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We study the regularity problems for unbounded spin systems of anharmonic oscillators, that approximate
multi-dimensional Euclidean field theories. The main attention is paid to the effect of anharmonism on the
C=°-regularity properties of evolutional semigroup. Our approach is based on a new class of nonlinear esti-
mates on variations, that permit to obtain regular properties for essentially nonlinear equations.
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1. Introduction

Presently, a rigorous study of numerous important physical models turns out to be impossible
without elaboration of mathematical tools inherent to these models and without solution of pure
mathematical problems that require the development of adequate calculus.

Many physical processes may be described in terms of infinite dimensional stochastic differential
equations of general form

de*(t) = —G(E7(1))dt + D(E"(1)dW (t),  £(0) = =, (1.1)

where W is a Brownian motion representing some heat source, D is the diffusion coefficient of
inhomogeneous medium and the drift part G corresponds to the force existing in the system, which
keeps the system at equilibrium. The corresponding semigroup (P.f)(z) = Ef(£%(t)), constructed
as a mean E with respect to the Wiener measure, describes the heat evolution of a corresponding
physical medium.

Traditionally the linear part B of force G(&*(t)) = [B&*(t) + F(£%(¢))] is separated from
nonlinear term F'. Since in many applications B is given by some unbounded operator, the research
mainly concentrated on the case of unbounded B, which became a topic of the stochastic partial
differential equations theory, e.g. [1,2]. At the same time, the simplified classes of nonlinear F' of
the most linear order of growth, the so-called globally Lipschitz nonlinearities (i.e. when ||F(z) —
F(y)|| < const ||z — y||), were considered. The case of non-Lipschitz coefficients was successfully
treated only for partial problems, such as existence, uniqueness and ergodic behaviour of solutions,
e.g. [1-4] and references therein.

However, many important problems of modern physics contain essential nonlinearities that
cannot be handled with the tools developed for the models with Lipschitz nonlinearities. The most
striking example is the diverging perturbation series for Euclidean fields with nonlinear interactions
in high dimensions. Similar complications arise in other important physical models, e.g. [5,6].

In this article we discuss regularity properties of evolutions with non-Lipschitz nonlinearities,
i.e. we study how nonlinearity of the problem (1.1) effects the regular dependence of the process
£*(t) with respect to initial data = and what requirements the topologies of spaces of differentiable
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functions should meet to permit the construction of semigroup P; in these spaces. Though the
monotonicity conditions of coefficients of (1.1), which lead to the existence and uniqueness of
nonlinear process £*(t) and its semigroup Py, are known long ago [3,4] and the question of regularity
has already been raised in literature, one may consult e.g. [1,2,7] and the most recent [8,9] to see
that the final solution is still far from reach.

A question arises here. Which methods from nonlinear analysis or stochastic theory can be
applied to the investigation of regularity properties in non-Lipschitz case? The application of
the classical tools of nonlinear analysis, such as implicit function theoremes, finite dimensional
Galerkin or Yosida approximations of nonlinearity F' (in order to get the regularity properties
of ¢ and P, from the regularity properties of approximating problems) would be complicated.
First of all, the nonlinear mappings in infinite dimensional space are mostly non-Lipschitz even
locally on balls. Moreover, as it is discussed in [10] and [11, §1.1], the use of standard topologies of
spaces of continuously differentiable functions for regularity problems is not viable in non-Lipschitz
case. Each kind of nonlinearity requires guessing certain corrections of topologies of the classical
functional spaces and such corrections are not visible at the level of approximations.

One may also attempt the tools of stochastic theory, such as Girsanov transformation, Bismut-
Elworthy formula and the related approach of Malliavin calculus, e.g. [12,13]. Though Girsanov
transformation removes the nonlinear drift from equation (1.1), the developed techniques will not be
adapted to the general diffusion coefficient D in (1.1). The applications of Bismut-Elworthy formula
are possible, e.g [2,11,14-17], but these methods are more adapted to the study of differentiability
of the process £*(t) with respect to the random parameter and actually require a bit of work in non-
Lipschitz case. So, their development would be more oriented to the mastering of stochastics and
would be indirect to the pure nonlinear analytical problem about the regularity of non-Lipschitz
equations (1.1) and their semigroups.

The question is whether the direct work with regularity properties for nonlinear equations (1.1)
is possible at all? To find an answer we should ask what is actually nonlinearity. One may say that
it is a nonlinear response to linear operations. For example, for the linear differentiation operation
0, one has by chain rule

n

A(fog)@) =" D (fDog)(@)dlg(x)--- 0 g(x).

J=1ki4--4kj=n
The consideration of terms with 7 = 1 and j = n displays symmetry
o g(x) ~ [Oug(x)]" (1.2)
that holds for all n € IN and is present in all intermediate terms due to
00 g(x)... 00 g(x) ~ [Oug(@)]* .. [0eg(@)]" ~ [Dug(@)]* T Hh ~ [D,g(x)]".

In this article we discuss the consequences of symmetry (1.2) for nonlinear equations (1.1). We
develop the results of [10,16,17] and consider an infinite dimensional model of interacting particles
with unbounded spins, that, in particular, approximates the high dimensional Euclidean fields with
nonlinear interaction [5,6].

2. Description of model and nonlinear estimate on variation S

Consider a particular case of stochastic differential equation (1.1):

{8500 = W) (PG + (5D o
glac:(o):xka kEZd~ ’

Here k = (ki,...,kq) is a point of d-dimensional lattice Z?, coordinate & takes values in space
R', called the spin space of k" particle.
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Process W(t) = {Wx(t)}reza, t > 0 is formed from independent Wiener processes, running at
spin spaces of each particle k € Z?. Its canonical realizations (2, F, F;, Wya) may be described by
fixing some vector {ar > O}reza, D pcza ax = 1, and probability space Q = Co(Ry, £2(a)) with
Borel g-algebra F. The flow of o-algebras F; is formed by events till the time ¢t and Wy is a
product of Wiener measures at each point of lattice k € Z? [1]. The linear finite-diagonal map
B : RZ" — RZ' introduces the interaction between particles of finite radius 7. It is defined by a
finite set of real numbers {b; : i € Z%, |i| < 7o}

(Bx)y = S by

JETA: |j—k|<ro
and represents a bounded mapping in any space

1/p

d
lp(e) = by(c, 2 = { x € R®" . l|Zlle, ) = Z cxl|zi|P < 00
kezZd

defined by vectors ¢ = {cy > 0}rczq, such that 0. = supy,_;—; |cx/c;| < oo. Henceforth we denote
a set of such vectors ¢ by P.

The mapping F : RZ" > {zr}reze = — F(x) = {F(ak) treza € RZ" introduces nonlinearity
in the model, i.e gives each particle some potential. It is generated by monotonous increasing
C*°-function F, F(0) = 0, which satisfies the condition of no more than polynomial growth

Tk>-1Viz1 [FO@) - F9(y)| < Cile —y|(1+ 2] + [y)K. (2.2)

We are going to demonstrate that nonlinearity directly effects the regularity properties of £*(t), P
and the structure of topologies in the spaces of their regularity.

Let us remark that the above conditions guarantee the solvability of equation (2.1) for the
initial data € l2(a) [1]. Therefore, the associated Feller semigroup is constructed as a mean with
respect to the product Wiener measure

(P f) (@) = BE(f(£°(1)))- (2.3)

Its generator may be calculated on the C*°-function f with compact support, that depend on the
finite number of variables z; by formula:

Hlw) = 30 =508+ | Flao) + 3 be gy | 00 (@), (2.4)

kezd jezs

where we introduced a notation 9y = 9/0xy, for partial derivative. Since each coordinate of solu-
tion &*(t) fulfills the equation (2.1), the representation of generator (2.4) follows from the finite
dimensional Ito formula, applied to the finite number of coordinate processes &j..

It is important that operator H also arises as energy operator

(Hu,u)p, () = / Z |Opu(z) |2 dp(z)

kezd
of Gibbs lattice measure p of the form:
1 o
du(z) = 7 XP{ ~ Z bi_jxix; H e~ @) dgy, O () = 2/ F(z)dz. (2.5)
i,j€L4: |i—j|<ro kezd 0

Measure p describes the model of anharmonic crystal with a finite radius of interaction rg. In
particular, measure u represents one of the possible lattice approximations to the Euclidean field
models with interaction.
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To obtain regularity properties of process £*(t) (2.1) and semigroup P; (2.3) let us find the
representation for partial derivatives of semigroup O, P;f, where 7 = {ki,...,kn} and 0, =
™ /oxy, ... Oxy, . The formal successive differentiation of (2.3) leads to

m
PN =Y 3 EBUAEOLE e 0 W), (2.6)
s=1vy1U---Uys=7
where 9(®) f denotes a set of all s** order partial derivatives of function f: 0 f = {04 f}1y|=s for
Oyf =0j, ...0;, f with v = {j1,... s}, and we used the notation

(091 W) @0 )= 3 (O f) (W) &y &

i1,..,0s €20

In (2.6) summation Z’YlU"'U’Yg:T over on all possible subdivisions of the set 7 = {ky,...,k,}, ki €
7% over the nonempty nonintersecting subsets 71, ...,vs C 7, with |yi|+ -+ |7s| = |7], s > 2. In
Theorem 4 we will precise a class of functions f for which representation (2.6) becomes rigorous.

Vector £F = {7 }icza in (2.6) is derivative of £7 () with respect to the initial data z = {zx } pezq

. OTg

R 2.7
nT al'kn .. .8mk1 ( )

and is called hereinafter a 7" variation of £%(t).

The equation for &, is derived by the formal successive differentiation of (2.1) with respect to

xZ:
e AT
dt T gili—ilre ’ ’ (2:8)
€k,7’(0) = Tk,7-
where 7 - = 7 (§%,§%,, 7 C 1,7 # 7).
Pir = ) FO(E) i, - iy, (2.9)

YU Uye=T, 532

A precise sense to expression (2.7) as a solution to (2.8) can be given only under the special
choice of initial data J
~ 0k, |T|=1, T={j} CZ%

T :{ s |T|| |> . {7} (2.10)

Let us turn the attention of the reader to the equation (2.8) which is a linear nonautonomous and
inhomogeneous equation with respect to variation &,. Its inhomogeneous part depends on the lower
order variations &, v C 7 and, displays symmetry (1.2) just like the r.h.s. of (2.6).

Representation (2.6) gives the relation between the partial derivatives of semigroup (2.3) and
the behaviour of variations &, with respect to the initial data z, {Z},c,. Therefore, to construct a
semigroup P; in the spaces of continuously differentiable functions we have to study the variations
& of process £7(t), i.e. its differentiability with respect to the initial data x.

The key idea is that for variational equation (2.8) symmetry (1.2) becomes proportionality:
variation &, 7 = {k1,...,kn}, in the r.h.s. of (2.8) is proportional to the product of first order

n

variations [] &g,y in the r.h.s. of (2.8).
i=1

Taking into account this observation we introduce a special nonlinear expression

pr(§5t) = EZ ps(zt) Z ||€’v||;7:,;(cw) (2.11)
s=1

YCT, |v|=s

that reflects this symmetry and, in nonlinear manner, takes into consideration the regularity of the
process £%(t) with respect to the initial data. Above 7 = {k1,...,k,}, ki € Z%, 2, = ||§3“(1f)||§2(a)7
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m~ = m1/|y], |7| is a number of points in set v C Z?¢ and each p; is increasing C°° polynomial
that fulfills the condition: Je >0, 3K > 0, such that Vz € Ry

ps(2) 2e & (1+42) (Ips(2)] + p{ (2)]) < Kps(2). (2.12)

It should be noted that in (2.11) we use notations ¢,(a) and ¢,,_(c;) for the spaces, where initial
process £*(t) and variational processes £, (t) are considered. The main reason is that the process
£”(t) can be constructed only in space £, (a) with » 7, ;4 ax < co. On the other hand, due to initial
data (2.10), the choice of weights ¢, € P is quite arbitrary.

The following theorem states an a priori estimate on any order regularity of the process &.

Theorem 1 Let F satisfy (2.2), mi > |7| be fized, m, = mi/|y| and £, {&}ycr be strong
solutions to systems (2.1), (2.8). Suppose that functions ps(z), s =1,...,n and vectors {cy}ycr C
P in (2.11) fulfill:

(1) 3K, Vj=2,....n Vi1, ... is: i1+ +is=7, 5>2

[pi ()P (1 + 2)%"“ < Kp-[pi ()] - [pi. (2)]5 (2.13)

(2) for any subdivision of the set v = a1 U---Uay, v C 7 on nonempty nonintersecting subsets
o1,...,0,, 8= 2 there are constants R q,,....a, Such that Vk € 74

s

o~ Kt o | ||
lekq]ay 2 7 < Ryar,aulChad] ™ ek,al ] (2.14)

Upper indexes outside the brackets [- - -] mean powers and parameter k is introduced in (2.2).
Then there is a constant M € R, such that the nonlinear estimate of exponential type on
the a priori reqularity of process & holds

pr(&t) < Mo (6;0). (2.15)

Let us remark that the set of functions p; and vectors ¢, which satisfy the conditions (2.13),
(2.14), is sufficiently large. First of all, for p; and ¢, that fulfill (2.13), (2.14) function ¢ - p; and
vector d - ¢, = {dkCk,r breze again fulfill (2.13) and (2.14), where d € P and ¢ fulfills (2.12). An
example may be given by

B = ae)(1+ ) e simmin,
K1, i
Ck,’y = ak2 al Hwkjj/|7‘, ’y:{jla"'ajs} (216)
JET

with some polynomial ¢ and vector ¢ = {9y }rcz¢ € P. They fulfill (2.13) and (2.14) with constants
K, =R,.a,,.a. = 1. Indeed, due to a; < 1

ki ki kit
— S5 ma mi(|7|-2) mi(|7|—s)
a, * [Ckﬁ]m = .’ H Ul < H Uz,

JET JjET

s k;ln“‘wﬂjl S B _
[1la, T e = ) ) (2.17)

1=1 bey;

where 7 =y U---U~s, |71| + -+ |7s| = |7], s = 2. Similar calculation holds for p;.

Proof. We apply Ito formula to the expression p, (2.11), then we use symmetries (1.2) and
hierarchies (2.13), (2.14) with further application of Gronwall-Bellmann inequality. Introduce no-
tations

00 =B [pGlle O ]
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where z; = ||€* (ﬂ“i(a)’ and

hi(&t) = Z > ()

s=1~Cr, |y|=s

for i > 1, hY(&;¢) = 0 for 4 = 0. We prove inductively that
Vi=1,.,n IM; €R hi(&t) <eMihi(£;0), (2.18)
which at ¢ = n gives the statement of theorem. If for any v C 7, |y| =4 we prove

dg’v(t)
de

< Kig,(t) + Kahi M (&), (2.19)

then Gronwall-Bellmann inequality implies (2.18):

t
hi(gt) < Mot + Y {eKltgw<0>+Kz / eKl“—s)eMi1Shi—1<£;0>ds}
0

YET, |vl=i

< oMt (14 ol yt) B (60) < oM HR TR (65 0),

To prove (2.19) let us assume that processes £7(t), &+ (t), v C 7 are strong solutions to equations
(2.1) and (2.8). Therefore £*(t) is a sum of Wiener process and finite variation part and &, (¢), v C 7
are processes of finite variation. As a consequence, Ito formula can be applied to the expression
g~(t), e.g. [1,3,4,18]. It gives

t
2 oo +2 [ HENEGI

+/Ot{mvpi<zs><d5”( 9 e (s)] >em R

pi(2)[16 (1)

ey = Pilz0) & O

o) (E°(5). AW (s))

7n,

cv)(Hp)(zs)} ds. (2.20)

Here
) = D arwry, (v )i, (o) = Y, Crurvy - o™
kezd kezd
for v#* = = |Jolly": ).7-'1) with duality map F in space £,,(c) and operator H is defined in (2.4).
Inequality
[(f,67)] < _||f||e 0+ —— ||€||e ()

property F'(z) > 0, = € R, the boundedness of map B in any space {,(c), p > 1, d. < oo and
inequality Hp;(z:) > —M,,pi(2:) (see [10, Hint 9]) imply

dg,(t)
dt

Scomstg,(t) + > Ep: (116117, 0)) 1F (€0 - oIl

aU---Uas=~, s=2

o (e (2.21)

Due to (2.2) we have

k+1

(8) (¢ o K+1 *% T 2
[ < CA+IGD™T <Crap = (L4 [IE° O]z, (0))
As my =mq - |a/|y| we get

a7 - W[ = [l ) [, 7o,

10
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Therefore, properties (2.13) and (2.14) imply the estimate on each term in (2.21):

s i leal /1]
(221) < C Ky Ry B 3 [ {plo(€° 18, o) ema € ™} (222)

kezd i=1

ghai

Inequality |z1 ... 25| < % + ‘x | with ¢; = |v|/|a;| implies

s (cay)

(222) < CK,Ryor.o Z'| o, 1161y )
< CKpRv,al,..,ashzr 1(§§t)- (2.23)

In the last inequality we assumed that for subdivision ay U---Uas =7, |y| =4 at s > 2 we have
|aj| < ¢ — 1. Therefore (2.19) is proved.

3. C*°-regularity of semigroup P,

Now we can discuss the structure of topologies in spaces, in which the differentiability properties
of semigroup P; hold. It is determined by nonlinear estimate (2.15) and essentially depends on the
order of nonlinearity k of map F', which is reflected in special hierarchy of weights in seminorms. In
[10] it is demonstrated that such hierarchy of weights is non-void, if the semigroup is constructed
in the spaces of differentiable functions.

Introduce Banach space Lip,(¢2(a)), r > 0, equipped with norm

|f ()] |f(x) = fw)l
I1fllzip, = sup — + sup
P et U+ 2lle@)™ syt 12 = Ulle@ T+ 12lle@ + lle@)

- < oo. (3.1)

For m € IN, we denote a finite array of weights {(¢,G) : (¢,G) € ©™} by ©™, where G =
G'®--- ® G™ is m-tensor constructed from vectors G* € P, i=1,...,m and ¢ is a smooth
function that fulfills (2.12).

Definition 2 Let r >0, n > 1 and © = Q'U---UO", ©° £ (, i =1,...,n be a finite array
of weights. Function f belongs to the space of continuously differentiable functions Ce »(¢2(a)) iff
f € Lip,(£2(a)) and

1) foranym € {1,...,n} and T = {j1,...,jm}, ji € Z%, there is a continuous partial derivative
O, f € C(la(a),RY). These derivatives fulfill integral relations: Vx € l3(a), Vh € X ([a,b])

b
fa+ b)) = [[ds 3 dufta+ h(s)hi (o) (32)

a kezd

and N1 ={j1,...,je}, |T|=€<n—1

Or f(z + h(-)

/ ds 3 Opu Flw + h(s))k(s). (33)

a kezd

Here we used the notation

so(la,0]) = N AC([a,b], €y(c)) (3-4)

p=>1,ceP

where ACw([a,b], X) ={h € C([a,b],X): N € Loo([a,b], X} for Banach space X.

11
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2) The norm is finite

1fllce.. = lI£llLip, + max (|7 f|lgm < oo, (3.5)
m=1,n
where -
O™ f(z)] o
||@(m)f||em = sup | f(2)|g (3.6)
zeta(a) (@nG™ 0™ qm(||2][7, ()
with [0 f(2)|5, = Y GG 0 f(@)? for GM =G @@ G™,

T={j1...dm }CZ¢

Remark. Definition of Cg , is not transparent at the first glance and we would like to give some
comments.

For fixed w € Q, t € [0.T] the map l3(a) 3 x — £%(w,t) € £2(a) and its variations {£,} have
nonlinear responses with respect to initial data in representation of 9, P f (2.6). This circumstance
motivated us to give a sense (3.2), (3.3) to the derivatives of function f € Cg . It may be considered
as the existence of Frechet derivatives on some projective limit of spaces.

In particular, properties (3.5) and (3.2), (3.3) establish that for function f € Cg , there exist
continuous partial derivatives up to the order n. To show this one should take h(t) = te®, t € [0,1]
with vector e* = {5;-“}jezd in (3.2) and (3.3). Due to the finiteness of norm || f||c, . the r.h.s. of
(3.2) and (3.3) are well-defined for such h.

In the next definition we introduce a special hierarchy of weights in topology of space Cg , that
guarantees the regularity properties of semigroup F;.

Definition 3 Finite array © = ©'U---UO", n € IN is subordinated to the nonlinearity of order
k iff Vm=2,...,n, for any pair (¢,G =G'®---@G™) € O™ and Vi,j € {1,...,m}, i # j, there
is a pair (¢,G =G'®---®@ G™ 1) € @™ such that

k P ~
IK: VzeRL (1+42)2 q2) <Kq(z)Ve=1,....m—1 (GWhH!<KG. (3.7)
In (3.7) (m — 1)-tensor GU9} is constructed from m-tensor G by rule

Gt =Gle. .. @A—<k{r}>GiGj ®.®G",
i j

with vector A=K+ — {a,;kﬂ}kezd. Notation G* ® ....®G* means that in tensor product, the

i

ith — wector is omitted and G' ® .. ® B ®.. ® G° means that on the j** place in tensor product,
17

there is an inserted vector B. For each £, inequality (3.7) is understood as a coordinate inequality

between two vectors (i.e. c = {cx} <d={di} iff Vk cr < di).

Let us remark that the structure of seminorm || - |[|em and condition (3.7) on © is dictated by
nonlinear estimate and guarantees that the exponential estimate on semigroup F; is scale Cg .. In
particular, in [10] it was demonstrated that the hierarchies (3.7) are unavoidable if one wishes to
have a property (3.8) for nonlinear F.

The next Theorem states the continuous differentiability of semigroup P; on the functions from
scale Cg . Let us note that this result holds for multiparticle interactions in Gibbs measure and
this result will appear elsewhere.

Theorem 4 Let F fulfill (2.2) with parameter k, r > 0 and finite array © = O U--- U O™ be
subordinated to the nonlinearity of order k. ThenVt >0: P,:Cg, — Co, and 3Keg ,, Mo,

|fllce. (3.8)

In particular, ¥V f € Co,, derivatives of semigroup fulfill representation (2.6).

Vf€Cor |Pifllce., < KoreMort

Proof. A detailed proof will appear in [11, Ch.4].

12
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HeniHiHi edpekTn B 3apavax perynasspHocCTi Ans
HeCKiH4YeHHOBUMIPHUX €BOJIIOLI HeOOMEeXeHUX CNiHOBUX
cuctem

Onekcangp BanepinoBuy AHTOHIOK, OnekcaHgpa BikTopiBHa AHTOHIOK

IHCTUTYT MaTemaTukn HAH Ykpainu,
ByJl. TepeweHkiBcbka 3, 01601 Knis, YkpaiHa

OtpumaHo 15 cepnHs 2005 p., B OCTaTO4HOMY BUMMsSAi —
31 ciyHsa 2006 p.

JocnigxeHo 3agadi perynspHocTi A9 HeOOMEXEHUX CNIHOBUX CUCTEM aHFapMOHIHMX OCLUMNATOPIB, LLIO
anpoKCUMYIOTb EBKNIJOBI TEOPIi NONS Yy BUCOKMX PO3MiIpHOCTAX. OCHOBHY yBary nNpuaifieHo BrJnBY aH-
rapMoHi3My Ha C'°°-perynsipHi BnaCTMBOCTI €BOMIOLIAHOT HamiBrpynu. MMigxia CNnMpaeTbCs HA HOBUIA Knac
HeNHIMHMX OLHOK Ha Bapiauii, WO A03BONSIOTL AOCHIAXYBATU PErynspHi BNaCTUBOCTI ANS iCTOTHO Heni-
HIIHUX PiBHSHD.

Knio4oBi cnoBa; aHrapMoHiviHi rpaTkoBi CMiHOBI CUCTEMU, HEJTiHIVHI 3a4a4i perynspHocCTi

PACS: 02.30.Jr, 02.30.Sa, 02.30.Xx, 02.50.Eu,03.654.Db, 05.50.+q, 75.10.Hk
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