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The response of the system, consisting of two types of opposite-charged fermions and their bound states
(hydrogen-like atoms), to the perturbation by the external electromagnetic field in low particle kinetic energies
region is studied. Investigations are based on using a new formulation of the second quantization method that
includes a capability of forming the particle bound states [1]. Expressions for Green functions that describe
the system response to the external electromagnetic field and take into account the presence of particle
bound states (atoms) are found. Macroscopic parameters of the system, such as conductivity, permittivity
and magnetic permeability in terms of these Green functions are found. As an example, the perturbation of
the ideal hydrogen-like plasma by the external electromagnetic field in low temperature region is considered.
Expressions for the values are found that describe the ideal gas of hydrogen-like atoms Bose-condensate
response to the external electromagnetic field.
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1. Introduction

In the process of describing a behavior of many-particle systems a class of problems appear,
that are concerned with the system response to the perturbing action of the external, in particular,
electromagnetic field. Widespread approach to solving such kind of problems is based on using the
Green functions formalism (see in that case e.g. [2]).

As well known, the most convenient method of describing physical processes in quantum many-
particle theory is the second quantization method. Thus, within the framework of the second
quantization it is the simplest to formulate an approach to a description of the system response
to the perturbation by the external field, that is based on Green functions. However, if we try to
realize such an approach, we can come across an essential difficulty, connected with the possible
occurrence of the particle bound states.

Really, the key role of the second quantization method consists in the introduction of creation
and annihilation operators of particles in a certain quantum state. The operators of physical quanti-
ties are constructed in terms of creation and annihilation operators. Such a description of quantum
many-particle systems implies the particles to be elementary (not consisting of other particles).
Moreover, it is absolutely accurate despite the possible existence of compound particles. Since
the interactions between particles may lead to the formation of bound states, the standard second
quantization method becomes too cumbersome. For this reason the construction of an approximate
quantum-mechanical theory for many-particle systems consisting of elementary particles and their
bound states represents a real problem. In this theory it is necessary to introduce the creation and
annihilation operators of bound states as the operators of elementary objects (not compound).
Moreover, it should preserve the required information concerning internal degrees of freedom for
the bound states.

Such an approach has been realized in [1]. In this work the possibility of constructing such a
theory is demonstrated for a system, that consists of two types of fermions, assuming that bound
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states (atoms or molecules) are formed by particles of two different types. The choice of such a model
is not dictated by the principal difficulties but rather by the desire to simplify the calculations and
obtain the visual results. Within the framework of this model a method of constructing the creation
and annihilation operators of the bound state as a compound object is given. The substantiation of
the conversion from the description of atoms as compound objects to elementary objects with the
ordinary creation and annihilation Bose-operators is given. Such substantiation is considered in
low-energy approximation in which the binding energy of a compound particle is much greater than
its kinetic energy. In terms of the creation and annihilation operators of fermions and bosons (as
elementary objects) a scheme for constructing the operators of physical quantities is formulated.
Explicit expressions for the operators of principal physical quantities, such as density and charge
density, momentum and current density, system Hamiltonian, are found. The Maxwell-Lorentz
system of equations is found, describing the interaction between electromagnetic field and matter,
that may also consist of neutral “atoms” (low-energy quantum electrodynamic equations).

In the present work we use this system of equations to study the response of the system with
bound states to the perturbation by the external electromagnetic field within the framework of
Green functions formalism. An essentially new issue in these considerations is the next circum-
stance. When we describe the system response to the perturbing action of the external electromag-
netic field the approximate formulation of the second quantization method proposed in [1] makes
it possible to take the neutral bound states into account in sufficiently simple way.

2. Quantum electrodynamic equations for the low-temperatu re hydrogen-
like plasma

The quantum-electrodynamic system studied, consisting of fermions of two different types and
their bound states, in low-energy region, in fact, can be considered as a low-temperature hydrogen-
like plasma. Before we turn to the description of such plasma response to the external electromag-
netic field, let us obtain the main equations that describe an evolution of this system. Taking into
account the interaction between radiation and matter the system’s Hamiltonian 7:[(75), according
to [1], can be written as

H(t) =Ho+ Hins + V),  Ho=Hs+H,, (1)
where
He =Y wilihCiar (2)
k,A

is the Hamiltonian for free photons (wy is the frequency of photon with wave number &, CA’; ) Cier
are the creation and annihilation operators of photon with wave number k and polarization \).

The value 7:£p in the equation (1) is the Hamiltonian for free particles (free fermions and their
bound states)

o OxF (%) oy (x 91t (X) 97 . .
Hy =35 gy [ dxZG OG y0, [ axX {ghy 2520 520 et (X)i(X) . (3)
M = my + ma,

where )A(j (x), X;(x) (j = 1,2) are the creation and annihilation operators of a free fermion of j
type and mass m; at the point x; 7 (X), 9o(X) are the creation and annihilation operators of
bound states of two different fermions (“hydrogen-like atoms”) with the quantum numbers « at
the point X; ¢, is the energy of an atom at the level with the quantum numbers a.

The Hamiltonian ﬂint in the equation (1) describes the interaction between particles

ﬂint = ﬂilnt + 7:(i2nt + 7:{ignt’ (4)
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where
Fhe = [ daadsadyg” (e, y)px v} 0mGx1 —x2)
+rar(x1 —y))RT (x1)X1(x1) + (o (x1 —y) + v12(x1 — x2)) %5 (x1)Xa2(x1)},  (5)
R = 5 [ dxadsadyidysd® (1,38 (e, ¥)9 e, )00, v o s = )
+v2a(y; — ¥a) + vi2(x1 — y2) + vo1(y; — x2)}, (6)
Hi = %/dxldxﬂml(xl — X2) X7 (%1) X7 (%2) X1 (x2) X1 (x1)

+ vaa(x1 — X2) X7 (x1)R7 (x2)R2(x2) X2 (x1)
+ 2u12(x1 — X2) X7 (x1) X3 (X2)Xa(x2) X1 (x1)} (7)

In equations (5)—(7) the operators ¢ (x1,X2), ¢(x1,X2) are related to the creation 7} (X) and
annihilation operators 7j,(X) of atoms in quantum state a by expressions

G (x1,x2) =20 0n(X)0g (X),  Blx1,x2) = 32, Pa(x)a(X),

X = muXitmoXp

X = X1 — X2, e (8)

where ¢, (x) is the wave function of the bound state and v;;(x —y), 4,5 = 1,2 is the potential

energy of Coulomb interaction

_ G
lx —yl’

vij(x —y) (9)
(e; is the electric charge of a fermion of ¢ type).

In this way, the Hamiltonian ﬂilnt corresponds to scattering of particles of the first and second
types by bound states, the Hamiltonian 7:{12nt corresponds to scattering of bound states by each
other, the Hamiltonian ﬂ?nt corresponds to scattering of particles of the first and second types by
particles of the same types.

And, finally, the operator V (t) in (1) represents the Hamiltonian that describes the interaction

of particles with the electromagnetic field

V(t) = —% deA(x, I (x,t) — % fdxAz(x, t) éz&i(x) + [ dxp(®)(x,t)6(x),

5(x) = Y0, 6i(x). (10)

In this expression we have taken into account an interaction of particles with the external electro-
magnetic field A (x, 1), p(®)(x,t) (9 (x, ) is the scalar potential of the external electromagnetic
field) and the quantum electromagnetic field, that is described by the potential a(x) (Coulomb’s

gauge):

A(x,t) = ax) + A9 (x,1), (11)

where A(®) (x, t) is the vector potential of the external electromagnetic field and a(x) is the quantum
electromagnetic field operator, that is defined by the expression

2 or \ 1/2 o
a(x) = Z Z <M> <ek>\Ck>\e‘kx + h.c.) ,

k A=1

(V is the system volume, e, is the photon polarization vector).
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The charge density operators &;(x) for particles of ¢ type (see (10)) are connected with the
density operators p;(x) (see [1])

gi(x) = eipi(x),
pr(x) = x)+ [ dy [aYoex- Y - Ty)et v Vel V)
pal) = FERE T [y [dYox-Y - Tt e Ve Y. (12

and, as easy to see, in the equation (12) we have also taken into account a contribution that had
been made by charged particles, that are represented in the bound states (see (8)). The current
density operator J(x,t) in the formula (10) can be also expressed in terms of the creation and
annihilation operators

J(xt) = A1) Y L) + (), =Y L), (13)
i=1" " i=1" "

where the momentum density operators 7r;(x) are defined by expressions

e = (4 g 2lx) _ 0% ), o) 5 [a [avs (x-v - T2y)
<oty 20 02T oy )
£ (¢ 3@3;” 2oy
To(x) = ( 8)(2 - aigi@ )22()()) - %/dy/dYé (X -Y + %y)

x {—@*(y, Y) agog;y) + 3@*@(5 Y) oy, Y)

mo [, o(y, 57 (y, R
+ 37 <90+(y, Y) a@(a};(Y) o a(%y( Y)w(y,Y))} : (14)

Using formulas (12)—(14) we can write the expressions for the current and charge density op-
erators in more suitable way:

X) = Z&a(x)a j(X) = Zja(x)v a=0,1,2, (15)
where
Gi(x) = exy (})x(x),
s ie; vh(x
T Gl Rl e T ) B R R
o) = [dy [a¥ [erdtx— ¥ - T2y) + eadlx Y—ﬁyﬂ@ (3, Y)oly, Y),
jox) = / /dY[a —Y——) B Y T]@)]
x(@*(y,Y)a*"(ayy’Y) el
2M dy/dY 615(X—Y—— )+ed(x—Y — )]

x (@*(y, Y) a(p(aB;’[Y) &p ) (16)
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As it is easy to see, the operators o(x), jo(x) in these expressions define the bound states contri-
bution to the charge and current densities.
In the momentum representation

1 N o
Xi(x) = ﬁzelpxaim 5 \/» Ze ipx 2p7 i=1,2,

9= S lp), 100 = e

expressions (16) according to (8) will have the next form:

Gi(x) = % eix(p’_p)&;;&ip,,
p,p’

Jhix) = 2m TV Zelx(p Pp+p )i,

Go(x) = Z > e Plg s (p — Pt (p)is(P),
p,p’ a,p

jox) = 5 X Yo w ( ® P b P) + s - p’>) i (PP, (7)
p p’ a,p

where (see (8))
* .m .m
gap(k) = /dywa(Y)m(Y) [61 expizky + e exp(—lﬁlky)},

_ 1 * 905(y)  O¢n(y) €1 .M €2 .My
L) =~ [y (pan 2220 - 2V, )| L ity - 22 exp (-iTitky)| - (18)

It is significant to note, that the Hamiltonian for free particles 7, (see (1), (3)) in the momentum
representation can be written as

7:[1, = 7:(11) + H?p + 7:(01,,

Zsz P)aaip, &i(p) =

p2

= 1,2,
mei’ !

2

ZZ% N (P) " e (P), Ea(p)=6a+2pﬂ, €0 <0, (19)

where ¢, is the energy of the atomic level with quantum numbers «, M is the bound state mass,
M = (ml —+ m2).
The Maxwell equations for our system according to [1] can be written in the following form

OH

R — _crotI::,7 leI:I = 0,

ot

1) ; 5L 1@ T 5 1 (@)

ot —crotH — 4n(J + J'¢), divE = 47 (6 + 0'7), (20)

where operators &, J are still defined by the expressions (10), (12), (13) and values o(¢), J() are
the extrinsic current and charge densities. The electric E and magnetic H field intensity operators
in terms of the scalar and vector potentials can be expressed as (see [2], [1] as well as equations

(10), (11)) A A
FI = rotA, E:_iae)?_ai( (")+/d ,;( ),) (21)

Note that in deriving the electrodynamic equations we used the Coulomb’s gauge.
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3. The system response to the perturbation by the external el ectromagnetic
field and Green functions

In this section in order to study the system response to the perturbing action of the external
electromagnetic field we shall follow the principles that have been stated in [2]. Let us consider a
system that at some moment of time ¢ is characterized by statistical operator p(t). Noting that the
Hamiltonian of interaction V() is linear in respect to the external field and assuming that it is
small in comparison with the Hamiltonian H = Ho+Hius (see (1)), we can develop the perturbation
theory over the week interaction. In accordance with [2] the mean value of an arbitrary quasilocal
operator G(x) in linear approach for such system can be written as

Spp(t)a(x) = Spwa(0)+ a” (x, t)
af'(x,t) = / dt’ /dx G (x —x,t —t"Fi(x',t'), (22)

where w is the Hibbs distribution operator
WZGXP{Q*/B(H*M]\AG *#2N2)}’ (23)

8 =1/T is the reciprocal temperature, Nl, N are the number operators of all fermions of the first
and second type respectively (including fermions in bound states, see (12))

Ny = /dxﬁl(x)7 Ny = /dXﬁ2(X) (24)

and p1, po are the chemical potentials of fermions of the first and second type. The thermodynamic
parameters [, u1, po can be found from the relations

SpwH = H, SpwN; = Ny, SpwNy = Ny, (25)

and the thermodynamic potential ) dependence on thermodynamic parameters is defined by the
expression
Spw = 1.

In the formula (22) Fj(x,t) are the quantities, that define the external field and & (x) are
quasilocal operators, related to the system (see also [2]); the summation convention is assumed for
the repeated index i.

And, finally, the quantity G( ‘(x — x',t — ') in the expression (22) is the two-time retarded
Green function (note, that “tllde77 over operators means that they are taken in the Heisenberg
representation)

GO (x—x/t =) = —i0(t — ') Spwla(x, t), & (x', 1)), (26)
where 6(t) is Heaviside function
1
o) = b t>0,
0, t <0.

Going over to Fourier transforms of values a’’, F;
1 )
af(x,t) = @i /dkdwe‘l(t“’_kx)aF(k,w),

F;(x,t) = 2n) fi(twka)Fi(kyw)

one obtains
o (k,w) = GLF) (k,w) Fi (k, w), (27)
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where

oo
G (k,w) = / dt / dxel (@RI GOD (x, 1) (28)

It is significant, that in terms of the Fourier transforms of the introduced quantities we can
express also the energy, transferred from field to matter. If we assume, that the field is acting only
a limited period of time, the total energy @, received by matter, is given by the expression [2]

ﬁ /_Z dw / dkwFi(—k, —w)Ge (k@) Fy(k,w) (29)

Now we can apply these expressions to the study of the response of the system, consisting of two
types of oppositely charged fermions and their bound states. To make use of the Green function
method, that was described above (see (22)-(28)), it is more convenient to represent the system
Hamiltonian, that is defined by formulas (1)—(16), as

H(t)=H+VO®),  H=Ho+Hm+V, (30)
where Ho and Hiy are given by the formulas (1)—(7), V is defined by the expression (see also (10)—

(14))

2

V= —l/dxé(x,t)j(x, t) — % /dxéQ(x,t) Z e—iﬁi(x), (31)

c
i=1
and the Hamiltonian V(¢) (t) describes the system interaction with the external electromagnetic
field
2

/ dxA© (x,1)j(x )+2i2 / dxA(e)(x,t)gz; Gi(x) + / dxp® (x,t)6(x). (32)

i=1

~ 1
v )y ==
() =—

To get the Maxwell equations for the electromagnetic field in a medium, it is necessary to
average the equations (20) with the system statistical operator containing the information both
about medium and electromagnetic field. To this end we shall define the mean values of the elec-
tromagnetic fields E(x,t), H(x,t), acting in the matter

E(x,t) = Spp()E(x,t),  H(x,t) = Spp(t)H(x, 1), (33)

as well as the induced charge and current averages (see (12)—(14))
J(x,t) = Spp()J(x,1),  o(x,t) = Spp(t)5(x). (34)
The equations (20), averaged in accordance with the formulas (33)-(34), bring us to the Maxwell-

Lorentz equations for the average fields in the matter

B—H = —crotE, divH = 0,

ot

OE (e) . (e)

B = —crotH — 47 (J + J'¢), divE = 47 (0 + 0'7), (35)

where quantities o(¢), J (©) till represent the extrinsic charge and current densities.

The next problem is to find the charge o(x,t) and current J(x,t) densities induced by the ex-
ternal field. Calculating these quantities under assumption of week interaction between the system
and the external field we shall use the equations (22)-(28), considering the potentials A (x, 1),
@) (x,t) as Fj(x,t), and 6(x) or J(x,t) as a quasilocal operator a(x). As a result one gets

oo
_ 1
o(x,t) = Z aa—l—/dt/dga:’ |:—G§+)(X —x't— t/)EAz(‘E) X )+ G (x—x t — ), )],
~ 1
Je(x,t) = —=Al9(x,1) 7% / ¢’ /d3 ' [ G (x—xt—t)- Al(e)(x’,t’)
C C
+GED (= Xt = 1) ()] (36)




Yu.V.Slyusarenko, A.G.Sotnikov

where o, = Spwd,(0), a = 1,2,0 (see (17)), w is the Hibbs statistical operator (23). Let us
emphasize, that for quasineutral systems, where the number of fermions are equal (N7 = Na, see

(24)) and their absolute charge values are also equal (Je1| = |ea|) Y o, = 0.

The retarded charge and current Green functions, that are included in the expression (36), are
determined in accordance with the formula (26) (see also [2]):

GH(x, 1) = —if(t)Spwlo(x,1),5(0)], G (x,1) = —i0(t)Spwljr(x, 1), 5(0)],
GVt = —i0®)Spwlax, 1), 0], G (x,t) = —i0(t)Spwljr(x, ), 1(0)].  (37)

As the charge and current density operators of particles of different types (see (17)) commute with
each other

[6a76—b] = [a-avjb] = [javjb] = Oa a 7& bv avb = 132»07

then, according to the equations (15), (17), (37), the contribution of different types of particles to
Green functions will be additive

GOt = 3G, G(x,1) = —i0(t)Spwloa(x, 1), 54(0)],
G =) = ic&ﬂx,t), Gor (x,1) = —i0(8)Spw[6a(x, 1), jur (0)),
G 1) = ieiz><x,t>, GY (1) = ~i0(8)Spw[jar (. ), 5(0)],
Gl 1) = iGizl)(x,t), GUh (. 1) = —i0(8)Spw[jur (x, 1), jur(0)]. (38)

With the help of direct calculations, following the method [2], we can see, that also in the presence
of particle bound states the following correspondence between Green functions (37) takes place

(+) (+)
7(_;'_) an X, t aG X, t
G '(x,1) = G](c+)<x’t)’ 3; ) + 5't< - ’
G (x, 1) aG™ (x,1) €a 0 B
TR — > m—aaaé(t) 3o, 5(x) = 0. (39)

For the Green functions Fourier transforms (see (28)) these relations can be written as

a](:r) (k, w) = G;@-‘!‘)(k7 w)7 G£+) (k, W)kl _ WG(+) (k’ w) — 0,
€a
ng)(k, w)k; — wG P (k,w) + K ; e 0. (40)
4. Green functions and macroscopic characteristics of the i deal

low-temperature hydrogen-like plasma

If we neglect all the interactions between particles in the investigated system, it can be con-
sidered as an ideal hydrogen-like low-temperature plasma (we note, that kinetic energy of parti-
cles should be small in comparison with the binding energy of compound particles). For an ideal
hydrogen-like plasma the Green functions, that was introduced earlier, can be calculated exactly.
To do this we should take into consideration, that neglecting the quantum fields presence, the
Hamiltonian # in the formula (30) should be interpreted as H,,, see (1), (3), (19). Taking into ac-
count this fact the Heisenberg representation of charge and current density operators, that appear
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in the equations (37) for the Green functions, is defined by expressions:

Gi(x,t) = % e (PP it e (P ) gt
p,p’
jix,t) = 5 ‘fiV o ix(pP )it )—e (Bt G = 1,2,
m; !
A 1 —ix(p—p’) .—it(e —e ! ~ ~
Go(x,t) = sze PPl itCaP)=es Py 5 (p — p)ilk (P)is (D),
p,p’ .8
~ 1 . / . /
Jolxt) = D0 e PPt e
p,p’ o,
p+p R )
x [( Wi (0~ )+ Lp(p — )| 7 (95, (41)

where quantities oog(k), Ing(k) are given by the formulas (18). If we substitute the operators
(41) in (38) and do some calculations, we shall come to the following expressions for the Fourier
transforms of scalar Green functions (see (28)):

(+) G filp—k) — f1(p)
Gikw) = \% zsl(p)—z:‘l(p—k)—i—u)—l—iO7

(+) 4 fo(p — k) — f2(p)
GQ (k7w) - 262 _52 p k)+w+20

G0 = Y asKose(—t) SRS (42)

el ca(p) —es(Pp—k) +w+1i0

Similarly, for the vector Green functions we have

+) G B filp —k) = fi(p)
G (kw) = 55 g(QP k)lezl(p) —ep-k) +w+i0’
(+) . 6% B fQ(pfk)7f2(p)
Gy'kw) = 500 Z(2p L s ey oy
S B B L R e e e L
P of “

And, finally, the tensor Green functions for the investigated system is given by expressions:
filp—k) - filp)
“ei(p) —eilp—k) +w+i0]

f2(p — k) — fa(P)
e2(p) —e2(p—k)+w+i0’

Gl (kw) = WVZ 2p — k)i(2p — k),

G5 (kw) =

)1(2p — k)5

i kw) = ZZ [ k) a0+ Iamk)}l
oo k) Julp— &) — f5(p)
|: oM Jﬁa(_k) + Iﬁa(_k):|j E(x(p) — 65(1) — k)[:— w+ i0 . (44)

In the formulas (42)—(44) we have introduced the distribution functions for free fermions of the
first f1(p) and second fa(p) type, as well as the distribution functions f,(p) for hydrogen-like
atoms (bound states) with the set of quantum numbers «

fip) = {expl(ei(p) — ) /T] + 1371, fa(P) = {exp[(ca(P) — pa)/T] — 1} 7 (45)
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in accordance with the relations
Spw{lz—';dip’ = Jp,p/fi(p)7 i=1,2, Spwﬁ;r (p)ﬁﬁ(p/) = 0a,80p,p' fo (p) (46)

The particle energies €1 2(p), €o(p) in formulas (42)—(45) are given by the expressions (19), and
values 04 3, 0p,p in (46) are the Kronecker symbols.

The particular feature of the obtained Green functions is that the contribution of bound states
in the processes under consideration is now taken into account.

The expressions for Green functions that have been found enable us to get an expression for
the matter macroscopic parameters, such as conductivity, permittivity and magnetic permeability.
To this end we shall also use the method described in [2].

In accordance with the formulas (35), (36) the next relation between Fourier transforms takes
place

(e)
- KE© (K, o) [, B (k, )], k
—1 ’ —t
Jikk,w) = & (k,w)kiT + ' (k,w) 2 ,
Fkw) = éa—l(k,w)kE(e) (k,w), (47)
where
B w
O-l(kvw) = EG(JF) (kaw)a
_ 1 €a 1 klk
o'w) = — Zm—aa+§ (51-3- - k;) Ggf)(k,w)]. (48)

It is clear from equations (47) that the quantities ' and &¢, expressed in terms of Green functions
according to formula (48), define the longitudinal and transversal current density components. They
are usually interpreted as outer conductivity coeflicients in contrast to inner (or true) longitudinal
ol or transversal o! conductivity coefficients, that will be defined below. Note that according to
(38) these coefficients are also additive quantities

g (k,w) = okl (k,w).
a

In terms of the introduced outer conductivity coefficients &' and ¢ we can express the energy,
absorbed from the external field sources (see (29)):

-2 1
— —gx) + (e)
(27r)41me (k,w)G7; (k,w)E (k,w).

From this expression, in accordance with the formulas (47)—(48) one obtains

ka =

Quic = ﬁf{e {7t Bf (k)2 4 0" (k, ) B (K, w) 2} (49)

In terms of these quantities (5! and &%) the expressions for permittivity and magnetic perme-
ability can be also defined. The relation between the permittivity and outer conductivity (see [2])
is given by the formula:

From this, according to the expression (48):

4
e lkw) =1+ k—ZG(“(k, w). (50)
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It is more convenient to express the magnetic permeability in terms of inner conductivity coefficients
ol and ot A
-1 W t
(k,w) =1+ - 2142( —a"), (51)
that are connected with the outer conductivity coefficients &' and & by the relations:

~t
l _1 t g

o' =ea’, o' = - RN
-
14 21 (1 2)
1w w

In accordance with the expression (49), their relations with the Green functions (42), (44) take
the form:

iwGH) (k,w k2c? — w2 Ak, w
(k w) ) (+) ) ’ Ut(kaw) = . 2 1.2 2( ) )
k2 + 4nGH) (k, w) iw (w? —k2c?) + Ar Ak, w)
. €q 1 kik; (+)
A(k, u)) = Xa: miao-a + 5 (5” — k2]> G” (k, u)) . (52)

So, we have defined the main macroscopic characteristics of the ideal hydrogen-like plasma in
low temperature region. These characteristics allow us to solve a number of applied problems for
our system. Let us demonstrate it on a few examples.

Using the developed theory it is not difficult to find the permittivity of an ideal gas of hydrogen-
like (alkali) atoms at low temperatures. According to the expressions (42), (50) in neglect of free
fermions contribution one gets

i LS fo(p — k) — f5(p)
(o) =14 75 2 2 om0 e O

As is well known, at extremely low temperatures the Bose-Einstein condensate (BEC) of alkali
atoms can be formed. At the temperatures much lower than the critical point temperature Tj
(T <« Tp, see e.g. [2]), the bound states distribution functions f,(p) are proportional to the
Dirac delta-function d(p). Therefore, according to the expressions (19), (53), after integration over
momentum p the expression for permittivity of the studied gas in BEC state takes the form:

23+1

_1(k’w) ~ o2k Zaaﬁ 0506 —k)
Ve Vs
X - T < Ty, (54
{Aeag—l—lﬁ/ZM—&—w—&—iO Aeop — k2/2M +w+i0 ]’ <To, (54)

where s is the bound state spin, v, is the density of condensed atoms in the quantum state
and quantities o,g(k) are still defined by the formula (18). As it is easy to see, in the expression
(54) at frequencies that are close to the energy interval Aeyg (Acqg = €4 — €g) some peculiarities
appear. In fact, such a behavior can strongly reflect on the dispersion characteristics of the gas
studied. It appears to be a very interesting question, but we think this is the subject of a separate
investigation.

Based on the developed theory we can also find the energy, that is dissipated by a charged
particle when it passes through hydrogen-like plasma at low temperature (see in that case, e.g.
[2]). In the case of a small dissipation the particle movement can be considered as uniform. Thus,
the particle current density (the extrinsic current density in medium, see (20)) will be defined by
the formula

JO(x,t) = zevd(x — Vi),

where ze is the particle charge and v is the particle velocity. It is easy to see, that the Fourier
transform of the current density is given by the expression

I (k,w) = 2rzevd(w — kv). (55)
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Next we shall use the expression (49) for the energy, absorbed in the matter from external field
sources. In this expression, using (47), the Fourier transforms of the longitudinal and transversal
components of the external field can be expressed in terms of longitudinal and transversal compo-
nents of the current particle density (55). If we do the necessary calculations, we shall come to the
following expression for the energy d&,,, that was dissipated by the charged particle per unit time
in the frequency dw and the wave vector dk intervals, when it passes through the hydrogen-like
plasma:

_  Qux ze\ 2 v 1 P A
dgku} = kadek7 Jkw = T = (%) (S((U kv)w:[m 072 a 6726 ; 5 (56)

where T is the particle time of flight. To get the expression (56) it is necessary to use the formula

T
2w —kv) = %(5@) —kv).

The total dissipated particle energy £ per unit length can be found by integrating the expression
(56) over w and k

dé 1

— = —— | dwd®kqu., - 57

dx v / W (57)
It is easy to see, that the main contribution in this integral comes from poles of the integrand
(see (56))

w2

e(k,w) =0, C—Qe(k, w)n(k,w) — k% = 0. (58)

The formulas (56)—(58) are similar to the expressions, that are given in [2], however, in microscopical
approach they take account of particle bound states (atoms) to all processes that take place in
our system (see (50)—(52), (42)—(46)). Note also that the expressions (58) represent the dispersion
relations for free waves, that can spread in the system studied.

Thus, by using the microscopic approach, we have studied the linear response of the system with
bound states of particles to disturbing effect of an external electromagnetic field. Our approach
is based on novel formulation of the second quantization method in the presence of bound states
of particles [1]. The use of such an approach has enabled us to obtain the expressions for the
macroscopic characteristics of ideal hydrogen-like plasma at low temperatures taking into account
not only the contribution of free charged fermions but also their bound states — the atoms of
alkali metals. The expression for dielectric permittivity of an ideal gas of alkali atoms in the
presence of Bose-Einstein condensation has been also obtained. The dispersion equation for the
waves propagating in the system studied has been derived and the existence of resonance frequencies
has been found.

References

1. Peletminskii S.V., Slyusarenko Yu.V., J. Math. Phys., 2005, 46, 022301.
2. Akhiezer A.l., Peletminskii S.V. Methods of Statistical Physics. Pergamon, Oxford, 1981.

470



Green functions of systems with bound states

Mpo BiAryk cncrtemm 3i 38’A3aHUMM CTaHAMM YaCTUHOK Ha
30ypeHHS 30BHILUHIM eNIeKTPOMarHiTHUM nonem

10.B.CniocapeHko, A.ICoTHikoB
IHCTUTYT TeopeTunyHoi didukn im. O.1.Axiezepa HHLL XPTI, Byn. AkapemiyHa, 1, 61108 Xapkis, YkpaiHa

OtpumaHo 15 6epesHs 2006 p., B ocTatoyHOMY BUmsai — 1 yepsHa 2006 p.

JocnioxyeTbcsa BiAryk cMctemu, y sikin NpucyTHI ABa TMnu GepMioHIB 3 MPOTUIEXHUMN 3apsaamMm Ta ix
3B'AI3aHi CTaHu (aTOMU BOOHEBOrO TWMy), HA 30YPEHHS 30BHILLUHIM €NEKTPOMArHiTHMM MosieM y obnacTi
Manunx KiHeTUYHUX eHEeprii YHacTUHOK. JocniokeHHs 6a3yl0TbCsA HA BUKOPUCTAHHI HOBOro (pOpMYyItOBaHHS
MeTOoy BTOPUHHOIO KBaHTYBaHHS, LLO BK/IIOYAE MOXJIMBICTb YTBOPEHHS 3B’I3aHMX CTaHIB YacTMHOK [1].
3HaligeHo Bupasn ans GyHKUir MpiHa, Wo OnuCyoTh BiANyK CUCTEMU HA 30BHILLHE €/1eKTPOMarHiTHe no-
Jie Ta BPaxoBYlOTb MPUCYTHICTb 3B’si3aHNX CTaHIB 4acTMHOK (aTomiB). 3a 4ONOMOrol umx GyHKUIn MpiHa
3HaMAEHO MakpOCKOMiYHI NapamMeTpu CUCTEMU, Taki K NPOBIAHICTb, AieNeKTpMyHa Ta MarHiTHa NpoHU-
KHICTb. 9K Npuknag, po3rnsHyTo 30ypeHHs ineanbHOi BOAHEBOMNOAIOHOT N1a3Mm 30BHILLHIM enekTpomMarHi-
THUM NOJSIEM Y HU3bKOTEMMNEPATYPHOMY Ajanas3oHi. 3HanAeHO BMpa3un a5 BEANYMH, WO ONMUCYIOTb BiAryk
603e-kKoHAeHcaTy ieanbHOro rady BOAHEBOMNOAIOHNX aTOMIB Ha 30BHILLHE €/IEKTPOMAarHiTHe rnosne.

KnwouoBi cnoBa: ¢yHkuii [piHa, 38'3aHi cTaHu, BiAryk CUCTeMu, Hu3bkoTemrnepartypHa BogHEBOoNnoAibHa
naa3ama, npPoBiAHICTb, MarHiTHa NMPOHUKHICTb

PACS: 05.30.d, 05.30.Jp, 03.75.Mn, 03.75.Hh
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