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A model for organic quasi-one-dimensional conductors (TMTTF)2X and (TMTSF)2X is considered. The ani-
sotropic character of these compounds is modelled by two different hopping parameters: t between near-
est neighbors (NN) in a chain of tetramethyl-tetrathiafulvalene (TMTTF) or tetramethyl-tetraselenfulvalene
(TMTSF) molecules and t

′ between the chains (NNN - between next nearest neighbors). Taking into account
the correlated hopping of electrons allows us to describe the effect of site occupancy on hopping processes.
In a regime of strong intraatomic correlation, high energy processes are cut off by applying two successive
canonical transformations. An effective model is obtained for concentration of electrons n < 1 which contains
kinetic exchange terms of antiferromagnetic (AF) nature. Oppositely, NNN hopping and correlated hopping
disfavor the AF order. The energy spectrum of the effective model is calculated. Application of the obtained
results to quasi-one-dimensional conductors is discussed.

Key words: quasi-one-dimensional organic conductors, next-nearest-neighbors hopping, correlated
hopping, indirect exchange interaction
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1. Introduction

The diversity of organic compounds synthesized so far opens miraculous prospects for sci-
ence and industry. Half a century ago it was not believed that organic compounds were capable of
showing electrical and magnetic properties similar to transition metal compounds. Investigations of
organic conductors were started about fifty years ago [1,2] and were greatly intensified after the or-
ganic compounds were found to show superconductivity [3]. Over a thousand molecular conductors
and over a hundred molecular superconductors have been synthesized so far. Typical molecular con-
ductors possess non-integral oxidation states either through partial charge-transfer between a donor
molecule and an acceptor molecule or through partial oxidation of a donor molecule which is a pre-
requisite for achieving partial filling of the conduction band. An alternative way of obtaining metal-
lic conductance is to use a compound in which, though a number of electrons per lattice site is even,
the energy gap between the highest occupied molecular orbital (HOMO) and the lowest unoccupied
molecular orbital (LUMO) is small [4]. Despite great efforts, the underlying mechanisms of peculiar
features observed in strongly anisotropic molecular superconductors remain unclear. Nowadays two
decades after the scientific boom caused by the discovery of high temperature superconductivity,
the attention of investigators is drawn again to organic superconducting systems, in particular
to Fabre salts (TMTTF)2X (here TMTTF denotes tetrametyl-tetrathiafulvalene molecule whose
structural formula is given in figure 1, X stands for monovalent anion PF6,AsF6, ClO4 or Br) and
Bechgaard salts (TMTSF)2X (here TMTSF stands for tetrametyl-tetraselenfulvalene which differs
from TMTTF by substitution of S by Se) the properties of which are believed to give the clue for
solving the puzzle of mechanism of HTSC.

A few models of molecular compounds with strong electron correlations have been proposed
recently [5–10] to explain the peculiarities of electrical and magnetic properties (anomalies of ther-
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Figure 1. The structural formula of flat tetrametyl-tetrathiafulvalene molecule.

mopower, oscillations and angular dependence of magnetoresistance, etc) of quasi-one-dimensional
organic conductors. These models are extremely difficult to treat not only by the standard methods
of solid state theory but also by modern strongly correlated theory methods such as Dynamical
Mean Field Theory [8]. To study such models, the generalizations of the above mentioned methods
were elaborated: Cellular DMFT [9], Dynamic Cluster Approximation [11] and new approach-
es were developed (Cluster Perturbation theory [12], Two-Particle Self Consistent Approximati-
on [13]). Hartree-Fock approximation [10], Random Phase Approximation [14]. Bosonization and
renormalization group methods [15,16] have been used as well. Restrictions of standard methods
are well known. The newly elaborated methods, in their turn, have their own deficiencies connect-
ed with greatly increased computation time, limitations on model parameters and difficulties with
identifying the mechanisms of physical effects. At the same time, there exists a non-perturbative
method [17,18] which permits to explain such peculiarities of strongly correlated electron systems
as metal-insulator transition [19,20], electron-hole asymmetry of ferromagnetism [21,22], conduc-
tivity [23], etc. Moreover, this method permits to take into account the correlated hopping and
indirect exchange interactions, important for real strongly correlated electron systems. In this pa-
per we formulate the model appropriate for organic superconducting systems (TMTTF)2X and
(TMTSF)2X and calculate the spectrum of this system using the method of work [18]. The paper
is organized as follows: in section 2 we give the general formulation of the model and obtain effec-
tive Hamiltonian for the case of low electron concentration by means of canonical transformation.
In section 3 we calculate the single particle energy spectrum of the model. Section 4 is devoted to
the conclusions and discussion as to the applicability of the model and the model energy spectrum
to real quasi-one-dimensional conductors.

2. Effective model of quasi-one-dimensional organic conductor

Figure 2. The structure of (TMTTF)2X com-
pound. π and σ orbitals are depicted. Hopping
integral in the direction of a chain tij and inter-
chain hopping integral t

′

ij are shown as well.

The crystals of organic conductors are
built of zig-zag shaped stacks of flat TMT-
TF (TMTSF) molecules with adjoint chains
of anions PF6, AsF6, ClO4 or Br as shown
in figure 2. The chemical stability of TMTTF
(TMTSF) molecule is provided by σ- orbitals.
The overlap of π-orbitals of electrons on the
nearest neighbors in the chain form the conduc-
tion band in this system and provides a fairly
good conductance in the direction of the chain
which is about 50–300 (Ωcm)−1 for TMTTF
and about 500 (Ωcm)−1 for TMTSF. Temper-
ature dependencies of resistivity and large mag-
netoresistance values are similar for both Fabre
and Bechgaard salts.

As a rule, TMTSF-based compounds be-
come superconducting (SC) at very low (of the
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order of several Kelvin) temperatures under the external pressure of 10–12 kbar. The exception
is (TMTSF)2ClO4 in which SC state is stable at T < 1.3 K at atmospheric pressure. Critical
pressures for TMTTF-based compounds are much higher than for their TMTSF-based coun-
terparts. The doping of (TMTTF)2ClO4 with TMTSF gives the effect similar to that with the
external pressure applied. The molecular stacks are not completely independent. Therefore, in-
terchain coupling, though small, must be taken into account. The desired Hamiltonian of the
compound of (TMTSTF)2X or (TMTSF)2X type should describe the anisotropy of conductance:
for (TMTSF)2X with anions X=PF6, ClO4 conductivities along crystallographic directions a:b:c
are scaled as 105 : 103 : 100 [24]. The Fermi surface for the nearly one-dimensional band structure
consists of two warped sheets at kx ≈ ±kF in the ky − kz plane. For the compound (TMTSF)2PF6

the ratio of halfbandwidth parallel to the chain, w||, to transverse halfbandwidth w⊥ deduced from
the optical experiments [25] is ≈ 90 : 1 while that deduced from band structure calculations [26] is
10:1. It means that the overlap of electron wave functions along the chain is much larger than be-
tween the chains (interchain hopping in the plane is realized through anions X). Under hydrostatic
pressure the ratio

w||

w⊥
may change. In the direction perpendicular to the plane, the hopping can be

realized only if the neighboring planes are close enough (under external pressure). The overlap of
molecular orbitals permitting the electrons to hop from one chain to another modifies the electron
spectrum.

The family has a rich phase diagram: there we find regions of antiferromagnetic insulating
state, high temperature paramagnetic insulating and metallic phases, low temperature supercon-
ducting state in which antiferromagnetic correlations can exist [27,28]. To describe such a variety
of magnetic phases we have to include the direct exchange interaction and the strong intra-atomic
Coulomb repulsion into the model. At strong intra-atomic Coulomb repulsion it is important to
take into account the correlated hopping of electrons [29–33].

We start from the following Hamiltonian in Hubbard operators [34] reprezentation:

H = H0 + Htr + H̄tr + H ′
tr + H̄ ′

tr + Hex + H ′
ex, (2.1)

where

H0 = −µ
∑

iσ

(

Xσ
i + X2

i

)

+ U
∑

i

X2

i (2.2)

Htr =
∑

〈ij〉σ

′
tij(n)Xσ0

i X0σ
j +

∑

〈ij〉σ

′
t̃ij(n)X2σ

i Xσ2

j , (2.3)

H̄tr =
∑

〈ij〉σ

′ (

t̄ij(n)
(

X↓0
i X↑2

j − X↑0
i X↓2

j

)

+ h.c.
)

, (2.4)

H ′
tr =

∑

〈〈il〉〉σ

′
t′il(n)Xσ0

i X0σ
l +

∑

〈〈il〉〉σ

′
t̃′il(n)X2σ

i Xσ2

l , (2.5)

H̄ ′
tr =

∑

〈〈il〉〉σ

′ (

t̄′il(n)
(

X↓0
i X↑2

l − X↑0
i X↓2

l

)

+ h.c.
)

, (2.6)

Hex = −
1

2

∑

〈ij〉σ

′
J(ij)

((

Xσ
i +X2

i

) (

Xσ
j +X2

j

)

+ Xσσ̄
i X σ̄σ

j

)

; (2.7)

H ′
ex = −

1

2

∑

〈〈il〉〉σ

′
J(il)

((

Xσ
i +X2

j

) (

Xσ
l +X2

l

)

+ Xσσ̄
i X σ̄σ

l

)

; (2.8)

here Xkl
i is the operator of transition of i site from |l〉-state to |k〉-state (relations between electron

operators and X-operators can be found, for example, in [18]), µ is a chemical potential, U is the
Coulomb repulsion energy of two electrons on the same site, σ =↑, ↓,

t̃ij(n) = tij(1 − nτ1 − 2τ2), (2.9)

t̄ij(n) = tij(1 − nτ1 − τ2). (2.10)

tij(n) = tij(1 − nτ1), (2.11)
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tij is the matrix element which describes the hoppings of electrons between nearest-neighbor sites
of the lattice along the chain due to the electron-ion interaction (bare band hopping). Under the
action of the external pressure p, the width 2w of a band increases and the hopping parameters
(as well as all inter-site processes) should be scaled [35] as tij → tij(1 + αu), where α = V0/w0 ·
∂w/∂V < 0 describes the renormalization of the hopping integral at strain u = ∆V/V0 ∼ p, V0

is the unit cell volume for undeformed crystal. tij(n) can be identified as the hopping integral
of holes, t̃ij(n) – as the hopping integral of doublons and t̄ij(n) is the integral of pair creation
and annihilation of holes and doublons. Analogous relations and interpretations are valid for inter-
chain hoppings (denoted by prime). Dimensionless parameters τ1 and τ2 characterize the correlated
hopping of electrons [17]. For convenience we introduce a dimensionless parameter g = t′ij/tij
which characterizes the anisotropy of electron hopping (g may depend on hydrostatic or chemical
pressure).

In the Hamiltonian (2.1), terms (2.3)–(2.6) are of fermionic type and describe the hopping of
electrons along the chain (〈· · · 〉 denotes the summation over the nearest neighbors in the chain)
and between the chains (with 〈〈· · · 〉〉 denoting neighboring sites in different chains); other terms are
of bosonic nature. We shall treat the fermionic and bosonic terms in different ways (the reasons
are given in [18]). In the case of strong electron repulsion, when Hubbard subbands are well
separated and inter-subband hopping can be neglected, we apply a canonical transformation to
Hamiltonian (2.1) (this approach has a long history [36–40]) following the work [18].

H̃ = eSHe−S, (2.12)

where

S =
∑

〈ij〉

(

L(ij)
(

X↑0
i X↓2

j − X↓0
j X↑2

i

)

− h.c.
)

. (2.13)

The operator S is taken to exclude the processes with pair hopping of holes and doublons in the
first order in hopping parameter:

H̄ + [S, H0] = 0, (2.14)

(note that the hopping that we have just excluded was along the chain). In this way we obtain the
effective exchange interaction in the chain

H̃ex = −
1

2

∑

〈ij〉σ

′
J̃(ij)

(

Xσ
i X σ̄

j − Xσσ̄
i X σ̄σ

j

)

(2.15)

with the indirect exchange parameter J̃(ij) = (t̄ij(n))2/U .

The analogous procedure has to be done with Hamiltomian H̃ to exclude the pair hopping of
holes and doublons between chains:

Heff = eS′

H̃e−S′

, (2.16)

where

S′ =
∑

〈〈il〉〉

(

L′(il)
(

X↑0
i X↓2

l − X↓0
l X↑2

i

)

− h.c.
)

. (2.17)

Finally, we obtain the effective Hamiltonian:

Heff = H0 + Htr + H ′
tr + Hex + H ′

ex + H̃ex + H̃ ′
ex . (2.18)

Here H̃ ′
ex is the effective interchain exchange interaction

H̃ ′
ex = −

1

2

∑

〈〈il〉〉σ

′
J̃ ′(il)

(

Xσ
i X σ̄

l − Xσσ̄
i X σ̄σ

l

)

(2.19)

with the indirect interchain exchange parameter J̃ ′(ij) = (t̄′ij)
2/U .
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3. Single-particle Green function and energy spectrum of the model

Let us write the single-particle Green function 〈〈X0↑
s |X↑0

s′ 〉〉 which satisfies the equation

E
〈〈

X0↑
s |X↑0

s′

〉〉

=
δss′

〈

X0
s + X↑

s

〉

2π
+
〈〈

[

X0↑
s , Heff

]

|X↑0
s′

〉〉

, (3.1)

[

X0↑
s , Htr

]

=
∑

j

′
tsj(n)

(

(X0

s + X↑
s )X0↑

j + X↓↑
s X↑↓

j

)

, (3.2)

[

X0↑
s , H ′

tr

]

=
∑

r

′
tsr(n)

(

(X0

r + X↑
s )X0↑

r + X↓↑
s X↑↓

r

)

, (3.3)

[

X0↑
s , Hex

]

= −
∑

j

J(sj)
(

X↑
j X0↑

s + X0↓
s X↓↑

j

)

, (3.4)

[

X0↑
s , H ′

ex

]

= −
1

2

∑

r

J ′(sr)
(

X↑
r X0↑

s + X0↓
s X↓↑

r

)

, (3.5)

[

X0↑
s , H̃ex

]

= −
∑

j

J̃(sj)
(

X↓
j X0↑

s − X0↓
s X↓↑

j

)

, (3.6)

[

X0↑
s , H̃ ′

ex

]

= −
1

2

∑

r

J̃ ′(sr)
(

X↓
r X0↑

s − X0↓
s X↓↑

r

)

. (3.7)

To obtain the closed system of equations we apply the projection procedure, proposed in
works [17,18]. Suppose that in equation (3.2)

[

X0↑
s , Htr

]

=
∑

j

ε↑s(sj)X
0↑
j ,

[

X0↑
s , H ′

tr

]

=
∑

r

ε′↑s (sr)X0↑
r , (3.8)

where ε↑s(sj) and ε′↑s (sr) are non-operator expressions which we calculate using the method of
work [18]. This approach gives a correct description of metal-insulator transition [20] in the Hub-
bard model (in particular, the calculated concentration of polar states is in accordance with the
results of DMFT [8]) and reproduces the exact results [41,33] found for the partial case of the
model with correlated hopping of electrons. For the exchange terms we apply the mean-field ap-
proximation:

[

X0↑
s , Hex

]

= −z1Jλ↑
sX

0↑
s ,

[

X0↑
s , H ′

ex

]

= −
z2J

′

2
λ′↑

s X0↑
s ,

[

X0↑
s , H̃ex

]

= −z1J̃ λ̃↑
sX

0↑
s ,

[

X0↑
s , H̃ ′

ex

]

= −
z2J̃

′

2
λ̃′↑

s X0↑
s . (3.9)

Here z1 is the number of the nearest neighbors in the chain, z2 is the number of neighboring sites
belonging to other chains.

Analogous procedure is performed for the Green function 〈〈X0↑
p |X↑0

s′ 〉〉.

After the Fourier transformation, the system of equations has the following form

(

E + µ − α↑
stk(n) − β↑

s (k) + C↑
s

)

〈〈

X0↑
s |X↑0

s′

〉〉

k

− α′↑
s t′

k
(n)
〈〈

X0↑
p |X↑0

s′

〉〉

k

=
〈X0

s + X↑
s 〉

2π
,(3.10)

(

E + µ − α↑
ptk(n) − β↑

p(k) + C↑
p

)

〈〈

X0↑
p |X↑0

s′

〉〉

k

− α′↑
p t′k(n)

〈〈

X0↑
s |X↑0

s′

〉〉

k

= 0,

where ε↑x(k) = α↑
xtk(n)+β↑

x(k), ε′↑x (k) = α′↑
x t′

k
(n) and notation C↑

x = z1Jλ↑
x +1/2z2J

′λ′↑
x +z1J̃ λ̃↑

x +

1/2z2J̃
′λ̃′

↑

x is introduced.

165



Yu.Skorenkyy, O.Kramar

We obtain the solution of the system of equations (3.10):

〈〈

X0↑
s |X↑0

s′

〉〉

k

=
〈X0

s + X↑
s 〉

2π

(

Ak

E − E↑
1
(k)

+
Bk

E − E↑
2
(k)

)

,

Ak =
1

2



1 −
K↑

√

(K↑)2 + 4α′↑
s α′↑

p (t′
k
)
2



 , Bk = 1 − Ak . (3.11)

Here the energy spectrum is

E↑
1,2(k) = −µ +

1

2

∑

x

(

α↑
xtk(n) + β↑

x − C↑
x

)

∓
1

2

√

(K↑)2 + 4α′↑
s α′↑

p (t′
k
)
2
, (3.12)

where K↑ = (α↑
s − α↑

p)tk(n) + β↑
s − β↑

p − (C↑
s − C↑

p ). The approximate procedure of square root

expansion in equation (3.12) in parameter g2 = (t′
k
/tk)

2
� 1 permits to identify the quantities ασ

x

and α′σ
x as correlation narrowing factors and βσ

x (k) as spin-dependent shifts of subband centers.
The values of correlation narrowing factors can be found by making use of quasiclassical approx-
imation for calculation of the averages of 〈X↓↑

s X↑↓
j 〉 type with the choice of expressions for 〈Xσ

s 〉
appropriate to a magnetic state under consideration. As an example, we give the values obtained
for paramagnetic state:

ασ
i = α′σ

i =
(2 − n)2 + n2

2(2 − n)
, βσ

i =
w||(n)(1 − n)n

2 − n
,

ferromagnetic state:

ασ
i = α′σ

i =
(2 − n + ησm)2 + n2 − m2

(2 − n + ησm)
, βσ

i =
w||(n)(1 − n)(n − ησm)

2 − n + ησm
,

and antiferromagnetic state:

ασ
i = α′σ

i =
(2 − n + ησηim)2 + n2 − m2

(2 − n + ησηim)
, βσ

i =
w||(n)(1 − n)(n − ησηim)

2 − n + ησηim
,

where ησ = 1 if σ =↑ and -1 otherwise, ηi = 1 if i = s and ηi = −1 if i = p. In the above expressions
w||(n) = z1|tij(n)|, n denotes the electron concentration and m is the magnetization. In a similar

way the values λσ
i , λ′σ

i , λ̃σ
i and λ̃′σ

i can be calculated.
As one can see from k-dependencies of the spectrum (3.12), in paramagnetic state we have sin-

gle correlation-narrowed band with shifted chemical potential, in ferromagnetic state spin-splitting
of the band takes place, in antiferromagnetic state the splitting is fourfold due to the combined
effect of transversal hopping and antiferromagnetic sublattice formation. The instabilities (induced
by transversal hopping) of fermi-liquid described by energy spectrum (3.12) may occur when the
energy minimum corresponds to the states of electrons with k 6= 0 in the first Brillouin zone.
An effective inter-stack exchange can result after the onset of long-range order. The dimerization,
found in (TMTSF)2PF6 at 30 K, can be reflected by the change of the number of interchain (NN)
neighbors z2 from 2 in antiferromagnetic state to 4 in the dimerized state. The effective mass,
calculated using the energy spectrum (3.12) is strongly anisotropic [45], in agreement with the
experimental findings. If we neglect the correlated hopping in the model described by Hamiltoni-
an (2.1), we obtain the model similar to that considered in works [14,15], then the spectrum (3.12)
takes the form similar to the corresponding results of works [15,42,43] in the high-temperature
paramagnetic state and of works [5,44] in the high-temperature antiferromagnetic state.

To summarize, we have formulated the effective model of quasi-one-dimensional molecular con-
ductor with strong intra-atomic Coulomb interaction and the correlated hopping of electrons. In
this case the most convenient representation is the X-operator representation. To calculate the
energy spectrum, the non-perturbative projection procedure [17,18] was used. The energy spec-
trum (3.12) can help to explain the phase transitions in (TMTTF)2X and (TMTSF)2X salts when
either hydrostatic or chemical pressure (S/Se atom substitution or anion X=PF6, AsF6, Br sub-
stitution) is applied or temperature changes.
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C+@W->35X7./> ;+3(-. +)W5*i9*18 +3*+61;i)*18 ,)+6i3*10i6 (TMTTF)2X i (TMTSF)2X. Y*i@+7)+,*1285)507() Z18 /,+-:0 ;+3(-=X7./> 36+;5 )i@*1;1 ,5)5;(7)5;1 ,()(/7)1[:65**> (-(07)+*i6: t ;i4*52[-1491;1/:/i35;1 6 -5*Z=40: ;+-(0:- 7(7)5;(71--7(7)57i5?:-65-(*: (TMTTF) 91 7(7)5;(71--
7(7)5/(-(*?:-65-(*: (TMTSF) 75 t

′ ;i4 -5*Z=405;1. \)58:65**> 0+)(-.+65*+W+ ,()(*+/: 3+@6+-
->X +,1/571 6,-16 @5/(-(*+/7i 6:@-i6 *5 ,)+Z(/1 ,()(/7)1[:65**> (-(07)+*i6. \ )(41;i /1-.*+B
0:-+*i6/.0+B 6@5X;+3i

B 61/+0+(*()W(719*i ,)+Z(/1 610-=95=7./> ,+/-i3+6*1; @5/7+/:65**>; 36+8
05*+*i9*18 ,()(76+)(*.. ]7)1;5*+ (?(0716*12 W5;i-.7+*i5* 3-> 0+*Z(*7)5Zi

B (-(07)+*i6 n < 1,>012 ;i/717. 0i*(719*12 *53+[;i* 5*71?()+;5W*i7*+B ,)1)+31. ^ i*_+W+ [+0:, ;i4-5*Z=40+612,()(*+/ 75 0+)(-.+65*12 ,()(*+/ 3(/75[i-i@:=7. 5*71?()+;5W*i7*( 6,+)>30:65**>. C+@)58+65*+(*()W(719*12 /,(07) ;+3(-i, +[W+6+)(*+ 2+W+ @5/7+/:65**> 3+ 065@i+3*+61;i)*18 ,)+6i3*10i6.
`abcdei fadeg: hijkilmnliopiqni lqrjnisni tqliimnoho, piuvjnwxuhlioy tzqznl{, hlqzv|lijnoy
tzqznl{, nztq}pj l~pinnj ikj�plm i}

PACS: 74.25.-q, 71.10.Fd
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