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We investigate multicomponent finite-size liquid systems with geometry of plane-parallel layer and cylinder.
We consider these systems are being affected by weak external field which causes their anisotropy. For these
systems we find pair correlation functions and analyze the effect of space limitation and external field on
correlative behaviour of multicomponent liquid. We compare our results with the data for simple and binary
finite-size systems.

Key words: correlation function, critical state, multicomponent liquid

PACS: 05.70.Fh, 05.70.Jk, 64.60.Fr, 68.35.Rh

1. Introduction

The main point of this paper is to study the critical correlative behavior of finite-size multi-
component liquids. First of all, in spite of the availability of plenty of data on critical behavior of
simple [1–4] and binary liquid systems [1,5–8], multicomponent mixtures (even spatially infinite)
have not been studied well enough at the moment (for most remarkable results one can see for
example [5,9–13]). Moreover, we lack data on the critical correlative behavior of finite-size multi-
component systems. On the other hand, these systems are of great practical importance as well as
very interesting from theoretical point of view.

Here we consider a multicomponent liquid system with the geometry of plane-parallel layer and
cylinder. External field is applied to these systems. We find pair correlation functions of density
fluctuations. Based on these expressions we analyze critical behavior of the system. Namely, we
show that space limitation causes the shift of critical parameters and find how these shifts depend
on the linear size of the system.

2. Formalization of the problem

To find pair correlation functions Gij(~r) (i, j = 1, 2, . . . , N , N is the number of mixture com-
ponents) of density fluctuations we use Ornstein-Zernike (OZ) system of intergral equations. This
system can be written in matrix form as follows [14]

Ĝ(~r) = F̂ (~r) +

∫

F̂ (~r1)Ĝ(~r − ~r1)d~r1 , (1)

where Ĝ(~r) is matrix of pair correlation functions (its components are functions Gij(~r)) and F̂ (~r) is
matrix of direct correlation functions Fij(~r). All the functions are normalized by average densities
[14].
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In the general case of infinite isotropic system, correlation functions depend only on the distance
between correlating points [1,2,15,16]. In our situation, the system is of finite-size and is affected
by the external field. For the sake of simplicity we consider correlations with respect to the point in
the middle (in geometrical sense) of the system. This allows us to consider the correlation functions
to have the only argument but nevertheless we should suppose that correlation functions depend
on the direction as well. That is why in equation (1) we have used vector arguments for correlation
functions.

From practical point of view it is more convenient to use differential OZ system of equations.
In a matrix form, this system of equations is of the form [14]

Ĝ(~r) = F̂ (~r) + Ĉ(0)Ĝ(~r) −
∑

α=x,y,z

Ĉ(1,α)
∂Ĝ(~r)

∂α
+ Ĉ(2)4Ĝ(~r), (2)

and here we have defined for the matrices of spatial moments of direct correlation functions

Ĉ(n) =
1

(n + 1)!

∫

F̂ (~r)rnd~r, (3)

for n = 0, 2 and

Ĉ(1,α) =

∫

F̂ (~r)αd~r, (4)

α = x, y, z. The presence of nonzero first spatial moment is caused by the external field. The
solution of matrix equation (2) differs for the system of different geometries. As was mentioned
above, we are considering finite-size systems with geometry of plane-parallel layer and infinite
cylinder. In both these cases let us assume the external field to be directed along z-axis. In case of
a cylinder, z-axis coincides with the main axis of the cylinder and in case of a plane-parallel layer,
z-axis is perpendicular to the plane of the layer. This means that Ĉ(1,x) = Ĉ(1,y) = 0 and equation
(2) can be rewritten as follows:

Ĝ(~r) = F̂ (~r) + Ĉ(0)Ĝ(~r) − Ĉ(1)
∂Ĝ(~r)

∂z
+ Ĉ(2)4Ĝ(~r), (5)

and we have changed for simplicity Ĉ(1,z) ≡ Ĉ(1). If we assume the matrix of pair correlation
functions to be of the form

Ĝ(~r) = ĝ(r) exp(γ̂z), (6)

and apply

γ̂ =
1

2
Ĉ−1

(2) Ĉ(1), (7)

then we have

4ĝ(r) − Ĉ−1
(2)

(

Ê − Ĉ(0) +
1

4
Ĉ−1

(2) Ĉ
2
(1)

)

ĝ(r) = −Ĉ−1
(2) f̂(r). (8)

In equation (8) we have defined the unit matrix as Ê and used the function

f̂(r) = F̂ (~r) exp(−γ̂z), (9)

and the exponent with matrix in the argument is taken in sense of Taylor expansion:

exp(γ̂z) =

∞
∑

n=0

γ̂nzn

n!
. (10)

We can also use another realization of matrix exponent. Namely, it is sometimes convenient to
consider it as follows:

exp(γz) =

N
∑

k=1

β̂k exp(ηkz), (11)

where ηk are eigenvalues of matrix γ, and symmetrical matrices βk are formed by eigenvectors of
matrix γ.
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3. Finding pair correlation functions

To calculate the matrix ĝ(r) from equation (8) we separately consider the cases of plane-parallel
layer and infinite cylinder. In particular, we take the plane-parallel layer to be of thickness 2L and
the cylinder of radius R. Correlation functions should be zero on the boundary. So, we are looking
for correlation functions in the form

ĝ(ρ, z) =

∞
∑

m=0

ĝm(ρ) cos

(

π(2m + 1)z

2L

)

, (12)

f̂(ρ, z) =

∞
∑

m=0

f̂m(ρ) cos

(

π(2m + 1)z

2L

)

(13)

for the plane-parallel layer and

ĝ(ρ, z) =

∞
∑

m=1

ĝm(z)J0

(µmρ

R

)

, (14)

f̂(ρ, z) =

∞
∑

m=1

f̂m(z)J0

(µmρ

R

)

(15)

for the infinite cylinder. Here we define: J0(u) is Bessel function and µm are zeros of Bessel function,
i.e. solutions of equation J0(µm) = 0.

For initial approximation we take a direct correlation function proportional to Dirac delta-
function, i.e. f̂(r) = Ĉ(0)δ(~r) and thus for harmonics ĝm we can get the following:

4ρĝm(ρ) −

(

Λ̂ +
(2m + 1)2π2

4L2
Ê

)

ĝm(ρ) = −Ĉ−1
(2) Ĉ(0)δ(ρ) (16)

for the plane-parallel layer and

4z ĝm(z) −

(

Λ̂ +
µ2

m

R2
Ê

)

ĝm(z) = −Ĉ−1
(2) Ĉ(0)δ(z) (17)

for the infinite cylinder. Matrix Λ̂ is as follows

Λ̂ = Ĉ−1
(2)

(

Ê − Ĉ(0) +
1

4
Ĉ−1

(2) Ĉ
2
(1)

)

. (18)

To find harmonics ĝm we make a Fourier transformation and thus get for the case of the system
with geometry of plane-parallel layer and infinite cylinder, respectively:

ĝ(m)(q) =
1

L

[

Ê

(

q2 +
(2m + 1)2π2

4h2

)

+ Λ̂

]−1

Ĉ−1
(2) Ĉ(0), (19)

ĝ(m)(k) =
1

πR2J2
1 (µm)

[

Ê

(

k2 +
µ2

m

R2

)

+ Λ̂

]−1

Ĉ−1
(2) Ĉ(0). (20)

This enables us to present ĝm in a more convenient way. Namely, for the plane-parallel layer we
can rewrite

ĝ(m)(q) =

N
∑

i=1

λ̂i

q2 + q2
i + (2m + 1)2π2/4L2

·
Ĉ−1

(2) Ĉ(0)

L
(21)

and

ĝ(m)(k) =

N
∑

i=1

λ̂i

k2 + k2
i + µ2

m/R2
·

Ĉ−1
(2) Ĉ(0)

πR2J2
1 (µm)

(22)
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can be rewritten for infinite cylinder (J1(u) is the Bessel function). The above q2
i and k2

i (i =

1, 2, . . . , N) are eigenvalues of matrix Λ̂ for the case of plane-parallel layer and cylinder, respectively.
Matrices of spectral expansion can be presented as follows. Namely, we should take

λ̂i =

N
∏

s=1,
s6=i

Êq2
s − Λ̂

q2
s − q2

i

(23)

for plane-parallel layer and

λ̂i =

N
∏

s=1,
s6=i

Êk2
s − Λ̂

k2
s − k2

i

(24)

for cylinder. After inverse Fourier transformation one can get expressions for matrices of pair
correlation functions. For a system with geometry of plane-parallel layer

ĝ(m)(ρ) =
N

∑

i=1

λ̂iK0(
√

q2
i + (2m + 1)2π2/4L2ρ) ·

Ĉ−1
(2) Ĉ(0)

2πL
, (25)

where K0(u) is Macdonald function. If the system has geometry of infinite cylinder, the pair
correlation functions can be presented as follows:

ĝ(m)(z) =
N

∑

i=1

λ̂i
exp(−

√

k2
i + µ2

m/R2|z|)
√

k2
i + µ2

m

·
Ĉ−1

(2) Ĉ(0)

2πR2J2
1 (µm)

. (26)

Knowing these expressions we can easily calculate the pair correlation functions of density fluctu-
ations.

4. Critical parameters

It is known [9] that the multicomponent system of N components can be characterized by
N + 1 independent thermodynamic variables. The state of the system can be treated as the point
in N + 1-dimentional space. First-order phase transition hypersurface in this space is of dimension
N and critical hypersurface is of dimension N − 1. The nature of critical phenomena in the system
depends on the way we approach this critical hypersurface in the space of thermodynamic variables.
This question is out of the bounds of this paper. Here we consider some general features of the
critical state that do not depend on the particular kind of criticality.

As we can expect from studying the simple and binary finite-size systems, the space limitation
causes changes in critical parameters of a multicomponent system. Indeed, critical behavior of the
system is determined by parameters

κ2
i,m = q2

i + ∆2
m , (27)

where

∆2
m =

(2m + 1)2π2

4L2
(28)

for plane-parallel layer and

∆2
m =

µ2
m

R2
(29)

for cylinder. If we compare the eigenvalue approaching zero for the finite-size system with a corre-
sponding eigenvalue for infinite system, we can see that they differ by the value of ∆2

m. Obviously,
to estimate the shift of critical parameters, we should take the minimal value from the set of
different ∆2

m i.e. take m = 0 for plane-parallel layer and m = 1 for cylinder. So we define

∆2
∗ =

π2

4L2
(30)
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for plane-parallel layer and

∆2
∗ =

µ2
1

R2
(31)

for cylinder.
In the theory of critical phenomena [1,2,17–20] it is generally accepted that at the close vicinity

of the critical state, thermodynamic relationships are of a scaling form. According to this we assume
that

κ2 = r−2
0

(X − XC

XC

)2ν

, (32)

where κ2 means leading to zero eigenvalue, ν is critical index (its value depends on the way we fix
thermodynamic parameters [9]), X is thermodynamic parameter and XC is its critical value (for
infinite system), r0 is amplitude of correlation length. Then, we can estimate the shift of critical

value XC due to space limitation. Namely, we can get for critical value Xfs
C of the finite-size system

Xfs
C =

Xc

1 + (∆∗r0)1/ν
∼ h−1/ν , (33)

where h is linear size of the system. This result is in good agreement with the available theoretical
and experimental data [1,2,9,10].

5. Conclusions

We have found the expressions for pair correlation functions of density fluctuations for finite-
size multicomponent liquid (with geometry of plane-parallel layer and infinite cylinder) with the
external field that is applied to the system. Any of these correlation functions can be presented as
a linear combination of a fixed number of basic functions. This concept can be very fruitful if used
in handling the experimental data.

The presence of external field results in exponential multipliers in the expressions for pair corre-
lation functions. This leads to an increase or decay of fluctuations along the field or in the opposite
direction, respectively. Nevertheless, it is possible to show that even under these conditions, the
pair correlation functions still remain short-ranged far from critical region.

We have also shown that in the case of finite-size multicomponent system, the space limitation
causes a shift of critical parameters. The dependence of shifts on linear size of the system is of a
scaling-law form. This result is in close agreement with the prediction of isomorphism hypothesis
[1,8] and at least does not contradict the available data on critical behavior of binary mixtures
(both spatially infinite and finite-size). Nevertheless, one should remember that this conclusion is
made based on some special assumptions about the dependence of eigenvalues on thermodynamic
parameters of the system. All this imposes some restrictions on our results. On the other hand,
our results in limiting cases, i.e. for simple and binary systems (spatially infinite and finite-size),
give a well-known formulae that was previously received for these systems in numerous works (see
for example [1,6,7,21]) and we can conclude that they are absolutely realistic.
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