ3[2a
2
13a22B11+ (32)

+(a22 − a11)× (a2
13 + a2

22)B22 − (a2
13(a11 + a22) + a2

22(a22 − a11))B33]
)
.

Òàêèì îáðàçîì, åñëè íàðÿäó ñ ñîîòíîøåíèÿìè (6), ãäå B12 = 0, âûïîëíÿþòñÿ åùå è
óñëîâèÿ (32), òî óðàâíåíèÿ (1), (2) íà èíâàðèàíòíîì ñîîòíîøåíèè (4) ïðèâîäÿòñÿ ê
ñèñòåìå (17), (18), êîòîðàÿ äîïóñêàåò èíòåãðèðóþùèé ìíîæèòåëü (19) ñî çíà÷åíèÿìè
ôóíêöèé fi(θ) èç (27). Ïðè ýòîì ïîñòîÿííûå E è k îñòàþòñÿ ïðîèçâîëüíûìè.

Îáðàòèìñÿ ê óðàâíåíèÿì (21), (22). Èç óðàâíåíèÿ (21) èìååì

V (ϕ, θ) =
a22√
µ0

ln

∣∣∣∣∣h(θ) +
√

µ0tg
ϕ−α(θ)

2

h(θ)−√µ0tg
ϕ−α(θ)

2

∣∣∣∣∣ + F (θ), (33)
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ãäå
µ0 = d0 + P 2

0 −Q2
0,

(34)
h(θ) = Q0 + Q1 cos θ +

√
µ0 + (Q0 + Q1 cos θ)2,

α(θ) = arcsin
P0 + P1 cos θ + P2 cos2 θ√
µ0 + (Q0 + Q1 cos θ)2 sin θ

. (35)

Ôóíêöèþ F (θ) íàéäåì, ïîäñòàâèâ âûðàæåíèå (33) â óðàâíåíèå (22),

F (θ) = f(cos θ) =

∫
(K0 + K1 cos θ + K2 cos2 θ)d(cos θ)√

∆(cos θ)
(
µ0 + (Q0 + Q1 cos θ)2

) , (36)

ãäå
K0 = a13d0 − β0P0, K1 = (γ2 − γ0)Q1, K2 = γ3Q1.

Ñëåäîâàòåëüíî, èç óðàâíåíèÿ (20) âûòåêàåò ïåðâûé èíòåãðàë V (ϕ, θ) = C, ãäå C �
ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Â ñèëó ôîðìóë (33)�(36) çàïèøåì åãî ñëåäóþùèì îáðàçîì:

a22√
µ0

ln

∣∣∣∣∣h(θ) +
√

µ0tg
ϕ−α(θ)

2

h(θ)−√µ0tg
ϕ−α(θ)

2

∣∣∣∣∣ + f(cos θ) = C. (37)

Êàê óæå áûëî îòìå÷åíî, çàâèñèìîñòü θ(t) îïðåäåëÿåòñÿ èç óðàâíåíèÿ (17). Èç èí-
òåãðàëà (37) íàõîäèòñÿ ôóíêöèÿ ϕ = ϕ(θ), à èç ñîîòíîøåíèé (16) � ôóíêöèè νi = νi(t).
Êîìïîíåíòû âåêòîðà ìîìåíòà êîëè÷åñòâà äâèæåíèÿ ãèðîñòàòà çàäàþòñÿ ñîîòíîøåíèÿ-
ìè (8), (26).

Ïîêàæåì äåéñòâèòåëüíîñòü ïîëó÷åííîãî ðåøåíèÿ. Ïî óñëîâèþ ñóùåñòâîâàíèÿ ìíî-
æèòåëÿ è èíòåãðàëà (37) äîëæíî âûïîëíÿòüñÿ óñëîâèå µ0 = d0 + P 2

0 − Q2
0. Òàê êàê èç

ôîðìóë (28), (30) ñëåäóåò, ÷òî P0 è Q0 íå çàâèñÿò îò ïîñòîÿííîé E, à â âûðàæåíèå äëÿ
d0 èç (10) îíà âõîäèò ëèíåéíî, òî ìîæíî âûáîðîì ýòîé ïîñòîÿííîé äîáèòüñÿ óñëîâèé
µ0 > 0 è d0 > 0. Âòîðîå óñëîâèå ïîêàçûâàåò, ÷òî ∆(cos θ) > 0 è ñóùåñòâóåò íåâûðîæ-
äåííûé ïðîìåæóòîê ïî ν1 (ν

(1)
1 ≤ ν1 ≤ ν

(2)
1 , ãäå |ν(i)

1 | < 1), â êîòîðîì ôóíêöèÿ ∆(cos θ)
íåîòðèöàòåëüíà. Òî åñòü, ôóíêöèÿ θ(t), îïðåäåëÿåìàÿ èç ôîðìóëû (17), äåéñòâèòåëüíà.
Ïîëó÷åííîå â äàííîé ðàáîòå ðåøåíèå çàâèñèò îò ÷åòûðåõ ïðîèçâîëüíûõ ïîñòîÿííûõ
E, k, C è θ0.

Åñëè â äàííîì ðåøåíèè ïåðåéòè ê ðàññìîòðåíèþ êëàññè÷åñêîãî àíàëîãà, òî â ôîð-
ìóëàõ (6), (32) íåîáõîäèìî ïîëîæèòü Bij = 0, Cij = 0 (i, j = 1, 2, 3). Òîãäà ïîëó÷èì
s1 = 0, s2 = 0, s3 = 0, òî åñòü öåíòð ìàññ ãèðîñòàòà íåïîäâèæåí. Ýòè óñëîâèÿ õàðàê-
òåðèçóþò èçâåñòíîå ðåøåíèå Í.Å. Æóêîâñêîãî [15]. Ñëåäîâàòåëüíî, ïîëó÷åííûå çäåñü
ðåçóëüòàòû íå ïåðåíîñÿòñÿ íà îáîáùåíèå Ë.Í. Ñðåòåíñêîãî [12] äëÿ ðåøåíèÿ Â. Ãåññà
[11].

4. Çàêëþ÷åíèå. Óêàçàííûé âûøå ïðèìåð èíòåãðèðîâàíèÿ ñèñòåìû (17), (18) â
êâàäðàòóðàõ íå ÿâëÿåòñÿ åäèíñòâåííûì. Â ðàáîòå [16] ïîêàçàíî, ÷òî ïðè âûïîëíåíèè
óñëîâèé

λ1 = λ2 = λ3 = 0, s2 = s3 = 0, B11 =
B33

a2
22 − a2

13

(2a11a22 − a2
13 − a2

22),

B22 =
B33

a2
22 − a2

13

(a2
13 + a2

22), B13 =
2a13a22B33

a2
22 − a2

13

, C12 = C23 = 0,
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C13 =
1

4a2
13

(a11a22 − a2
13)(B

2
22 −B2

33), C22 − C33 =
a22

4a2
13

(a11a22 − a2
13)(B22 −B33)

2,

k =
B33

2(a2
13 − a2

22)
(2a11a22 − a2

13 + a2
22).

Óðàâíåíèå (18) ïðèíèìàåò âèä
dϕ

dθ
=

a13

a22

cos ϕ

è, ñëåäîâàòåëüíî, èíòåãðèðóåòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ. Â ðåøåíèè [16] ñîõðàíåíî
òðè ïðîèçâîëüíûõ ïîñòîÿííûõ.
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